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Abstract

In many elds of application in science and engineering, therig-based numerical
simulation of partial di erential equations leads to new scigti ¢ insights due to
increasing computing resources, increasing amounts of datagdancreasing e ciency
of the algorithms used. All three of them facilitate more detdéd models and more
reliable simulations. Yet, a growing code complexity accompées this progress.

To tackle this complexity, more and more solvers for partial icerential equa-
tions rely on frameworks. State-of-the-art frameworks hav® support multiscale
algorithms for arbitrary dimensional problems with dynamici.e. changing, discreti-
sations. Despite this exibility of data and data access, the resation has to have
low memory requirements, as the gap between computing powerdamemory band-
width and access speed broadens. It furthermore has to exploitoghern computer
architectures and has to scale on parallel computers, evenlifet data structures and
the data access pattern change permanently.

This thesis presents a framework tackling these challenges lwiadaptive Carte-
sian grids resulting from a generalised octree concept. Theyeatraversed with
space- lling curves and a small yet xed number of stacks actings data containers.
Within this context, dynamically changing multiscale gridsof arbitrary dimension
can be stored with a few bits per datum, whereas classical appobas often require
several kilobytes and more exible data structures entailing runtime overhead. The
thesis formalises the approach and reduces the implementatioomplexity|the al-
gorithmic principle itself has been well-known for several ges|from an exponential
to a linear number of containers in the spatial dimension of thproblem. A modi -
cation of the grid traversal originally following a depth- rst order then facilitates a
domain decomposition strategy with dynamic load-balancing.

The framework is named after the Italian mathematician Giuggpe Peano who
discovered the underlying space- lling curve. Its potentiais demonstrated via a
geometric multigrid solver for the Poisson equation with low mmaory requirements,
good cache hit rates, a posteriori adaptive grids, and a dynamicad balancing|
a combination of characteristics rarely found. As the charaetistics result from
the framework usage, the thesis paves the way to a multiscale gomational uid
dynamics application on instationary, hierarchical grids hat uses Peano.






Zusammenfassung

Mit steigender Rechenleistung, steigendem Datenumfang und @adetailialle sowie
steigender Algorithmene zienz liefert die Simulation partieller Di erentialgleichun-
gen neue wissenschaftliche Erkenntnisse in vielen Anwendungsiren aus Natur-
wissenschaft und Technik. Dabei sei hier die numerische Simutatiauf raumlichen
Diskretisierungen thematisiert. Alle vier Ein ussfaktoren sto en die Tur zu im-
mer detaillierteren Modellen und immer verlasslicheren Sialationen auf, jedoch
begleitet eine bestandig wachsende Quelltextkomplexia¢ben diesen Fortschritt.

Um genau diese Komplexit@at in den Gri zu bekommen, greifen me und mehr
Umsetzungen von Lesern zu partiellen Di erentialgleichunge auf Frameworks, also
vorgefertigte Quelltextumgebungen respektive -ekosystemeunack. Kompetitive,
zeitgema e Frameworks mussen heute Multiskalenalgorithnki far beliebig dimen-
sionale Probleme mit sich standig dynamisch andernden raurnidhen Diskretisierun-
gen unterststzen. Trotz der geforderten Flexibiliat in Daten und Datenzugri
sollte die Realisierung jedoch geringe Speicheranforderengufweisen, da sich zwis-
chen vorhandener Rechenleistung und SpeicherbandbreitaeeKluft auftut, die sich
bestandig weitet. Damsber hinaus muss sie moderne Rechnechitekturen sinn-
voll, also eknomisch und e zient, nutzen und sollte auch dann af Parallelrechnern
skalieren, wenn sich Datenstrukturen und Datenzugri smuster genanent andern.

Diese Arbeit prasentiert eine solche Umgebung, die eben angesgrene Heraus-
forderungen mit adaptiven kartesischen Gittern angeht. Diesentstammen einem
verallgemeinerten Oktalbaumkonzept und werden mit rauraflenden Kurven durch-
laufen, wobei eine kleine, jedoch festgeschriebene Zahl aaftin als Daten-Con-
tainer fungiert. In solch einer Umgebung lassen sich sich dynamigsidernde Gitter
mit wenigen Bits pro Datum ablegen. Klassische Ansatze veranselgen hierzu oft-
mals mehrere tausend Bytes und verlangen nach alternativeexiblen Datenstruk-
turen, die einen gro en Laufzeit-Overhead nach sich zieheie Arbeit formalisiert
zum Einen den neuen Ansatz, zum Anderen reduziert sie die Implentierungskom-
plexit@at|das algorithmische Prinzip ist seit einigen Jahren wohlbekannt|von einem
exponentiellen auf ein lineares Wachstum in der Raumdimensides Problems. Eine
Modi kation des Traversierungsprinzips, das originar einereinfachen Tiefensuche
nacheifert, erlaubt schlussendlich, eine Rechengebietszguegsstrategie mit einem
dynamischen Lastausgleich umzusetzen.

Das Framework ist nach dem italienischen Mathematiker GiusegpPeano be-
nannt, der die zugrundeliegende raumfallende Kurve entdkt hat. Der Implemen-



tierung Potential wird anhand eines geometrischen Mehrgetiesers far die Poisson-
Gleichung dargelegt. Dieser weist in Folge dann einen sehr gggen Speicherbedarf
in Begleitung sehr guter Cache-Tre erraten auf, wobei auchyhamische Gitterver-
feinerung und Lastbalancierung zur Anwendung kommen. Eine IKabination all
dieser Charakteristiken ist wblicherweise schwer zu nden. Da eidirekt auf die
Benutzung des Frameworks zuniackzufahren ist, besteht die dvechtigte Ho nung,
dass das selbige den Weg zu einer multiskalen Stemungsdynaamivendung auf
instationaren, hierarchischen Gittern ebnet.



Introduction

Numerical simulation of phenomena modelled by partial di eretial equations is
of uttermost importance for new scienti ¢ insights and industral innovation, and
the solution of the equations belongs to the grand challenge$ many disciplines.
Simulation-driven quantum leaps can be found in many eldsfoapplication|from
Astrophysics illustrating Nature's title page on June 2, 2005, @&r racing yachts
winning the America's Cup in 2003 and 2007, down to Nanophysicseglicting black
holes created by next generation particle colliders such asetLarge Hadron Collider
at CERN . Consequently, more and more publications outline #signi cance of the
discipline|the PITAC Report on Computational Science released in 2005 by the
the President's Information Technology Advisory Committee [pis perhaps most
prominentjmore and more supercomputers relocate the front ine of processing
capacity, and more and more national and international supeomputing centers
and initiatives enter the spotlight of the public attention. Computational science
and engineering being the third pillar of research besides meling and experiment
is an omnipresent term.

The foundations of this third pillar is the trinity of data, h ardware, and algorith-
mics. It is kept together by software acting as integrator andatalyst: Software, on
the one hand, brings the three disciplines together. On the loér hand, it has to
exploit synergy e ects and make the whole more than the sum ofsitparts. For the
growth of complexity of the individual disciplines and the fictional loss of a naive
combination of single techniques and paradigms, this task isrfrom trivial. Data
becomes available in overwhelming quantity|installations such as the Large Hadron
Collider need a complete supercomputer network to record, terpret, and post-
process the measurements|requiring adaptive multi-resolutio, high-dimensional,
and distributed data formats. Algorithms exhibit complicatedmultiscale behaviour
incorporating multiphysics models that couple equations @eribing di erent phe-
nomena and referring to di erent spatial scales. Hardware najl becomes massive
parallel and tailored for specialised code and single-purposatal streams.

An example illustrates the resulting di culties: A high performance computer
such as SGlI's Altix system bene ts from simple, homogeneous cod®gessing data
sequentially without case-distinctions and jumps in the memgr Due to a data de-
composition approach, such a code usually is deployed to the tiplle cores running
the same execution stream each, it exploits the processors' cadherarchies due
to the sequentiality of the data access, and it ts to the vast amont of registers



without an out-of-order logic due to the lack of case-distinabns. A multi-resolution
algorithm such as a multigrid solver though lacks such a homogaity|the opera-
tors change from iteration to iteration, and the algorithms nature imposes non-local
memory accesses. Real-world data such as permeability coe cisrmof porous media
nally make standard multigrid algorithms break down, as thelatter rely on an
isotropic, homogeneous multiscale behaviour of the undenhg partial di erential
equations. Simulation codes on supercomputers thus often flem with a disap-
pointing speed, lack sophisticated yet well-understood algtitims and algorithmic
improvements, or handle dramatically simpli ed data. In a wost case, a combina-
tion of all three aspects.

Keeping all the details from all the disciplines in mind throghout the high per-
formance software development cycle is almost impossible forgla developers. At
least, it is economically unreasonable because of the time to ggent on su ciently
elaborate implementations if they have to be built from the satch. Unfortunately,
even the software that is already available often lacks a su eint level of quality, and
the PITAC report coins the phrase of a software crisis|...] today's computational
science ecosystem is unbalanced, with a software base thataslequate to keep pace
with and support evolving hardware and application needs

Establishing such a software base and a reuse culture is an enormachallenge
covering every issue from the documentation of best practiceachdesign patterns
over the programming to standardised interfaces to the bladkex reuse of complete
code repositories. Two code reuse paradigms coexist and comp&eftware is either
built bottom-up by a combination of individual toolboxes ard black-box components
from a library|the user then integrates and composes the sepai& parts manually or
with domain speci ¢ high-level languagesjor it integrates into frameworks providing
a sophisticated and elaborate source code and feature envira@mwh Pros and cons
adhere to both approaches with respect to exibility, extendbility, exchangeability
of components, and applicability to di erent problems. Yet, t nally comes down
to the question whether the resulting code e ciently implemers a sophisticated
algorithm on a piece of hardware with the given data sets, whitee code features are
encapsulated and the implementation obeys the separation cbrcepts paradigm,
l.e. while the code preserves a high quality. In this thesis, | psent the C++
framework Peano addressing selected facets of these challenges.

The Spacetree Paradigm in a Framework for Partial Di erenti al Equations

The idea of spacetrees pulls through each algorithmic and &itectural design de-
cision of the framework. Spacetrees start from a hypercube; acsessive, recursive
re nement of this hypercube then yields a spatial discretisatin corresponding to an
adaptive Cartesian grid. They look back on a long tradition atour group in Mu-

nich. Favoured for their simplicity and their multiscale spatal representation, they



have proven of great value for several proof-of-concept ingphentations of uid dy-
namic and uid-structure interaction codes, geometric muligrid algorithms, solvers
dynamically re ning the grid where appropriate, and so forth

It is a common wisdom that spacetrees bene t from space- llinguwrves: With a
spacetree traversal following such a curve, one can encode thacsgiree e ciently.
E ciency hereby covers both the amount of memory required ath the memory
access characteristics with respect to indirect addressing andemory/cache hier-
archies. All data structures needed for such a traversal are stacikghe particular
space- lling curve is carefully chosen|a fact not obvious to air group before 2003
[35, 63]. Several prototypes con rmed this observation fori@rent spatial dimen-
sions, and several prototypes conrmed that parallelisation, gpmetric multigrid
algorithms, dynamic adaptivity, and so forth also t perfectly to the spacetree-stack
combination|each a piece of software on its own.

This thesis picks up the idea of spacetrees traversed by spacknd curves. It for-
malises the discretisation principle and generalises as wellsaspli es the traversal
and grid management algorithm. | end up with an e cient grid management that is
able to handle adaptive Cartesian grids, runs in parallel, suggpts dynamic adaptiv-
ity as well as multiscale algorithms, and so forth|l combine, integrate, and extend
many features of the individual prototypes available befa. Since the traversal
acts as an algorithmic blueprint with concrete algorithms jugging into the traver-
sal, this establishes a framework for sophisticated algorithmerfchallenging partial
di erential equations.

In the public eye, scienti c computing typically comes secondbehind the disci-
plines applying high performance computing, since few peepére originally inter-
ested in methodological, (software-)aesthetic, or even runtie improvements. People
are interested in new insights or better understanding. Freelgdapted from Richard
Hamming, the purpose of computing is neither runtime nor numbye but insight.
Alternatively, [...] the ultimate purpose of computing is insight, not petap/s [...]
[44, p. 2]. A framework's worth consequently becomes appat@s soon as a scienti ¢
or engineering code based upon the very framework yields sigant results.

| demonstrate the applicability of my framework with a simple natrix-free, mul-
tiplicative, geometric multigrid solver for the Poisson equabn. Matrix-free at this
is the keyword, as matrix-free methods reveal a number of upie selling points
that are especially important for many simulations. They are dicussed in a mo-
ment. Having no global matrices at hand, it is though not trival anymore to apply
direct or iterative solvers or sophisticated preconditionerto improve the solver's
convergence. Consequently, the solver of the linear equatisgstem itself has to
make up this constraint. Fortunately, multiplicative multi grid algorithms already
are optimal solvers for elliptic problems and they play in theipper league for many
other problems [78]. While the Poisson solver demonstrates thatis possible to
implement such an optimal solver within the framework and thathe solver adopts



all the framework's properties, it is far from a real-world poblem. For really in-
teresting, real-world problems, | want to refer the reader to fasequent theses and
publications|namely [9] and [60].

Selected Challenges in High Performance Computing

This thesis tackles selected challenges high performance poming nowadays faces.
Because of the framework approach, the bene ts resulting froeach solution tack-
ling a challenge carry over for each solver implemented.

From the data point of view, Peano comes along with very low meory require-
ments. Furthermore, it is not restricted by the available mairmemory. For dynamic,
arbitrary adaptive grids, the memory per vertex ratio in manyout-of-the-box solvers
exceeds several hundred bytes and restricts the simulation'sarimum size of simu-
lation runs. Due to the stack-based containers and the spacetrdiscretisation, the
algorithm here gets along with less than one byte per degreefadedom. This byte
holds the complete adjacency, connectivity, and adaptiwtinformation. With such
an approach, one can handle problems that are by magnitudegyger than many
conventional simulation runs, and the algorithm is not bandwdth-restricted, i.e. the
memory connection does not slow down the code.

Operating systems swap data to the hard disk whenever a code's n@ayrequire-
ments outrun the main memory. Yet, the application's perfamance then usually
breaks down, and the maximum swap data size is usually also resteid by the
operating system's installation. In general, simulations have get along with the
available memory. This constraint is particularly dominantfor problems su ering
under the curse of dimensions or requiring almost regular andrye ne grids. Di-
rect numerical simulation of turbulent ows or high-dimensiamal problems arising in
mathematical nances are popular examples. Due to the grid'stack-based persis-
tence management (all data containers are stacks), the algihwin here is able to o er
a tailored le swapping strategy temporarily storing data subses of arbitrary size
to disk without runtime penalties. As a result, solely the applichon's instruction
stream and a xed record bu er have to t into the memory.

From the algorithmic point of view, Peano's Poisson solver impiments a state-
of-the-art multiplicative, geometric multigrid with a ful | approximation storage on
the adaptive Cartesian grid, i.e. it holds a solution represeation on every grid
level. While the implementation follows standard multigridtext books, it highlights
four implementation advantages resulting from matrix-freemethods|the system
matrices are never assembled, instead, the matrix-vector procts associated with
the multigrid solver are evaluated on-the-y throughout the grid traversal. First,
generating systems and spacetrees t perfectly together. Swfting from a nodal
or hierarchical basis to a hierarchical generating system simpk the multigrid's
arithmetics and yields the reference system to compute the asa grid corrections



for free. Second, it circumnavigates the challenge to elatabe a tting matrix
storage format. The set of linear equations resulting from artoary adaptive grids
even for simple partial di erential equations with simple opeator discretisations
comprises matrices exhibiting a complicated sparsity patterrand the realisation or
usage of appropriate sparse matrix formats is laborious and erfprone. Third, if
the algorithm assembled system matrices, it would need additiohanemory to hold
these data structures. This memory is saved, i.e. solely the griczsidetermines the
algorithm's need for memory. Finally, assembling a system matrinvolves a certain
runtime overhead disappearing for matrix-free methods. Thatter three arguments
gain weight if the grid and, hence, the matrices change permently either due to a
dynamic grid re nement or a multiscale algorithm.

From the hardware point of view, Peano exploits modern clustearchitectures
in three di erent ways. First, it provides uniform data access ost. To access data
stored in the processing unit's registers is by magnitudes chesapn terms of runtime
than fetching data from the main memory (or even hard disk). Mdern computer
architectures mind this fact and introduce a cascade of cachdéolding small sets
of copies from the main memory. Accessing these copies is signnthp faster than
the access to the main memory, i.e. the runtime penalty for aessing non-register
values is reduced if the algorithm does not read from or writ® the main memory
directly. As a result, the runtime per record access is not constt but it depends
on the record's location. Due to the space- lling curves andhe stack-based data
containers, Peano's traversal restricts to cache and registecaesses. The number
of non-cache accesses, i.e. cache misses, is negligible, and thi@&mea per record is
constant. Peano is cache-oblivious. This algorithmic ingréeht goes hand in hand
with the fact that the hard disk swapping does not thwart the simiation code: the
cost per record remains constant, even if the memory requirente exceed the main
memory.

Second, Peano provides a domain decomposition strategy dejg the spacetree
among multiple computing nodes. The resulting advantage is tfold: On the
one hand, the individual nodes run in parallel, i.e. the pesfmance improves. On
the other hand, the individual nodes require less memory, i.@& the experiment
would exceed the (hard disk and/or main) memory of one compugy node, several
nodes in combination cope with the problem. Throughout the ecomposition, the
space- lling curve ensures that the subpartitions are quasi-¢imal, i.e. the data
that is to be exchanged to couple the smaller problems on thediidual nodes
is minimal relative to the workload, and this data exchangesi straightforward to
implement, i.e. it does not induce an additional sorting or maping step. As network
interconnections are bottlenecks of a parallel computers,adest exchange package
sizes are essential for parallel codes. As the exchange processgiattes smoothly
into the grid management without any sophisticated reorderig or synchronisation,
the homogeneous data access cost moreover are preserved.



Third, Peano provides load balancing. It distributes the wdtload equally among
the computing nodes, i.e. it tries in a greedy fashion to assignaanode the same
amount of computations. The balancing's realisation is itselparallelised, i.e. the
balancing itself scales with the parallel nodes and does notdoene a bottleneck.
Such a property is essential for massive parallel architectures-urthermore, the
balancing works on-the-y, i.e. it permanently adopts and ptimises the partitioning.
This is essential for dynamic adaptive algorithms.

The splitting into three di erent classes of features coincidewith many publica-
tions, and the tackled challenges can be found in a vast amouritlderature. Peano
gqueues into this group. Low memory requirements draw throigthe discussion of
advantages of many structured grid approaches including apve mesh re nement
methods with regular patches. Matrix-free methods, cache-ous algorithms,
parallelisation and load balancing are popular subject of antion of many multigrid
solver implementations. Two important aspects of realisationis high performance
computing though are not covered at all: On the one hand, thetegration of legacy
or third-party code into the Peano framework is beyond the spe of the thesis. Al-
though it is inconsistent to motivate a framework developmentvith code reuse and
separation of concerns without reusing software, | skip this digssion and develop
most of the realisation's ingredients from skratch. For tests, V@ation, and quick
prototyping, connecting to software not tailored to the spadeee world is surely rea-
sonable and routine [60]. To exploit Peano's full propertieand to preserve Peano's
advantages, most codes presumably have to be adopted. | assumet tuhite box
reusage copying code blocks, algorithmic ideas, and best praes outshines black-
box code reuse. Consequently, there is a need for reusage antbtisg patterns
and strategies, and there is also a need for a careful elaboratiwhere third-party
component usage nevertheless does make sense. This reasoninigkegup in the
conclusion. On the other hand, many papers in scienti c computg concentrate on
the development of more and more elaborate and sophisticatetyarithms. They
derive schemes yielding qualitatively better results per atnic computing operation
or per record beyond the result improvements due to an increaseomputational
e ort, i.e. beyond just scaling up the problem size. The termmore science per op
[44, p. 14] perhaps describes this aspect best. Obviously, suchemdeavour is be-
yond the foundations of the pillar of scienti c computing, am, hence, beyond the
scope of this work.

While each of the tackled challenges is an interesting subjeot study itself, the
combination of all of them is the outstanding highlight of theframework. Because
of the strict separation of the individual packages and conaes, any solver pro-
grammed along the ideas of the Poisson solver carries over the saproperties.
This is a promising insight making me believe that the framew&rcan be the basis
of simulations tackling challenges not solved before.

Vi



Alternative Frameworks

This vision underlies many frameworks and libraries. While a el-grounded com-
parison and evaluation of di erent code packages is beyonddtscope and volume of
this thesis, | nevertheless pick out three alternative projesthere and classify Peano
with respect to them. Besides a better impression what Peano'sasacteristics and
unique selling points look like, such a classi cation also givesnits in the conclusion
what features Peano is missing and what Peano has to learn frorther endeav-
ours. For the time being, | concentrate on highlights, similaties, and common
approaches. The three non-commercial reference systems areseim subjectively,
I.e. their selection is not exhaustive.

The Distributed and Uni ed Numerics Environment toolbox DUNE is a rst sub-
ject of study [3, 4]. DUNE follows a strict separation-of-concepapproach due the
de nition of C++ interfaces, i.e. it de nes a toolbox as set of nterfaces and de-
livers several implementations of these interfaces. Progranmg versus interfaces
allows the developer to exchange both individual (sub)algithms and selected data
structures without modifying the complete code basis. Espedialinteresting is the
idea to replace subgrids by optimised, structured patches and hide the distribu-
tion of the grid parts. Both features are hidden from the user, sathe algorithms'
realisations rely solely on an iterator concept.

Peano and its extensions provide a similar concept|regular peches are optimised
and the parallel realisation details are encapsulated from ¢halgorithms|while it
relies on a callback mechanism, i.e. the algorithm does nottiaely traverse the
grid data structures, but the grid calls back the algorithms. Myimplementation
lacks the exibility of unstructured grids. However, it provides arbitrary, dynamic
adaptivity|a feature that usually is di cult to provide with regular patchesiit
provides a multiscale representation of the computational daain, and it provides a
ne granular load balancing, where the individual elementgand not whole patches
are atomic work units. It would be interesting to quantify DUNE'soverhead due to
the exibility, to evaluate the bene ts arising from unstruct ered grids, and to elab-
orate whether using optimised regular patches as black-boxrcavertake Peano's
holistic, structured, and inherent hierarchical approach. &thermore, DUNE's ex-
ibility facilitates legacy code reuse. While code reuse is latious for Peano if the old
code does not t to the underlying spacetree paradigma, it isevertheless desireable
in many places, and reuse best-practices hereby are of greatueal | pick up this
aspect in the conclusion.

Next, | want to mention the Adaptive Large-scale Parallel Simwdtions (ALPS)
library underlying [18, 19]. These papers employ adaptive rsle re nement methods
to study mantle convection which is a multiscale problem in bdt time and space:
they solve a real-world problem on a petascale supercomputer.hd underlying
computations scale on massive parallel environments due to thsage of octrees
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and space- lling curves. The octrees here act as key structurerfdata access, and
re ning, coarsening, and load decomposition is directly intgvoven with this data
structure.

All of Peano's features rely ork-spacetrees|a generalisation of the octree concept|
and, thus, many paradigms and algorithmic approaches exhitsimilarities (the ini-
tial setup of the load decomposition, e.g., follows a tree-bak®p-down approach in
both codes). | am sure that these similarities rest upon fundameaitprinciples and
patterns of any \spacetree code", and, hence, Peano can ledrom ALPS. Neverthe-
less, exploiting the spacetree directly for the matrix-free PB solver is a fundamental
idea of the Peano framework, while ALPS concentrates on theigimanagement and
its applications employ algebraic solvers. For applicationshere geometric multigrid
solvers can be applied, it would be interesting to compare Peala holistic approach
with applications built on top of ALPS, to quantify the overhead arising from the
algebraic approach, and to study the runtime implications oboth approaches.

Finally, the PDE solver Hierarchical Hybrid Grids [26, 29] shalbe mentioned.
It is a matrix-free multigrid solver, i.e. the operations areembedded into the grid
traversal, for elliptic problems. It starts with a coarse, confon, unstructured mesh,
distributes and balances this mesh, and then re nes the indigdual mesh elements.
Outstanding is the enormous number of unknowns the solver is labto handle in
combination with its high performance and good scalability. From my point of
view, this is in particular due to a unique and intelligent canbination of multigrid
algorithms, e cient programming techniques, and realisationpatterns rarely found
in one place.

Peano's extensions also support patches of regular re ned ggidand its regular
re ned subdomains resemble HHG's structured patches. Consequentl am sure
that e ciency patterns and best practices from the hybrid coc also can be applied
to Peano's implementation. Such a tuning makes the code ewglcurrent computer
architectures better. In turn, it allows to compare and quatify the performance
drawbacks resulting from Peano's exibility due to the arbirary dynamic re nement
with a highly optimised PDE solver implementation.

Thesis Structure

The thesis' structure roughly follows the challenge enumeratn. After a preamble,
| start with a description and formalisation of the spacetree ide in Chapter 2.
Besides the interplay of spacetrees, adaptive Cartesian gridsydathe continuous
computational domain, the rst chapter establishes a common feguage for the
subsequent text, and it establishes the concept of the traversavemts. They act
as plug-in points for algorithms built on top of the framewok. Three chapters
covering the traversal algorithm (Chapter 3), the multigridsolver (Chapter 4), and
the parallelisation (Chapter 5) follow. Wherever possible, tay do not depend on

viii



each other, as the separation-of-concerns idea prohibits aatg coupling of the
di erent subjects. Besides some properties resulting from thetegrplay of individual
chapters, these chapters can basically be read and understoodaibitrary order.
After some experiments integrating the individual ideas in Capter 6, one short
chapter closes the thesis, draws some conclusions, and presentseetgiions and
preliminary results from further, future, and extending wok. The text is framed
by the Chapter 1 \Peano in a Nutshell" acting as preamble as wedls an appendix.
The preamble outlines the thesis' content from a programmer'point of view|a
programmer that has to implement a multigrid solver within the framework.

Adaptive Cartesian Grids and Spacetrees

awayss uonewixosddy |jng

uonesijsjjesed

| wyioh|y |esianel] dasyadeds

Integration & Numerical Experiments

Conclusion

The four big Chapters 3, 4, and 5 exhibit a similar internal costruction. An
introduction summarises the aim, rationale, and reasoning ohé chapter's content.
It outlines the basic ideas, compares them to alternative andlder results, and
points out which subjects are not discussed deliberately. Firgl it describes the
chapter's structure. Several sections built upon each otheolfow. Most outline
their content and insights at the beginning. It thus is possibldéo skip individual
parts of the thesis. Some experiments study the framework's grerties chapter by
chapter. The splitting of the experiments simpli es the identcation of cause-and-
e ect chains. A short outlook nally gives extensions and links.
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1 Peano in a Nutshell

In a Nutshell is a preamble. Outlining the content of the indivilual chapters, stat-
ing the important results, and highlighting the underlying vsion and rationale, it
runs brie y through the whole thesis. Since the thesis establiskea framework for
grid-based solvers for partial di erential equations (PDES)jts descriptions and ex-
planations are often abstract, technical, and formal. | evewutsourced concrete
applications and demonstration challenges into the conclusi or refer to other the-
ses and publications. This chapter in turn refrains from all tk technical details. |
take up the position of a developer implementing a multigrid nite element solver
with d-linear shape functions for the Poisson equation, and | show howckua solver
can bene t from the framework Peano.

Figure 1.1: Peano solves a PDE for a given compuational domaim an adaptive
Cartesian grid (left, cut through a spherical domain). Yet, itdoes not
hold the Cartesian grid in the memory, but it stores the spaceteeinstead

(right).

Before the nite element method breaks down the PDE into a liear equation
system, one has to de ne a discretised representation of the contbus domain|a
grid. Throughout the coding, the grid's shape, its represent®n in the computer,
and the available operations on the grid are important. The sipe uniquely de ned
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by the grid construction process determines the numerical goerties of the solution.
The data structure storing the grid (co-)determines the memagrrequirements of the
implementation, as well as the e ciency of grid and data read and writes. The
operations on the grid|the signature of the grid data structur e|split up into two

groups: On the one hand, the Poisson solver reads, interprets, andtes back grid-
assigned data such as the solution's approximation. On the othéand, the solver
modi es the grid itself, i.e. it re nes and coarses it. The sign@re thus in uences
the execution speed, too, as it freezes the set of operationsagorithm can invoke.
Furthermore, this set determines the set of tools available fdhe implementation.

Before | jump into a grid discussion, the concept ok-spacetrees is introduced
(Section 2.1): A single hypercube encloses the computatiorddmain. This hyper-
cube then is recursively re ned until the resulting cubes apximate the computa-
tional domain with su cient accuracy. Such a re nement process yields a tree data
structure standing for a cascade of smaller and smaller hyperc@gbeThe cascade
in turn mirrors an adaptive Cartesian grid, i.e.k-spacetrees give special types of
adaptive Cartesian grids. k-spacetrees moreover de ne several adaptive Cartesian
grids with di erent spatial resolutions simultaneously (Figue 1.1). The principle
is simple: Each leaf's hypercube de nes a geometric elemetittbe Cartesian grid.
All the leaves together tessellate the computational domain. A% ned nodes also
represent a hypercube, di erent resolutions of the tessellatip i.e. di erent Carte-
sian grids, are given by di erent levels of the spacetree. Whexg the nest adaptive
Cartesian grid is used to apply the nite element method, the carser grids are useful
to implement a multiscale solver.

As soon as a grid is at hand, the solver has to run through it to expi its infor-
mation and operate on the data|it traverses the grid. | reveal a tree traversal being
a special case of an element-wise grid traversal (Section 2.4 &wttion 2.5), i.e. as
soon as a tree traversal is found, | can implement an elementsai algorithm on
adaptive Cartesian grids. The depth- rst traversal is of speciainterest, as it allows
to encode the grid data structure with one bit per element: iftie traversal runs top-
down through the tree, it has to read one bit per hypercube. Tk bit determines
whether the cube is split up further. | end up with an element-¥ge algorithm on
an adaptive Cartesian grid that comes along with little memaor spent on the grid
structure. Further, it is simple to enlarge or shortenk-spacetrees. Adding addi-
tional elements to the tree equals a grid re nement, remov equals a coarsening.
Consequently, | end up with a low-memory algorithm that also symorts dynamic
adaptivity.

The PDE is de ned on a computational domain. A mapping from tle contin-
uous domain to the grid is next presented (Section 2.7). It mak all spacetree
elements lying inside the domain represent the discretised domghe continuous
domain shrinks to its discrete representation. While such a mapy approximates
an arbitrary domain just with rst order, it is straightforward to reduce any discreti-



sation error by re ning the spacetree further: the approach aepts the low order
boundary approximation, as a re nement and, hence, improweent of the boundary
approximation is that cheap and simple.

Knowledge about the grid structure is important for the Poissomsolver, the visual-
isation, the data postprocessing, as well as other algorithms. ty¢ghe actual storage
of the tree and the realisation of the traversal is not of inters for the Poisson solver
as long as all information is accessible on demand. While oneuktbintroduce an
access signature on the data structure, | prefer a callback meatism (Section 2.8):
The grid traversal runs through the data structure. For each taversal transition, it
triggers an operation|an event|parametrised by the transiti on's state, the current
spacetree element's data, and its vertices. The algorithm @s into these events,
reads, evaluates, and modi es the arguments. A plug-in implemgng an error es-
timator, e.g., listens to the event triggered whenever a vesk is read for the very
last time throughout the traversal. At one point, it tells the vertex to re ne all its
adjacent spacetree elements. In the subsequent iteration, th&g-in then receives
the events for the newly created vertices. The re nement reightion, the data struc-
ture extension, and the mapping from the continuous domain tthe modi ed grid
though are hidden from the plugin. Besides the information Hing, such a mecha-
nism o ers additional advantages: a modi cation or exchangefdhe solver does not
a ect the traversal or data structure realisation. At most, the mapping from events
to callback routines is altered, and, hence, the user can cantibly combine several
algorithms. In the experiments, e.g., | combine an error estinar, a PDE solver,
and a visualisation plug-in throughout one single grid traverda

From now on, chapters have to tackle two orthogonal question©n the one hand,
they have to demonstrate that the plugin mechanism is su cient b implement a
sophisticated solver, i.e. the information hiding and encapsation do not prohibit
the realisation. On the other hand, they have to discuss the acilistorage format of
both the grid and data assigned to it in context with the e cient structure encoding.
| start with the second issue.

A grid consists of vertices, hyperplanes connecting these veds, and geometric el-
ements, i.e. volumes, in-betweerk-spacetrees yield the geometric elements, but the
solver for the Poisson evaluates data assigned to the vertices. \Iiéhihe preceding
chapter speci es what the traversal looks like|it mirrors a depth- rst order|and
how the grid's structure is encoded, it neither gives the coainers holding the encod-
ing, nor does it refer to the vertex data. | concentrate on thee questions and derive
a data container realisation going hand in hand with a sophistated depth- rst
traversal (Chapter 3). The realisation preserves the low-mempocharacteristics, it
does not restrict the dynamic adaptivity in any way, and it is ecient. The latter
aspect covers the algorithmic complexity (the data access is linear time) and ar-
chitectural principles, i.e. the realisation ts to and benets from standard computer
architectures. Previous to that an excursus: The Peano spacdilg curve makes
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the depth- rst traversal on a k-spacetree based upon three-partitioning determinis-
tic, as it orders the children of each re ned hypercube (Seaon 3.1). Step by step,
the realisation bene ts from the nice mathematical properts of Giuseppe Peano's
curve',

Solver, Vis, ...

written by framework user

trigger events
(callback operations)

C D —

in Peano out
vertices —— stack automaton —» | vertices
(stack)
|n
element oLl
Temporary Vertex iners
(stacks)

Figure 1.2: Peano's grid persistence management relies esolaly on stacks as data
containers. Throughout the grid traversal, it invokesevents The solver,
visualisation software, data preprocessing component, and sotfoplug
into these events.

This process is tripartite (Section 3.3): First, | study the hanlling of the geometric
elements. If the depth- rst traversal inverts the space- llingcurve's order after each
iteration, the inverted order again ts to Peano's curve desgption, and two stacks
are su cient to store all the geometric elements of thek-spacetree|the realisation
of an element container is straightforward. Second, | study thorder of the vertices
before and after a tree traversal. Let a vertexa be used the last time before a vertex
b throughout an iteration. Due to the space- lling curve, b will be used for the
rst time before a throughout the subsequent iteration, and two stacks are su cieh
to store all the vertices of thek-spacetree|the realisation of a vertex container is
straightforward, too. With these input and output containers, vertices nally have
to be managed throughout the iteration: They are read from té input stream the
rst time they are used. They are stored to the output stream the lat time they are

tand, nally, the framework adopts the inventor's name



used. They have to be hold in a container in-between these twotians. Again, the
space- lling curve allows the realisation to rely on a xed lirear number of stacks for
these temporary containers. The number is independent of theid hierarchy, and,
in the end, a nite number of stacks is su cient to hold all the data throughout the
traversals (Section 3.3 and Figure 1.2).

Space- lling curves and stacks are nice subjects of scienti cugty. With respect
to the solver, they have two especially interesting propertiestheir implementation
comes along with almost no memory overhead, and their data &ss ts to modern
computer architectures: Each stack provides read and write egss to only one single
position in memory, and this position shifts at most by one entry pr data access.
Since the number of stacks is xed, this yields an impressive ¢eehit rate, and the
runtime per vertex becomes independent of the problem sizeg@ion 3.4).

Some realisation details|due to the strict stack-based realisatbn, one can even
handle problems that do not t into the main memory anymore, ad if algorithms
evaluate only information up to a given tree level, temporaly removing tree levels
below speeds up the traversal substantially|close this discussion.All the data
structures, signatures, and implementation concepts for the ser of the Poisson
equation are now available.

| hence switch from the realisation to the actual solver (Chapte4). Due to the
inherent multi-resolution property of the k-spacetree, it is obvious to focus on a
multigrid algorithm here. After some basic remarks on the niteelement method,
three topics are discussed. The text argues holtspacetrees represent a nite
function space, what an e cient solver for the PDE's linear egation system does
look like, and how the traversal events are mapped to solver apéons.

My nite element implementation relies on ad-linear approximation of the contin-
uous function space. Each spacetree vertex yields one basisction of this approx-
imation, and its support covers the 2 adjacent geometric elements. This approach
ends up with a generating system instead of a basis, i.e. the repmgs¢ion of a
function is not unique (Section 4.1). To avoid confusion dueotambiguousness |
standardise the representations by convention, and, hencesdiiss two variants: A
nodal scheme holding a function in di erent spatial representeons simultaneously,
and a hierarchical scheme splitting up the function into contbutions of di erent
frequency.

With the nodal scheme, one can evaluate the method's matrixeetor products
element-wisely on the grid: there is no need to set up any globsystem matrix
explicitly, and the resulting approach thus needs no memory iaddition to the pure
grid data. Next, the matrices are discussed (Section 4.2), andasting from a simple
Jacobi scheme, | then run through the idea of multiplicative gometric multigrid
solvers and full approximation schemes witlk-spacetrees tting to the geometric
approach, since they hold grids of di erent spatial resolutiorby construction. The
solution representation with di erent frequencies simpli esthe restriction of the
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right-hand side within the multigrid cycle. | thus switch regdarly from a nodal
representation to the hierarchical scheme.

The individual steps of the multigrid solver plug into the trawersal events: the
grid and traversal management are encapsulated from the mugtid solver and vice
versa. | consequently formulate the solver steps in terms of opépns triggered by
the single events (Section 4.4). As the algorithm does not itduce additional data
or data accesses, it ends up with all the nice properties of the ngutraversal|low
memory requirements, good cache hit rates, arbitrary adaptity, and so forth|
while it implements a state-of-the-art multiscale solver. Som realisation details
and experiments document this.

High performance computing nowadays is dominated by massiverpbel comput-
ers. The thesis eventually introduces a parallelisation congiebased upon a domain
decomposition (Chapter 5). It tackles four challenges: An (eghded and modi ed)
traversal has to be able to handle a spacetree split into severars. The realisa-
tion of this traversal has to preserve the original traversal'sice properties. And, a
load balancing tting to the traversal has to nd a well-suited partitioning, and it
has to adopt it the partitioning a changing re nement structure if the Peano solver
employs an a posteriori re nement criterion.

First, | show that a depth- rst traversal is inherently sequentid, i.e. it does not
pro t from a decomposition of the spacetree. Consequently, | va&en the depth- rst
paradigm (Section 5.1) and make it a level-wise depth- rst treersal preserving all
the nice properties, as the stack concept remains exactly thense, and the order of
the traversal events is not modi ed, too.

Second, | discuss the traversal's realisation and the vertex ésemge. Both the do-
main decomposition and the exchange pattern bene t from spacking curves (Sec-
tion 5.2): As for the stack-based data management, the curve mekany reordering
of exchanged data unnecessary. Furthermore, partitions folling the iterate exhibit
a small surface compared to their volume, i.e. a nice computati-communication
ratio: The partitions are quasi-optimal due to the Helder cotinuity of the Peano
curve.

The parallel tree traversal postulates properties of a good gdioning. It becomes
obvious which partition layout leads to a well balanced deooposition. | third use
the properties to derive an on-the-y load balancing fok-spacetrees (Section 5.3).
All traversals permanently keep track of the computational lad assigned to one
computing node. Furthermore, they observe how many additi@h work units could
be handled by the computing node without becoming a bottler& for the overall
application. Whenever a computing node would become a battieck due to a
re nement, it takes additional nodes from a global node podand deploys work to
them.

Some remarks on the node pool continue the discussion (Sectiod)5 Finally, |
combine the solver's actions and the data exchange|due to theexchange of data



the mapping from events to solver operations is slightly to be odi ed|and end
up with a parallel multigrid solver with dynamic load balanchg on permanently
changing grids.
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2 Adaptive Cartesian Grids and
Spacetrees

Peano is a framework for grid-based methods for partial di ential equations
(PDEs), i.e. it relies on a spatial discretisation of the comput#onal domain|a
mesh or grid. This chapter de nes the grids underlying the wHe thesis: it de nes
the grid structure and the grid generation process, as well asdhnterplay of the
grid and the di erential equation's continuous domain.

The spatial discretisation is based ok-spacetrees. They are d-dimensional gen-
eralisation of the octree concept. While octrees rely on biaptitioning, k-spacetrees
employ a k-partitioning: The computational domain is embedded into ahyper-
cube. Then, the discretisation algorithm recursively cuts theube into k¢ equally
sized subcubes. While such a discretisation is equivalent to a subséthe class of
adaptive Cartesian grids, the e ciency of each algorithm in ths thesis exploits the
particular spacetree's structure.

Throughout the spacetree discussion, several alternative repestations and in-
terpretations are enlisted, but the list is neither complete ar representative. The
aim of this chapter instead is as follows: It establishes a uniforterminology and
a formalism, to make the text understandable and consistent withut additional
literature. And, the chapter formally derives algorithmic estrictions and insights
for the k-spacetree.

My dissertation looks back to a long tradition of publicationgliscussing challenges,
algorithmic ideas, and formalisms coming along with spacetr®eNevertheless, the
underlying ideas are far from being exhausted. Compared todldirect predecessors
[35], [63], and [39) this chapter picks up facts scattered among the theses, and it
harmonises the description. In return, | omit technical detds, if they are not essen-
tial to understand the algorithmic ideas. Starting from a welde ned terminology,
the chapter furthermore states several properties df-spacetrees or algorithms on
k-spacetrees, not written down explicitly before.

The chapter is organised as follows: | rstintroduce the conceépf the k-spacetree
in the context of adaptive Cartesian grids with regularity castraints. They are two
alternative interpretations of one idea deducing a spatialigcretisation for a given
domain. In Section 2.3, a formalism describing the grid constients and their rela-

1This is the chronological order.
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tionships is given. Such a formalism is essential for algorithmgll algorithms on
Cartesian grids require a well-suited traversal of the data statures. Section 2.4 in-
troduces the fundamental ingredients of Peano's elemenise traversals. They then
are transferred to the spacetree world in Section 2.5. The subseqt section analy-
ses the traversal's implications and constraints for for algdhms, and it establishes
a re nement concept for the adaptive Cartesian grids, i.e. it $8 up the data ow
underlying the grid generation. Section 2.7 picks up the PDEhallenge again, and
it discusses the mapping of the continuous domain to the spatialth structures.
Next, | formalise the interplay of the k-spacetree , thek-spacetree's traversal and
any algorithm making use of these traversals. Such a formalism mmportant for
work extending this thesis ([23, 51, 60], e.g.). A small numberf experiments nally
highlights some of thek-spacetrees's properties, and an outlook closes the chapter.

2.1 k-spacetree

Algorithms are by de nition executable by a machine. Ergo, tkey need a nite
representation of the computational domain . The plenitude of existing geome-
try representation schemes makes it impossible to give a compeeisive overview:
Analytical descriptions compete with surface descriptions su@sB-splines or trian-
gulated meshes. Volume-based methods (voxel discretisationsspace partitioning
data structures, e.g.) face constructive solid geometry modelSurface reconstruc-
tion algorithms on data obtained from measurements also migl#ct as geometry
representation. A starting point for an overview is for exam@ [68, 72]. Since numer-
ical methods approximate the solution of a partial di erental equation|they do not
derive an exact, point-wise solution|it is su cient to approxi mate the continuous
domain. Yet, the geometric error must not pollute the approxnation.

Grid-based methods are based on a spatial discretisation of themoutational do-
main, i.e. 's representation in the computer is cut into a nite set of primitives|a
grid or mesh The term tessellationis a synonym not highlighting that the domain's
boundaries typically are approximated, too. The term gridn turn usually circum-
scribes the tessellation of the computational domain togethewith the geometric
primitives arising from this discretisation, i.e. the vertics, the primitives, and so
forth. | use the terms grid, tessellation, and spatial discretisan as synonyms.
The result is . Formally, the transition 7! | is a two step cascade: It rst
approximates and then cuts it into pieces. Here, both steps aranerged in a
spatial discretisation stemming from aregular recursivek-sectior?. Four principles
circumscribek-section:

2Recursive decompositionis another synonym [67].
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2.1 k-spacetree

|Terminology]|

For the k-spacetree, the following terms are well-de ned:

equals theroot of the k-spacetree.
If a cubee, is a child of a cubee,, e, is the parent of e;. | write e; V g €.
If two cubese; and e, share a common parente; and e, are siblings

If two cubes e, and e, share at least one common poink 2 RY, they are
neighbours

If the recursive k-section generates a cube; out of e, with an arbitrary
positive number of recursion stepsg; is a descendantof e,. All children
of e, are descendants. Not all descendants are children.

The height of a k-spacetree equals the recursion depth.

The computational domain is embedded into a hypercube. Thisypercube

1. The algorithm embeds the computational domain into a hygeube®. Since a

domain is a bounded, open subset iRY, this is always possible.

along xij. The algorithm cuts the hypercube intok equally sized parts along

each suitably translated hyperplane.

3. The algorithm ends up withk® small hypercubes. They are disjoint, the sum

of their volumes equals the original cube's volume, and &tf' cubes have
same size.

the

4. The algorithm continues recursively for each new small hypribe if appropri-

ate.

The resulting spatial discretisation is ak-spacetree Each hypercube of the dis-
cretisation process corresponds to a vertex in the tree graph.h& hypercube into
which the computational domain is embedded into is the treg'root. When a cube

is cut into k9 pieces, each new subcube ischild of the original cube, i.e. there
directed edge from the bigger to the smaller hypercube.

SHypercubes in this thesis are closed.

is a

11
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~

Figure 2.1:k-spacetree construction ford = 2 and k = 3 (left), and k-spacetree
construction ford = 3 and k = 2 (right) with accompanying tree graph.
Both trees at the bottom have height two.

Di erent recursive k-section variants are well-known under di erent names in
di erent disciplines. The term quadtreefor d = 2 and k = 2 and the term octree
for d = 3 and k = 2 (Figure 2.1) are popular names in computer graphics and
grid generation (see for example [25, 58, 67, 72RRe nement tree [56], Q-tree and
guadtrie [67] as well asregion quadtree[68] are among the alternative names. If
the cuts are not equidistant or the number of cuts per dimensioper cube does
not equal an constantk, data structures such asbinary space partitioning trees
k d treesor point quadtrees[20, 67, 72] arise. Some authors generalise the concept
and replace the initial cube by another primitive such as a tangle ([2, 56], e.g.).
Others introduce di erent names such agdge quadtreeMX quadtree or PM quadtree
for di erent recursion termination criterion [68]. This list is neither complete nor
are the examples representative.

| draw my attention to a xed number k of equidistant cuts per dimension. The
dimensiond 2 is an arbitrary constant in this thesis. Whenever an algorithm
demands for a speciak, | write (k = 3)-spacetree, e.g.

With a xed , each hypercube of the k-spacetree is either inside the computa-
tional domain or not. The k-section hence yields a spatial approximation of the
computational domain as the surface of the inner hypercubeshion approximates
the boundary of . The k-section also yields a discretisation of this approximation,
I.e. the k-spacetree gives an (Figure 2.2).
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2.2 Adaptive Cartesian Grids andk-spacetrees

Figure 2.2:k-spacetree construction scheme for four di erent computatial do-
mains (d = 2, k = 3). Each illustration consists of four layers top-down:
The layers one, two and three correspond to the three initialecursion
steps, i.e. they show the spacetrees of height one, two and threghe
bottom level shows a signi cant ner resolution of the domain.

2.2 Adaptive Cartesian Grids and k-spacetrees

Among the simplest grids in computational sciences is the Cartesi grid ([52], e.g.)
consisting of hypercuboids whose faces' normals are parallelaa@oordinate axis of
the Cartesian coordinate system. The Cartesian grid's simpligitand structured-
ness make many geometric parameterisations and transformatgoin mathematical
expressions and algorithms trivial or obsolete. The same two grerties also enable
for implementations exhibiting high performance and low nmaory requirements on
today's hardware (e.g. [6, 22, 771) This section emphasises the obvious similari-
ties of k-spacetrees and particular Cartesian grids, albek-spacetrees a ord more
exible and more sophisticated grids and exhibit inherent gd hierarchy relation-

4Their poor O(h) approximation of complex geometries is picked up, discussed, and (at least)
softened in Section 2.7.
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2 Adaptive Cartesian Grids and Spacetrees

T

k=2

k=3

=

Figure 2.3: Adaptive Cartesian grid. This grid does not corregmd to ak-spacetree,
as k is not invariant throughout the construction, and it is not equal
along the spatial directions.

ships. While the section recapitulates well-known facts fanmdr to most readers,
subsequent chapters exploit both the similarities and the exiility.

A regular Cartesian grid is a Cartesian grid with equally sized non-overlapping
hypercuboids. Its construction resembles the recursikesection in Section 2.1, but
it refrains from the recursion and replaces the original culidh A straightforward
extension of regular Cartesian grids is aon-overlapping adaptive Cartesian gritl
The corresponding grid generation process starts with a regul&artesian grid.
If appropriate, it then replaces each hypercube with anotmeCartesian grid and
continues recursively.

The leaves of thek-spacetree yield a spatial discretisation of the unit hypercube
This tessellation is the ne grid. The term does not incorporate the actual shape of
. It does not hold any geometric information. It nally does thus not give a spatial
discretisation  of according to Section 2.1. The elements of |, instead are a
subset of the ne grid. | examine the interplay of a spacetree'sne grid and the
geometry in Section 2.7. This interplay results in a ne grid dér the computational
domain instead of a ne grid for the spacetree's root.

Albeit the leaves and the ne grid interfere, ak-spacetree holds information be-
yond the pure adaptive mesh:

Example 2.1. Let an equidistant Cartesian grid on a square witB 8 geometric
elements be the subject of inspection. Such a grid also copmwds to the ne grid
of a (k = 8)-spacetree with height one. It furthermore corresponds the ne grid
of a (k = 2) -spacetree with height three. Although all three approashgield exactly

5Since all grids in this thesis are non-overlapping, | skip this quali er from now on.
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—_—

Level 3
E—

Figure 2.4: Fine grid of a two-dimensionalK = 2)-spacetree (left) and two Cartesian
grids extracted from the tree (right).

the same spatial discretisation, each of them exhibits a tdpgy of its own and a
di erent number of geometric elements in total| 8 8 for the Cartesian grid, and for
the spacetree8? +1 or 82 +42+22+1.

While each k-spacetree's ne grid equals an adaptive Cartesian grid, thidoes
not hold the other way round, as most adaptive Cartesian gridshoose the number
of cuts along every hyperplane individually for each recuimn step. These adaptive
Cartesian grids thus are less restrictive (Figure 2.3). On thetlver hand, such an
approach lacks the uniform hierarchy relations. A-spacetree explicitly preserves
the hierarchy, and the father-child relations' cardinalites are xed and invariant.
This facilitates many e cient and elegant algorithms|geome tric multigrid solvers
for example pro t from the hierarchy.

In a k{spacetree, each hypercube haslavel If the construction needs at least
recursion steps to create the hypercubég,is the level. The root element thus has
level zero. All the hypercubes of a given level in k-spacetree have the same size.
Yet, they do not de ne a Cartesian grid without any additional assumptions, as
they might not cover the whole domain, as their layout might ot be a hypercube
itself, and as they might not be connected (Figure 2.4). In tur, each level of a
full k{spacetree|all geometric elements not belonging to the maxinum level are
re ned|really yields a regular Cartesian grid.

2.3 Some Formalism

The preceding sections introduce the spatial discretisation derlying this thesis'

algorithms. Yet, they lack a rigorous formalism. Algorithms hwever demand for
a nite, formal description, and they|by de nition|have to b e executable by a
machine [11, 12]. The following pages establish such a formaljsamd | also use
them as opportunity to switch from a geometry's tessellation got of view to a grid-

centered language including vertices and vertex-elementjacency relationships.
New aspects beyond the discretisation are shifted to the subsequeection 2.4,
whereas Appendix C holds, beyond other details, a table of the dé&ions here.
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2 Adaptive Cartesian Grids and Spacetrees

The spatial discretisation | consists of a setEr of geometric elements All
geometric elements 2 E; are hypercubes. Thus, every geometric element ha$ 2

parallel to a coordinate axis of the Cartesian coordinate syste
A k-spacetreeT equals a four-tuple

T=(Er;Vain2 Er Er;&2 Er;Vy)

with a dedicated root elementey and a partial order v ¢,jg giving the child-father
relationship. An element is a leaf, i.e. it belongs to the ne gd level, if it has no
children. Elements with children, i.e. element® with fe 2 Er : g Vg €9 8 ;,
arerened, andjfe 2 Er : 6 V ¢nig €gj = k9.

Pre ned - ET 7! f> ;?g ;
> if fe2Er e Ve 6 ;
Pre ned (€) € T 6 Vchid €J

? else
Let
level: Er 7! Np with
level(eg) = O and (2.2)
8e;6 2Er;q Vveia § : levelle) = level(g)+1 (2.2)

return the level of a geometric element. The level of the roalement equals zero
(2.1), and the level of a child equals the parent's level inemented by one (2.2).
The following properties result from thek-spacetree's construction algorithm:

8e;g 2 Er;e 6 g;levele) = level(g) : je\ gj=0; (2.3)
8e;6 2 Er;€ Vg § : a[ g; and (2.4)
83 2 ET;prened (61)1 Q = 6; (2-5)

Di erent elements belonging to the same level share at most a sulmfold. For
d = 2 a vertex or an edge (2.3). Each element besides the root isntained within
its father (2.4), and if all the children of one element are miged, the merged volume
equals the father (2.5).

vertex(e) with vertex : E1 7! V%d P (V7) identi es the 29 adjacent vertices of
an elemente®. A vertex is a (d+ 1)-tuple (x 2 RY level 2 Ny) holding the vertex's

6Because of the exponent , each image element has cardinality 2.
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2.3 Some Formalism

Figure 2.5: Part of a k = 2)-spacetree withd = 2. Pieneq (€1) but :P (eneq (€2). €1
hask® children. v, and v, are at the same position in space but belong
to di erent levels. Thus, they are not equal.v; 2 V1 nHt. v, 2 Hy is
a hanging node.

level and position in space. Two vertices are equal if and onlfythey coincide in
both space and level. The levelevel(v) of a vertex v of an element equals the
element's level:

8v 2 V1;8e2 adjacent(v) : level(e) = level(v):

The set
Vi = vertex(e)
e2ET
holds all vertices of the spacetree. This de nition derivesertices from elements.
The counterpart
adiacent: Vr 7! P (Et)

delivers all the elements that are adjacent to a vertex on theame level. The
spacetree's construction yields

8v 2 Vr : 0< jadiacent(v)j 2%

and this adjacency information allows for a classi cation oflie vertices: A vertex
v with less than 2 adjacent elements, i.ejadjacent(v)j < 29, is a hanging nodeor
hanging vertex To distinguish hanging vertices from the other vertices is es#él

throughout the thesis, and the set

Hr = fv 2 V7 :jadjacent(v)j < 2%g (2.6)

provides this separation.

The following convention is common for vertices in many apishtions such as
geometric ansatzspaces in Chapter 4, where it ensures the couity of the numerical
solution: Hanging vertices never hold information. As a resulthere is no need to
store hanging nodes persistently.
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2 Adaptive Cartesian Grids and Spacetrees

2.4 Element-wise Grid Traversal

On the next pages, | derive a grid traversal idea tting to both a element-wise
traversal of the adaptive Cartesian grid and thek-spacetree. This traversal is the
basis of all algorithms implemented later on. In this contextthe conclusions and
restrictions coming along with it (De nition 2.1) particularly coin the thesis.

A function on a k-spacetree maps the tree and data assigned to it to an image.
Iterative solvers, e.g., map the data structure to anothek-spacetree; plotters, e.g.,
write it to an output stream whose content is interpreted by a \sualisation tool.
Without any assumptions on the preimage's impact, such algohtns have to read
each element of the spacetree at least once, i.e. they have togass each element
of Er and each element o¥/1. This is a grid traversal The interplay of geometric
elements and vertices is essential in most algorithms. A travetsalgorithm having
minimal computational complexity reads each vertex and ehcgeometric element
once. If the connectivity information is of interest, the trarersal algorithm has to
read each vertex-element relationship at least once.

Two di erent traversal types are vertex-wiseand element-wise Vertex-wise traver-
sals de ne a total order on the vertices and run through this da stream. For each
vertex v, they also process the adjacent elemengs2 adjacent(v). Thus, each ver-
tex is read once, but elements are read multiple times. Elentemise algorithms in
contrast de ne a total order on the geometric elements and ruthrough this data
stream. For each elemeng, they also process the adjacent vertices 2 vertex(e).
Thus, each element is read once, but vertices are read mulggimes: forv 2 V1 nH+
exactly 2. For hanging nodess 2 Hy the number of reads is smaller. In this thesis,
all algorithms are based upon an element-wise traveréal

De nition 2.1.  An element-wisek-spacetree traversaprocesses thé&-spacetreeT
in n j Erj steps. In each step, exactly one elemeat2 E; and the 2¢ adjacent
verticesv 2 adacent(e) are available to an algorithm built atop the traversal. In-
between two steps, both the source and the destination data available.

The element-wis&k-spacetree traversal poses an important restriction on the speed
information is transported from one geometric element to atleer: Without further
assumptions, it is not possible for an element-wise algorithm toreictly evaluate or

"Both vertex-wise and element-wise traversal are found in scienti c computing. Sme examples:
Introductions to the nite element method usually start from a vertex point of v iew ([8],
e.g. ). Finite element codes switch to an element-wise traversal often to elimate duplicate
computations such as numerical integration on the elements. Grid-based visuaation software
typically prefers a vertex-wise point of view, whereas an element-wise traveed ts better into
the paradigm of volume rendering. For spacetrees, algorithms stemming from gph theory
prefer an element-wise approach as it ts to standard tree search algorithmsOther space tree
formalisms such as Morton ordering [57] correspond to a vertex-wise ietrpretation of the grid.
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2.4 Element-wise Grid Traversal

even manipulate neighbour cells, as at most two neighbours' @ais available during
an element transition.

Example 2.2. The element-wise traversal grants an algorithm access teetburrent
element and its vertices. The two sketches below illustrdbe resulting challenges
for an elementA traversed before an elemer:

A

<]
3]/

N%

Algorithm in A can
not access information
from B.

-~ Information in element/vertex

4 Traversal order

< _“ Information transport

If traversal(A) < traversal (B) and if an algorithm requires information fromB
within A, this information is not available (left). Thus, information needed by neigh-
bours has to be written to the element's vertice8 (right). This information then is
available to the neighbours in the subsequent iteratioA fight).

If a cell needs information from neighbouring cells, there Bao be a function that
reconstructs the neighbour's information. Such a functionrealyses the properties of
the vertices that are adjacent to both geometric elements dnit uses the following
information:

1. For the reconstruction of the neighbours sharing a common pgrface, the 2 1
shared vertices and the elements' data itself have to be su cient

2. For the reconstruction of the neighbours sharing a common jgredge, the
element's state, the 2 2 shared vertices and the information obtained in the
preliminary step have to be su cient.

d. For the reconstruction of the neighbours sharing only one oconon vertex, the
element's state, the 2 common vertices, i.e. the only common vertex, and the
information obtained in the preliminary steps have to be su cent.
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2 Adaptive Cartesian Grids and Spacetrees

Vertices act as an information transport medium: Element-bsed information
propagates due to the vertices (write from origin element teertex; image element
then takes data from this vertex). Vertex-based informatiorpropagates from one
vertex to the neighbouring vertex. The maximum informationpropagation speed
the element-wise traversal guarantees without further assumipns and knowledge on
the elements' and vertices' order and topology thus equals otement per traversal.

For any algorithm mapping ak-spacetree's data to anothek-spacetree, a com-
puter scientist is interested if it is possible to use the same data stture as origin
and as destination record. If this is possible, the applicatios demand for mem-
ory halves. The answer depends on the algorithm's vertex mamniation and the
reconstruction function built atop.

If an algorithm needs, at any time, a neighbour element's stat@ the preimage,
and if it manipulates the current traversal element's state,tirequires the state of
a vertex to remain invariant throughout the traversal. Yet, ech element's state
transition implies an update of the vertices, as the verticegansport information.
Thus, it is not possible to make the input data structure, i.e. thggreimage's vertices,
act as output data structure.

Instead of using two complete data structures, any algorithm haming this cri-
terion can be implemented using protocol variables: A vertex'property transition
is not performed immediately, but the algorithm writes the tansition into a trans-
action variable. At the end of the traversal, all transactionsare processed en bloc.
Alternatively, the very last write operation on a vertex preceles the transaction.
Such approaches are well-known from databases and persistelagers ([24], e.g. ).

If a vertex's state changes exclusively in-between two iterians, there is a max-
imum guaranteed speed for the information to spread. For a xedrid level, in-
formation can spread only one element per iteration: In onedtation, an element
e; writes its information to the vertices. The updated informaton is available to
the neighbouring elements, with traversal(e,) < traversal (e;) in the subsequent
traversal. The other way round, this is not a restriction simila to a CFL condition
[8] for the whole spacetree, i.e. it does not imply that infor@tion can only be passed
from one element to a neighbouring element per iteration. #n algorithm traverses
from an geometric elementk; to its father element e,, then to e,'s neighbour e,
and then to a child e, of cell e3, there is no need fore; and e, to be neighbours,
l.e. information stemming from element; can in uence a non-neighbouring element
€.

2.5 k-spacetree Traversals

The preceding section discusses element-wise traversals fromid goint of view. It
is an obvious idea to transfer the ideas to the tree world. A umd traversal concept
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2.5 k-spacetree Traversals

holding for both point of views allows each algorithm to pickout the formalism
leading to the simplest description, while Peano's algorithrairealisations always
bene t from the tree paradigm.

A tree traversalin graph theory is a process that reads each node of a tree ontg[
Each tree node in &k-spacetree equals a geometric element in the hierarchicaidgr
Thus, a tree traversal yields an element-wise traversal accaondi to De nition 2.1,
if one makes the tree traversal algorithm also pass the corresglamgy grid vertices.

Several di erent criterion induce a classi cation of tree trarersals. The distinction
of deterministic and nondeterministic traversals is of importance in this thesis: Par-
allel algorithms for example exhibit nondeterministic beh&our, i.e. sophisticated
synchronisation mechanisms are required if the code's corneess demands for de-
terministic algorithmic steps. The hierarchy's in uence on tle traversal order also
Is essential for most algorithms:

De nition 2.2. A traversal preserves the child-father relationshig chiiq, if
€ Vg & ) traversal(ey) < traversal (e,):

A traversal preserves the inverse child-father relationghv g, if
€ Venig € ) traversal(e;) < traversal (&;):

With binary trees, the preorder traversal [11, 12] preserves ¢hchild-father re-
lationship's implication. With trees such ask-spacetrees, where a re ned element
has more than two children, the standarddepth- rst and the breadth- rst orders'
traversal functions also t to the rst de nition above [11, 12]. Hereby, De nition
2.2 neither determines whether the traversal is deterministj nor do the implications
prefer a depth- rst or a breadth- rst traversal.

Let an algorithm's traversal preserve both relationships. Suchn algorithm can
transfer information from fathers to their children within one traversal transition
according to the child-father relationship. Information heeby is transported top-
down. For the inverse child-father relationship, the algortm can transfer all the
children’'s information to their father within one iteration. Information is trans-
ported bottom-up. The rst principle corresponds to information inheritance within
tree algorithms. The second principle describes informatiomalysis [46].

A bigger part of this thesis turns its attention to the e cient realisation of the
grid and the grid traversal. Depth- rst traversals (later merged with the paradigm
of breadth- rst) build the basis of these realisations, as theirraversal management
requires only one data structure|a stack or a queue (Algorithm 21 or Algorithm
2.2)8. The names and semantics of the operations and data structurgsthe pseu-
docode follow standard text books such as [11, 12]. A key ingrexk for an e cient

8The actual realisation is a recursive code, i.e. thestack in Algorithm 2.1 is hidden by the call
stack.
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2 Adaptive Cartesian Grids and Spacetrees

realisation is the transformation of the abstract, nondetermmistic traversal de ni-
tion into a deterministic sequence. The nondeterminism resultsom the forall
statements in the pseudocode. Introducing an order for these t#aents makes the
traversal deterministic.

Algorithm 2.1 Depth- rst traversal.

T = (Er;veid2 Er Er;e2 Er;Vr)
stack = (&) when algorithm starts up
1: procedure ds(stack)
2 €current pOp stack ()
3 forall €2 Et : eV chig €urrent dO
4: push stack (e)
5 end for
6: end procedure

Algorithm 2.2 Breadth- rst traversal.

T = (Er;veid2 Er  Er;e2 Er;Vy)

queue = (&) when algorithm starts up
1: procedure bfs(queug
2 €urent  deqUEUE gee()
3 forall e2 Et : eV chid €urrent dO
4 enqueue g ;e e(€)
5 end for
6: end procedure

From a hardware-near and implementation-aware point of we, a straightforward
implementation of the two traversals exhibits a subtle disaced with a naive recep-
tion of the term element-wise. Each re ned geometric elememm the spacetree is
read twice: Once by thepop operation, once by thepush (queue and dequeue
respectively). And each operation has to move records withilné memory and, thus,
accesses the data. | weaken the phrase \element is read once" imimute, and re-
gard both traversals t to the de nition of element-wise. Herefom, the depth- rst
traversal makes the following statements possible.

Each element on the stack corresponds to an element in the adsetCartesian
grid. Let the stack's top element determine theurrent elementof the element-
wise traversal.
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2.6 Vertex-based Re nement and Information Transport

For each re ned geometric element, the traversal triggerk® push-pop com-
binations. They correspond to a grid traversal transition from a element on a
given level” into a subelement on a level + 1|]a step-downtransition. Both
the parent and the child data are available throughout this tansition.

Eachpop operation corresponds to a transition from a geometric elemanto
a sibling or back to the father element lfottom-up transition). Both source
and destination element's data are available throughout th&ansition.

The latter transition agrees with the rstissue, as the stack's tp element determines
the geometric element. Each re ned element occurs twice Wih the sequence of
traversed geometric elements, and this is a con ict with the mical interpretation of
the term traversal. | resolve this conict as | replace theraversal function by two
access functions. Each of them alone de nes a traversal in theatlitional sense.

De nition 2.3. Let first : Er 7! No denote the rst time an element is read. Let
second: Er 7! Ng denote the second time an element is read. Letbe a descendant
of e, or the other way round.first (e) = seconde) , :P (eneq (€). All elements are

read at most twice. A process with

€ Vg &) first (&) < first (e); and
seconde;) < seconde)

is a k-spacetree traversal

first hereby preserves the father-child relationshipsecondpreserves the inverse
child-father relationships. Ak-spacetree traversal de nes an element-wise traversal
for all Cartesian grids of thek-spacetree, and the information access discussion from
Section 2.4 is valid for it. All traversals in this thesis are&k-spacetree traversals.

2.6 Vertex-based Re nement and Information
Transport

The subsequent section discusses tkespacetree construction process and how the
spacetrees are encoded. Due to the information propagatioroperty, the re nement
information is assigned to the vertices, and an element in turrsire ned if and
only if at least one adjacent vertex holds a corresponding reement ags. As a
result, the algorithm deduces hanging nodes on-the- y fromhee re nement predicate
Prenes Of coarser levels, i.e. no additional storage e ort is spent on hging vertices.
Furthermore, it turns out that the time to set the re nement predicate has to be
chosen carefully, if the number of read operations for veresv 62Ht has to be
invariant. This property is essential for many algorithms refing on the fact that
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2 Adaptive Cartesian Grids and Spacetrees

all elements adjacent to a vertex are traversed. In the follang, | introduce this
re nement ag for the vertices and derive both the elements' € nement and the
term hanging node from this predicate.

For many element-wise algorithms in this thesis, it is essentiabtbe able to decide
whether a vertexv 2 Ht. According to (2.6), a vertex is a hanging vertex if the
number of adjacent elements is smaller than92 As the number of its adjacent
elements depends on the re nement predicates on the levelale, the vertex's state,
i.e. whetherv 2 Ht or not, depends on the level above.

Example 2.3. Letv, = (x;1) and vj5; = (x;1 + 1) be two vertices at the same
position x 2 RY in space. The number of adjacent elements ©f.;, depends on the
state of the adjacent elements af|if one adjacent element of v, is not re ned, the
number of adjacent elements ofi.; is smaller than2® and v;,; is hanging.

Let g and .1 be two elements withe.; Vg € and v, 2 vertex(g);Vvi+1 2
vertex(g+1). Throughout the top-down transition from g to g.;, the re nement
state of g is available. The re nement states of the other elements thatre adja-
cent to v, are not available. To bridge that information gap,v, carries a variable
reconstructing the state of all the adjacent elements. It makeso sense to hold
re nement information redundantly. Thus, exclusively the vetices hold re nement
information.

De nition 2.4. The k-spacetrees in this thesis are based upon am-wise vertex
re nement criterion. There's a re nement predicateP,. ,eq fOr each vertex with

82 Et :Prened(€) ,9 Vv 2 vertex(e) : Pre ned (V); and (2.7)
8v2 Hr: P iened(V);

i.e. every time the re nement predicate holds for a vertex,llathe 2¢ adjacent geo-
metric elements are re ned.

For many algorithms it is extremely useful to ensure that the gorithm processes
non-hanging vertices exactly 2 times. As one can distinguishfirst and second
transitions, the term \processes" refers to one of these orders. Timext theorem
formalises this constraint and relates it to the information popagation speed.

Theorem 2.1. Consider any dfs-typek-spacetree traversal. Any vertex 2 V1 nHy
is read exactly2? times, i.e. the traversal accesses every adjacent geometlement
of a non-hanging vertex, if and only if the re nement predida refine (v) does not
change throughout the traversal.

Proof. If the grid does not change throughout the traversal, each v&x is processed
29 times, as thek-spacetree traversal processes all elements of thepacetree once.
To show that this does not hold anymore if the grid changes, it isu cient to give
one counterexample (see Figure 2.7). O
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2.6 Vertex-based Re nement and Information Transport

Refinement predicate for vertex
on level | holds.

Figure 2.6: If Peneq holds for a vertex, all the adjacent geometric elements are
re ned. Within one element, all the vertices' re nement ags are com-
bined via an logical or to determine whether the element itseis re ned
(Figure 2.6).

refinement predicate

refinement flag set, i.e.
holds not ’

refinement predicate holds

Process unrefined
element (a).

Transition to sibling
element (b).

Add refinement flag (c).

Figure 2.7: Motivation for Theorem 2.1: (a) Thek-spacetree traversal processes an
unre ned elemente,. (b) It continues to sibling elemente,. (c) Within
e,, the algorithm sets the re nement ag of an adjacent vertex. he
k-spacetree traversal will continue with the new elemenesyv g €, but
(d) it will never descend into the new element& Vv ¢iig €.
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unrefined

transition triggered

transition triggered by traversal termination
by application =
traversal .~

refinement-triggered L " coarsening-triggered
transition triggered " traversal o
by traversal termination” transmqn tltlggered
= by application
' refined

Figure 2.8: The vertex's re nement state is synchronised withhe traversal: Any
algorithm may trigger a re nement at any time. The re nement trig-
gered state is changed into re ned in-between two iterationsThe grid
structure thus is invariant throughout the traversal.

With the or-wise vertex re nement criterion and a xed number of vertex ac-
cesses, a vertex's re nement state has to remain invariant thrgiout the traversal.
As many algorithms want to change the grid's layout wheneveihey \feel" like that,
the vertices' carry multiple re nement states with a transacton semantics. If an
algorithm wants to re ne a vertex, it switches the vertex's stée from unrefined
to refinement-triggered . The re ne predicate does not hold for the additional
state refinement-triggered . At the end of the traversal, the algorithm takes
all the vertices with state refinement-triggered  and switches the vertex's state
from refinement-triggered  to refined . The re nement predicate does hold for
refined . Instead of a postprocessing of all vertices, the transition is ingmented
after a vertex is read the last time. An analogous argumentatiois valid for the
coarsening of re ned vertices, i.e. for algorithms that charea vertex's state from
refined to unrefined , and the underlying state chart is given in Figure 2.8. The
outlined solution with a transaction variable is only one posslb solution to this
problem. If setting the re nement predicate is allowed only aithe rst read, no
transaction variable would be required. | though preferreda make the re nement
criterion and decision algorithms completely encapsulatedoim the grid manage-
ment.

Within an e cient implementation, the exist quanti er in (2. 7) has to be resolved.
A brute force search for all neighbour elements is ill-suitedThere is an elegant
formulation based upon the de nition of the father vertices Algorithm 2.3). This
formulation accepts the parent's vertices in cell-wise lesographic order and the
position of the vertex within the re ned parent element. It then derives the state of
an element's vertex from these inputs.
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2.6 Vertex-based Re nement and Information Transport

Theorem 2.2. With Algorithm 2.3, a non-hanging node is given by

v; 2 Er nHy , B Pre ned (V):

v2father (Vparent ;i)

. w .
Vparent denotes the 9 vertices of the father cell. ~ denotes a logical or over all
the functions' results and motivates the term or-wise re nemercriterion.

Proof. An induction over the dimensiond proves the theorem for anyk.

With d =1, the father element is a line split up intok subelements.

{ For number = 0, father (V;0) returns the very left vertex of the re ned
element. If the father's left vertex is not re ned, the fathe's left neigh-
bour element is not re ned, either.vy is a hanging vertex.

{ For number = k, father (V;K) returns the very right vertex of the re ned
element. If the father's right vertex is not re ned, the father's right
neighbour element is not re ned, either.v is a hanging vertex.

element are contained withirfather (V; number)'s result set. One of them
holds the re nement predicate as the element is re nedv,ymper thus has
two adjacent geometric elements and is not a hanging vertex.

With d 7! d + 1, the proof has to distinguishvg,; 2 f1;:::;k 1g from
Vg1 2 T O;kg:

{ If vg«.1 2 fO;kg, the vertex v belongs to a coarse element face with a
normal parallel to the x4-axis. parentno's corresponding entry is set to
this face's coordinate, i.e. O for the face nearer to the catinate system's
origin or 1 respectively. The decision and analysis of this fdsevertices
then reduces to ad-dimensional challenge.

{ If vgss 211;:::;k 1g, the vertex v does not belong to a face with a
normal parallel to the xq4.1 -axis. If the direct neighbour vertices along the
Xg¢+1 -@xis are not hanging, the vertex itself is not hanging, too. Athis
arguing is to be repeated, the next two neighbours along they.; -axis
that are element of the coarse element's face with norma# 1 determine
whether the vertex is hanging. If one of them is not hanginghe vertex
also is not hanging: it then has ¢! adjacent geometric elements. The
problem reduces to twod-dimensional challenges.
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2 Adaptive Cartesian Grids and Spacetrees

Algorithm 2.3

Derive the father vertices, i.e. the vertices of the re ned ther

element that in uence a vertex. Algorithm accepts 2 vertices adjacent to the father
element and the vertex's position withink? re nement patch.

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

1
2
3
4
5:
6:
7
8
9

father :

VO

parent 1

else

21:

22:

23

parent
. end procedure

procedure father (Vparent ; NUMber)

parentno  (0;:::
for i2f0;d 1gdo

if number, =0 then

parentno

P(Vr) f 0;::i;k 1g 70 P(Vy)  with

father (Vparent ; number) = Vp%rent ;
ijarent j = 2 ‘ and

0 .

Vparent Vparent '

. Result set.

0
. humber and parentno are d-tuple.
. Index ; denotes theith entry, C-style.

else if number, = k then
parentno,

1

newnumberl; newnumber2  number
newnumberl; 0
newnumber; k

Vidrent  Vowent [ father (Vpaent; newnumberl) . Recursive call.
Vawvent  Vowrent [ father (Vparen; Newnumber2) . Recursive calll.
0
re_:turn Voarent
end if
end for
Virent T V2 Vpaent : NUMber(v) = parentnog
. Result contains vertex at same position in the level above
return V2 . Recursion terminates
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2.6 Vertex-based Re nement and Information Transport

|Lexicographic Enumeration|

The lexicographic enumerationde nes an enumeration for all vertices of one
cell or all vertices of one re nement step. It assigns each vext@a d-tuple

number:v2 Vs 7! f0;::::k 1g°  anda
NUMbElinearised : V2 VT 7! Np with
X1 .
numMberinearised = number; (v) Kk':

i=0
Within a single cell, k = 1 gives a vertex enumeration. Otherwis&k equals
the k in k-spacetree anchumber is the vertex's position within a k? patch,
i.e. within one re ned geometric element.

X2

S

01

Xz A

Within a kY motif, the enumeration starts with the vertex nearest to the or

gin of the Cartesian coordinate system. It then enumerates alhé vertices
along the x;-axis. Afterwards, it continues with the x,-axis, etc. In the two-

dimensional case, the enumeration starts with the left bottomartex, and it

enumerates from left to right and bottom-up.

Instead of working with the function number(v), this thesis often denotes the
index as subscript, i.ev; , number(v;) = i. If vertices of di erent levels are
involved, two subscripts are used. The rst denotes the level, thsecond the
index.
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2 Adaptive Cartesian Grids and Spacetrees

2.7 Geometry Representation

Cartesian grids are not aligned with the computational domai, i.e. their cells cover
parts outside and inside the domain. Since a PDE is de ned on amputational
domain, the domain's shape information has to be transferred tthe spatial dis-
cretisation. Afterwards, one can solve the PDE numerically. Thenapping from the
continuous domain to thek-spacetree is discussed by this section emphasising the
identi cation of vertices that are inside the computationaldomain or on the domain's
boundary. For the boundary vertices, the PDE's boundary contions determine the
vertices' state: there are inner vertices where the numericermine the solution,
there are boundary vertices with prescribed properties, andhére are ignored outer
vertices. At the end of the section, | present a simple geometrie nement criterion.

The spacetree construction already involves geometric infoation since the root
element covers the computational domain. It is not inside butovers the domain's
boundary. | continue this distinction into inner, outer and tybrid elements for
each k-spacetree element and end up with anarker-and-cell approacki38] syn-
onymously refer to it as \marker and cell technique”. The unia of the inner cells
then gives the computational domain. As this approach does napproximate the
computational domain exactly, it demands for a mapping of tb computational do-
main's boundary to the boundary points of the Cartesian gridsand it demands for
a discussion of the accuracy.

De nition 2.5. A geometric elemente 2 Er is inside the computational domain if
e . Isopen,eis closed, is the closure of . Piysige(€) and :P ousige (€) hold.
Otherwise, it is outside, i.e. :P insige(€) and Poytside (€).

De nition 2.6. A vertexv2 V7 is

outside the computational domain, if all2® adjacent elements 2 adjacent(v)
are outside. Pyysige (V) holds.

a boundary vertex if 1 k< 29 1 adjacent elementse 2 adjacent(v) are
outside. Ppoungary (V) holds.

inside the computational domain otherwise, i.e. if al2® adjacent elements
e 2 adjacent(v) are inside. Pjsige(V) holds.

These two classi cations lead to a number of interesting statemenon the ap-
proximation of the continuous computational domain. All thestatements rest upon
the property that the computational domain is shrinked towads the smaller compu-
tational domain. Within the multiscale context, this provesof great value, although
alternative formulations of the inside/outside/boundary predicates are possible and
might make sense in another context.

30



2.7 Geometry Representation

PDEs are de ned on the computational domain. Algorithms to sale a PDE on
a grid, algorithms to visualise a solution, and so forth thus pesfm a number of
xed operations on elements and vertices inside or at the bodary of the discretised
computational domain. There's nothing to compute on elemés outside the compu-
tational domain. Thus, it is reasonable to make the traversal @tk each element's
state before it triggers any user-de ned operation. Ak-spacetree traversals preserve
the child-father relationship, a check exhibiting that a gemetric element is inside
the computational domain makes all the subsequent checks fdnet descendants'
state obsolete. For such an code optimisation the next propertg useful.

Corollary 2.1.

Pinsice(€) , 8 & Vchild € Pinside(€) and
83 V child € Poutside(a) ) P outside (E)I

Proof. Both statements result directly from the fact that the union ofall children
of a parent equals the parent's geometric element.

[

& = €
[ €i V child €
€ - ) e , P inside(e) and
€ V child €
9e;€ Vcnid € Pousice(8) ) 9 €8 Veige:eb ) eb6

€V child €

) P inside(e)ap outside(e):
]

A k-spacetree yieldsaadaptive Cartesiangrids for a given level and arbitrary com-
putational domain . Let

he = fe2 Er :levelle) = ~ P insige(€)0; and

he = fe2 Er i Pinsiae(€) * (level(e) = * _level(€) <™ ":P reneq (€))0:

Depending on the context, | also refer to ,; as grid of the level . ﬁ?,ap“"e de nes
the adaptive Cartesian grid with maximum level’. The computational ne grid or
ne grid of ak-spacetree is

h = fe2 ET : I:)inside(e) NP re ned (e)g:

| use the same symbol for ne grid, spatial discretisation and compational ne grid,
l.e. 1 do not distinguish between the spacetree's leaves and thee grid restricted
to the inner geometric elements, as the context makes the sertias unambiguous.
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2 Adaptive Cartesian Grids and Spacetrees

Figure 2.9: The bigger the maximum level of the re nement ctérion in (2.9), the
better the approximation of the computational domain becores. Here,
it is a circle. The domain's volume grows with increasing lelye.e. com-
putational domains with a coarser resolution are contained tiin the
discrete computational domain belonging to ner resolutions.

Theorem 2.3. Letv2 P (Et) P (Et) denote that elements of one discretisation
tessellate another discretisation, i.e. each primitive dhe set on the left-hand side
ts completely into a primitive of the set on the right-hand igle.

adaptive adaptive adaptive Ce. .
hi1 Voo Voona V IIIVo (2.8)

adaptive

plaptve y pdert™e directly results from Corollary 2.1. The

Proof. The statement .
nal v relation results from

|Ililmfe2 Er :level(e)= ~ _level(le) <™ ":P (ened (€)g=fe2 Et ::P (ened ()0
]

The spatial approximations of the di erent levels of a&k-spacetree converge mono-
tonously to the exact computational domain (Theorem 2.3), ahthe ner the grid
level, the better the approximation (Figure 2.9).

All this formalism a ords the de nition of a geometric adaptivity criterion. For
all verticesv 2 V1 nH+ ful lling

Ievel(v) AP boundary (V) (2-9)

the algorithm triggers a re nement. This simple rule re nes ach geometric element
up to a given level', i.e. the formula yields an adaptive Cartesian grid with appxi-
mation order O(h) (Figure 2.10). The approximation of the adaptive Cartesiargrid
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2.7 Geometry Representation

é\ Gist

A

Figure 2.10: The computational domain's boundary intersesta square ¢ = 2, left)
or cube d = 3, right). The maxiBuMistance from a hypercube's
vertex to the boundary is dist d h2. The spatial discretisation
error is in O(h).

h

resulting from the re nement criterion above thus isinO k , if the computational
domain is embedded into the unit hypercube.

Although the k-spacetree approximates the computational domain up to anyre-
cision, the computational domain's boundary does not matcthe continuous bound-
ary exactly, and a solver has to project the continuous boundgs conditions to the
computational grid's boundary vertices. In this thesis, | appt a simple projection:
For each boundary point, | search for the nearest point o® and copy its state
and value, i.e. | map information along the distance vector tthe boundary (Figure
2.10). A more sophisticated projection preserving the overdiloundary's L ,-norm,
e.g., might be of great value for some applications.

The two-step re nement cascade in Section 2.6 makes thespacetree's struc-
ture invariant throughout the traversal (Figure 2.8). refinement-triggered , an
intermediate state, encapsulates the re nement mechanism arwbnstraints, and it
enables any algorithm to trigger the re nement anytime. As aesult, at most one
grid level is added per traversal. Another approach preservirggconstant number of
vertex accesses for 62H+ would be to allow a re nement only immediately before
the rst time a vertex is read in a traversal. Criterion (2.9) dgends exclusively
on the vertex's position, i.e. the spacetree construction carvauate it whenever a
vertex is created, and it can switch the vertex's state immedialy to re ned. It
would t to a modi ed spacetree construction without the intermediate state.

Both approaches come along with pros and cons: If an algorithraquires a space-
tree with height ° and does not modify the grid later on throughout the traversalit
does not make sense to spendraversals to build up the grid. In turn, a multigrid
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2 Adaptive Cartesian Grids and Spacetrees

F-cycle [73] for a su cient smooth problen? never requires more than one additional
level per traversal. Peano follows solely a one-level-pertersal policy.

A PDE de nes the type of the boundary's vertices and tting boundary values.
Thus, the numerical scheme is able to reconstruct the verticesage in each iteration
on-the-y, and there is no need to hold boundary vertices psistently. The codes
coming along with forerunners of this thesis, ([35, 39] and [B3hence never store
boundary vertices. Experience with longer simulation runs @hincreasingly complex
applications reveals that the vertex construction process ssumes more runtime
than the overhead resulting from boundary vertices stored ekpitly. Furthermore,
the multiscale solvers in this thesis modify the boundary's vices on coarser levels
frequently. An on-the-y reconstruction of this modi cation is cumbersome, as
it demands for the complete boundary's multilevel data. | ths decided to store
boundary vertices, too.

Examining the computational domain = (0 ;1)? delivers another insight: Here,
the spacetree's root elemeng, equals the computational domain ¢ = ), and
all the spacetree's boundary vertices are hanging vertices. dxeding to De nition
2.3, hanging vertices hold no semantics, i.e. the whole boumgaondition is to be
represented byey's vertices. This is neither desirable nor always possible. As soas
the boundary vertices' state or value is not invariant in spacehe hanging vertices
should hold information on their own. | thus re ne ey once or twice until | am able
to embed into an element surrounded by other (empty) elemerg. Fork 3, one
re nement step is su cient. This ensures that no boundary verte is hanging.

2.8 Traversal Events

k-spacetrees and the element-widespacetree traversals build the basis of the sub-
sequent three chapters. The algorithms plug into the transitios of the traversal as
well as into the steps of the grid generation. Herefrom, they alate the formu-
las to compute the PDE's solution, visualise data, postprocesssidts, update the
spacetree itself, setup initial solution guesses as well as boundeonditions, and so
forth. The subsequent section formalises the plug-in mechanism.

In the implementation, the plug-in mechanism equals a templa method pattern
[27], i.e. the software de nes a number of operations with a ede ned signature.
The traversal then calls these operations at the right time passj the required
arguments. | call these operationgvents

The events are split up into two groups. Events of the rst group orrespond to the
geometry management and the grid generation process. They aadled throughout
the grid construction and enlisted in Table 2.1. Yet, as any afgithm is allowed to
update the grid structure anytime, the grid construction ovelaps with other phases.

9For singularities, this statement does not hold anymore.
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2.8 Traversal Events

Events of the second group correspond to the spacetree traversdlhey map the
transitions within the hierarchical grid to operations typically belonging to the solver

or data postprocessing.

Table 2.1: Grid generation events.

Event Description
createDegreeOfFreedom | Factory method The method is given a new vertex
RI R Vi 7! Vg (hull) v. The user's implementation initialises this
(x;h;v) 71 VO vertex and returnsv°. Besides the vertex record,

createDegreeOfFreedom
R R Vi 7! Eg
(x;h;e) 7! €°

isElementOutsideDomain
RO R 71 f> ;729
(x;h) 7' b

isElementlnsideDomain

the operation accepts the positionx and mesh
width h corresponding to the vertex's level.
Factory method The method is given a new
geometric element (hull)e. The user's imple-
mentation initialises this element and returns
e’ x's and h's semantics equals the other
createDegreeOfF reedomoperation.

Spatial query The method is given a pointx in
space and a (hyper-)rectangularlyh-environment.
It returns whether or not the point identi ed by
the position and the surrounding environment is
outside the computational domain. The grid uses
this information for optimisation purposes accord-
ing to Corollary 2.1.

Spatial query Counterpart to the event before.

RS RY 71 f> ;29 Only geometric elements completely inside the

(x;h) 7' b computational domain belong to the computa-
tional grid.

refine Spatial query The method is given a pointx in

R RI 71 f> ;29 space and a (hyper-)rectangularlyh-environment.

(x;h) 7' b It returns whether the grid should re ne here. The

geometric re nement criterion e.g. plugs into this
event.

The transition events (Table 2.2) are split up into events coesponding to the

overall traversal, events corresponding to one single levekeats representing an
inter-level transition, and operations managing the lifeagle of geometric elements
and vertices. All the events' implementations are allowed to ntbfy the elements’

and vertices' state. They are not allowed to modify spatial datauch as positions,
levels and mesh widths.
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2 Adaptive Cartesian Grids and Spacetrees

Before and after a traversal, the grid triggers the eventbeginT raversal and
endTraversal. For one single levelenterElement accepts an element, @vertices,
the position of vertexvy!?, the element's size and level. It is called before the traver-
sal enters the element.leaveElementis the counterpart. touchV ertexFirstTime
is invoked the rst time a vertex v is read throughout the traversal. Besides the
position, the level and the corresponding mesh width, the traversal also passes the
parent vertices and an integer vectop identifying the vertex v's discrete position
within a (k + 1) 9 Cartesian grid corresponding to the geometric parent elemenfs
all the traversals in this thesis are based upon a depth- rst trasrsal preserving the
child-father relationship, the valuep is always available to the traversal implemen-
tation. touchV ertexLastTime is the counterpart of touchV ertexFirstTime. If it
is triggered, all ofv's adjacent geometric elements have been traversed before.

The set of inter-level transition events comprises two operains: loadSubElement
precedes a top-down transitionstoreSubElementcorresponds to a bottom-up tran-
sition. Both operations accept a re ned geometric elementhe element's spatial
attributes (position, level, etc.) and its vertices. Furthemore, they get all the data
of a child element that is loaded or stored, respectively. Theperations facilitate an
inter-level information transfer.

The operations createP ersistentV ertex mirrors the createDegreeOfFreedom
factory method for vertices. It is a redundant lifecycle mangement operation that
enables the programmer to implement a whole lifecycle algidvm within the grid

traversal event set. destroyP ersistentV ertex is the counterpart of
createP ersistentV ertex. Both operations are de ned onVt nH+y. The operations
createT emporaryV ertex and

destroyT emporaryV ertexin turn provide the same plug-in possibility for hanging
verticesv 2 Hr.

The traversal events permit the interpretation of a traversalas event sequence.
The event sequence corresponding to a depth- rst traversal isvgin by Algorithm
2.4. For each algorithm implemented as plain set of operatienits behaviour is
well-de ned as mapping from events to this operations. To géessuch a mapping
for each algorithm thus proves that the algorithm ts into the k-spacetree traversal
concept. The element-wise traversal poses restrictions on th@ddrmation available
throughout the traversal. This information restriction is ako formalised by the event
sequence, and a mapping proves that an algorithm's implemeation can make ends
meet with the information available. Besides the data passed tihe events, each
mapping also has to consider the order of the events within thespacetree traversal.
The order's properties can be formalised as invariants. For éir obviousness, |
decided not to write them down explicitly but to give some simm@ examples.

10see the excursus on page 29 for a description of the enumeration and the position indeg.
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2.8 Traversal Events

Table 2.2: Grid traversal events.

Operation Name Arguments

beginT raversal f>;?297!;

endT raversal A

enterElement vZ Er RY RY Np7!' V¥ Ef
(v;erhix 1) 7! (V%)

leaveElement vZ Er RY RY Ng7!' V¥ Ef
(v;e;h;x;1) 7! (v €9

touchV ertexFirstTime | Vr RY RY Ny f Okg? VZ
(Vi x; h; 1 p; Vparent) 7! VO Varent

touchV ertexLastTime Vi RS R No f Okgd V2
(VX 03 155 Vparent) 7! VO Viaarent

loadSubElement v Er RY R Ny, V¥ Er RI7I

v E;r V¥ E

storeSubElement

createP ersistentV ertex
destroyP ersistentV ertex
createT emporaryV ertex

destroyT emporaryV ertex

(Vparent ; eparent; hparent ; Xparent ; Iparent s Vehild 5 €child ; Xchild) 7!
0 -0 W0 .0
Vparent ’ eparent ' vchild ' echild

i Er Rd R: No V& Er R47
V¥ Er V¥ E;

(Vparent , eparent; hparent ; Xparent ; Iparent » Vehild 5 €child 5 Xchild) 7!
0 -0 /0 . 0
Vparent ’ eparent d Vchild g echild

Vi RS RS Ny f Okg? V2 7IVq
(v;x; h;l;p; Vparent) 7o
Vi RTORY N f Okg? VE 7V
(v; X; h; 1 p; Vparent) 7! %
Vi RY RY Ny f Okg? V2 7!V
(V; X h; 15 P; Vparent) 7! V0
Vi RY R No f Okg? VE 70V

(v;X; ;1 p; Vparent) 7! VO
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Algorithm 2.4  The depth- rst traversal triggers a well-de ned set of events. Al
gorithm 2.1 de nes the depth- rst traversal using a stack. Here, prefer a recursive
formulation. Both are equivalent as the stack in Algorithm 2.Imirrors a call stack.
As | omit the event's arguments and technical detailstouchV ertexFirstTime and
touchV ertexLastT ime as well as the lifecycle and geometry management events do
not occur in the description. g is the root node of thek-spacetree .

1: procedure traverseDfs

2: trigger beginT raversal
d's(ep)
trigger endTraversal
. end procedure
: procedure ds(e)
trigger enterElement
for & V g € do

trigger loadSubElement

10: ds(e)
11: trigger storeSubElement
12: end for
13: trigger leaveElement
14: end procedure

© 0N TR ®

The eventtouchV ertexLastT ime ensures thatleaveElement has been called
for each adjacent geometric element.

enterElement is called befordeaveElement

Both enterElement and leaveElementare triggered exactly once per traver-
sal.

The event enterElement ensures that for each vertex either
touchV ertexFirstT ime, createP ersistentV ertexor createT emporaryV ertex
has been called before.

A light-weight component composition following the publishsubscribe idea of the
observer pattern [27] puts the event concept into the code: Ehgrid management
and traversal component de nes interfaces comprising the tvarsal and grid gener-
ation events. These interfaces are the only interaction poisfa separated interface
[24]|visible from outside the component. Plug-ins implementthem in their own
components and delegate the events to operations of their mw

The composition pattern on the one hand enables the algorithrto exchange
the mapping of events to an algorithm's operations at runtira. A programmer is
thus able to exchange the algorithm throughout the computabn (perform ; solver
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2.9 Experiments

traversals, plug in a plotter afterwards and stream the resultsat a visualisation
component, and perform , data postprocessing traversals afterwards, e.g. ). Fur-
thermore, the mapping from events to operations has arbitrg cardinality, since
there is the opportunity to make one event trigger several abgithms' operations:
An additional event interface implementation just has to folbw the multiple dispatch
paradigm [27] and delegate one event to several implementats. In this thesis, e.g.,
the parallelisation and the Poisson solver algorithms are congély independent of
each other. Yet, it is straightforward to combine them: 1 just pug-in both of them
into the event sequence, i.e. each event triggers the solvesfzerations as well as the
parallel algorithm's operations.

Albeit Peano's mapping from events to operations is exible rad follows the
separation-of-concerns paradigm, it does not lead to a pemieance breakdown if it
is realised by static polymorphism|a pattern often found in object-oriented high-
performance code ([4], e.g.). Here, lookup table techniquggically employed for
virtual function tables are replaced by static binding due togeneric programming.
To have all possible combinations of plugins available at conig time is the only
consequence arising from the static polymorphism. In my experants, this was
always the case. Nevertheless, Peano also o ers a plug-in meckanifor dynamic
polymorphism.

2.9 Experiments

The following experiments analyse di erent spacetree propies for three out of
four di erent geometries from Figure 2.2. These experimentsither t exactly to
the spacetree's structure (the cube equals the spacetree's retement), exhibit a
complex surface not tting to the spacetree elements (spherepr hold faces not
aligned with the spacetree's faces (L-shape).

All measurements are based upork (= 3)-partitioning. The L-shape's continuous

domain is (Q 1)d O;% d, and the spacetree's hypercubes near = % consequently
never t exactly to the computational domain. As a result, the s@cetree has to ap-
proximate the computational domain although all faces areligned with the Carte-
sian coordinate system's axes. The sphere is embedded into thetumipercube,
too, and its analytical volume thus equalsbld (d:—zil) with the gamma function .

First, the volume of the continuous computational domain is @antrasted with the
volume of the ne grid of the k-spacetree . The comparison is trivial for the hy-
percube as computational domain, since a hypercube equalstepacetree's root
element. Both domains' volumes equal for spacetrees of arlity height, and,
thus, a plot comparing both volumes would be without informabn (see Tables
2.3 and 2.5 instead). If the L-shape with = (0;1)? n(0; )¢ is embedded into the
(k = 3)-spacetree 's root element,
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Figure 2.11: Volume of spatial discretisation of the L-shape fno Figure 2.2. Each
subsequent tick corresponds to one re nement step.
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Figure 2.12: Experiment from Figure 2.11 with a hyperspheresacomputational do-
main. Each subsequent tick corresponds to one re nement step.
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Table 2.3: Hypercube domain with cardinalities of elementsnd vertices, as well as
resulting memory overhead. For each dimension, the upper blogives
gures for a regular grid, the lower block for an adaptive gd based upon
the geometric re nement criterion.

ne grid whole k-spacetree
jPinside (ET )J jP inside (VT )J boundary jPinside (ET )] jP inside (VT )J boundary

d vertices vertices
2 43,046,721 47812196 34992 48,427,561 48407, 888 39364
387,420,489 430414724 104976 435848050 435789012 118096
944 457 708340 314928 1,062 514 708340 354292
2;833 993 2125 492 944784 3;188 242 2125492 1 062 880
3 14; 348 907 14 684, 488 393664 14;900, 788 14702 584 398592
387,420,489 400000 840 3542944 402 321,277 400530 936 3587240
92,928 291 64334840 31886 464 96,502 456 64334840 32285056
838389319 580423224 286978144 870635062 580423224 290565 384
4 531441 461072 163584 538 084 461088 163840
43,046,721 41416976 4 409, 856 43; 584 805 41 421;088 4416016
11,604 561 7.824, 400 4 409, 856 11,749,618 7,824 400 4416016
339335761 229023760 119045376 343 577.458 229023760 119209216
5 9; 049 32800 68224 59,293 32800 68 256
14; 348 907 11914 144 5396224 14; 408, 200 11914176 5397 248
10; 281,371 6759520 5396 224 10; 323 856 G759 520 5397 248
1,119 435615 748034144 435927424 | 1;124061;382 748034 144 435995 680
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the volume of the ne grid converges to the analytical volumdinearly in
h: Each tick in the gures represents one experiment. The heigh of two
subsequent experiments' spacetrees di er by one, i.e. each rement reduces
the error by a factor ofk = 3 (Figure 2.11, top). Two subsequent re nements
thus reduce the volume's error almost by one decade (Figurel2, bottom),
and the convergence rate is independent of bothand d.

As the ne grid is contained within the computational domain,the ne grid's
volume is smaller than the analytical volume. Hence, the ne gi's volume
monotonically increases to the actual solution.

P . :
The convergence rate depends aiy as there's a constant d hidden in the
error estimate (Figure 2.10): With increasing dimensiom, the convergence
speed deteriorates.



2.9 Experiments

The grids for adaptive spacetrees yield the same spatial disdszttion error as
their regular counterpart. Two ticks for the samed with same ordinate value
represent such a pair of experiments. The adaptive grid come®af with a
substantially smaller number of elements and vertices.

If a hypersphere is embedded into th&-spacetree's root element, the same obser-
vations hold (Figure 2.12).

Second, the cardinalities of the spacetree's inner ne gridevtices and elements
are compared with the overall number of inner elements and nees in the whole
k-spacetree. As there is no spatial discretisation error for the lba, the cube ex-
periment reveals the pristine overhead resulting from the adbnal levels (Table
2.3), which is, in fact, not an overhead but the additional memry needed to store
the coarser grid levels in the spacetree.

With the k-spacetree holding all the levels simultaneously, the overatmber of
vertices and elements outnumbers the ne grid numbers by adtor of at most @"d—l:
For a given ne grid level °, the number of elements and vertices on level 1
is smaller by a factor ofkY. The overall number of elements and vertices thus is
bounded by a factor of

1+kI+ k¥ + k¥ + 00 = X k' d
i=0
— kd X k(i )d:kd X il
kd
i=0 i=0
d 1 I_ d 1
k PR P

The boundary of the computational domain is al 1-manifold. Thus, the overhead
of additional boundary vertices on the coarser grids is smallthan the overhead for
the inner vertices and elements. The tables for the L-shape arlde sphere reveal
the same conclusions for more complicated domains (Table 2.4)

Third, the total number of the spacetree's inner elements isootrasted with the
total number of spacetree elements. For persistent boundary tiees, the algorithm
re nes the (k = 3)-spacetree once and embeds the computational domain intbe
central element. This leads to ank® 1 additional geometric elements on the
rst re nement levellsome kind of shadow boundary layer. All ele ments of the
shadow layer are outside the computational domain. They simpfi and speed up
the handling of the boundary vertices but bring along a memgroverhead. As
only vertices inside the computational domain and lying on th discretised domain's
boundary carry a re nement ag, the shadow layer elements ane ned if and only if
they are adjacent to a boundary vertex. The shadow layer is agave. Furthermore,
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2 Adaptive Cartesian Grids and Spacetrees

it corresponds to the domain's surface|a submanifold. The ovenead is therefore
bounded by a constant smaller thari("—1 (see Table 2.5 for the hypercube, Table 2.6
for the L-shape domain).

The cube ts exactly to the spacetree's root element. All the wices along
the root element's faces are boundary vertices and, hence,med. The maximum
re nement level of the grid follows the cube's faces exactlyand the re nement
structure left and right, above or below, and so forth of the baadary is exactly the
same. It gives the worst-case overhead resulting from the embédyl The sphere's
overhead (Table 2.6) is smaller than the cube's overhead, asetsphere's surface
compared to its volume is smaller than the cube's surface compd to its volume.
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2.9 Experiments

Table 2.4: Experiment from Table 2.3 with an L-shape as compational domain
(upper part) or a hypersphere as computational domain (lowgpart).

ne grid whole k-spacetree
iPinside (ET)]  jPinsice (V)]  boundary | jPinside (ET)j jPinsice (V1)j ~ boundary
d vertices vertices

2| 32,281,760 35850 399 34992 | 36;315748 36296 076 39363
290 555525 322784799 104976 | 326,871,273 326812236 118095
1;033 016 796903 314928 1;151;069 796903 354291
3;099 701 2391, 204 944784 3;453 946 2391204 1062 879
3| 12533059 12799719 393664 | 13013141 12814938 398591
338793364 349557 867 3542944 | 351,806,505 350016 165 3587 239
96,973 571 68380, 150 31886464 | 100 547.728 68380 150 32285055
874739326 616773261 286978144 | 906985061 616773261 290565 383
4 493 025 422031 163584 499 026 422031 163839
40; 220,960 38552 799 4409856 | 40,719 986 38556, 270 4416015
11,902 160 8122 159 4409856 | 12,047 201 8122 159 4416015
346,986,545 236674704 119045376 | 351;228226 236674704 119209 215
5 55,924 29643 68224 56,135 29643 68 255
13;811;083 11373195 5396224 | 13,867.218 11373195 5397 247
55,924 29643 68224 56,135 29643 68 255
10; 500,039 6978938 5396224 | 10,542 492 6978938 5397 247
2| 33,795 465 37530044 34976 | 38014840 37995 200 39296
304239481 337982 468 104960 | 342 254321 342195320 118020
1; 304 557 1068512 314912 1,422 542 1068512 354208
3;907 249 3198828 944768 4:261;418 3198 828 1062 788
3 7,373 533 7.484, 720 305104 7; 645 057 7.491; 896 308440
201,599 327 207590440 2770648 | 209244384 207845 688 2803872
10,734 471 8 287,640 2770648 | 11,038572 8 287,640 2803872
97,961; 183 75594064 25007824 | 100 751,974 75594064 25316 264
4 125481 94512 70208 126,291 94512 70224
12,187,065 11 259 792 2171392 | 12,313 356 11260, 032 2173088
6;675 865 5036, 464 2171392 6; 733 266 5036, 464 2173088
223727577 169392176 61093056 | 225768354 169392176 61163280
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2 Adaptive Cartesian Grids and Spacetrees

Table 2.5: Memory overhead of hypercube due to embedding: tibnumber of inner
elements/vertices compared to total number of elements/vedes in the
spacetree. For each dimension, the upper block gives gures toregular
grid, the lower block for an adaptive grid due to the geometrire nement

criterion.
d | jPinside (ET)j jPinside (VT)] JET] iVt
2 4:84 107 4:84 10’ | 4:85 10" 4:85 10’

4:36 10° 436 10° | 436 10° 436 1¢°

1:.06 10° 7.08 10° | 1:77 1¢° 213 10°
319 10° 213 10° | 5:31 1¢° 6:38 10°
3 1:.49 10’ 147 10" | .59 10" 161 107
4.02 10° 401 1 | 411 10® 413 1¢®

9:65 107 6:44 10’ | 1:61 10° 194 1C°
871 10° 5:80 10° | 1:45 10° 1:.74 1C°
4 5:38 10° 461 1P | 1:09 10° 124 1C°
4:36 10’ 4:14 10’ | 5558 10’ 585 107

118 10 7:82 107 | 2:22 100 2:67 107
344 10° 2:29 10° | 596 18 7:16 10°
5 5:92 10° 328 10 [ 570 10° 819 1C°
1:44 10 1:19 10’ | 3:41 10 4:00 107

591 10 318 10* | 570 10° 818 10°
1:.03 10’ 6:76 10° | 2290 10" 3:59 10’

46



2.9 Experiments

Table 2.6: Experiment from Table 2.5 with an L-shape as compational domain
(upper part) and a hypersphere as computational domain (loweart).

d | jPinside (ET)j jPinside (VT)j JET] Vi
2 3:63 10’ 3:63 10’ | 3:64 107 3:64 107
3:27 1C° 327 108 | 3:27 108 327 108
1:15 10° 7:97 10° | 1.77 10° 2:13 1C°
3:45 10° 2:39 1Cf | 5:31 10° 6:38 10°
3 1:30 107 1:28 107 | 1:40 10" 142 107
352 10° 350 10 | 3:60 10° 3:62 1C°
1:.01 10° 6:84 10’ | 1:61 10° 194 10°
9:07 10° 6:17 108 | 1:45 10° 174 10°
4 5:00 1C° 422 1P | 1.04 10° 1:19 1C°
4:.07 10° 3:86 10’ | 526 10’ 554 107
1:21 107 8:12 1Cf | 222 10 267 107
3:51 1C° 2:37 1% | 5:96 10° 7:16 10°
5 561 10° 2:96 1° | 563 10° 811 1C°
1:39 10/ 1:14 107 | 3:34 10 392 107
561 10 2:96 10* | 5:63 10° 811 1C°
1:05 107 6:98 1C° | 2290 10 359 107
2 3:80 107 3:80 10’ [ 3:81 10" 3:81 107
342 108 342 108 | 342 10F 343 10°
1:42 10° 1:07 10° | 177 1¢f 2:13 108
4:26 1P 3:20 1Cf | 5:31 10° 6:38 10°
3 7:65 1P 7:49 1C°F | 811 10°F 827 10°
2:09 1C° 2:08 1% | 2213 108 2:15 108
1:10 107 829 1C° | 1:39 10’ 1:67 107
1:.01 10° 7:56 10 | 1:26 10® 151 10°
4 1:.26 10° 945 10* | 255 106 317 10°
1:23 107 1:13 107 | 1;58 10 171 107
6:73 1C° 5:04 1Cf | 953 10° 1:15 107
2:26 1C° 1:69 10® | 2294 10® 352 108
5 2:94 10° ? 1656 100 118 10°
1:64 10° ? | 436 10°f 579 10°
2:94 10° ? | 656 10 1:18 10°
1:63 10° ? | 433 10° 578 10°
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2 Adaptive Cartesian Grids and Spacetrees

2.10 Outlook

This chapter de nes the grid underlying the whole thesis. Its @ nition is complete
and closed with respect to the algorithms here. Nevertheless, nyastraightforward
extensions and generalisations exist. This closing section stdisome of them. The
list is neither complete nor representative.

One extension applying the spacetree philosophy further is th®undary extended
spacetreg25] providing an improved boundary approximation. While25] constructs
them with (k = 2)-spacetrees in the three-dimensional case, the extension ddoi-
trary k is straightforward. The spacetree cube's faces are discretisestursively
in d by ad 1-dimensional spacetree. Applying the idea for boundary faces-
solves the boundary with a higher order and enables the apiton to reduce the
discretisation error. An improved boundary resolution is of ged value in many
PDE problems, if the computational domain exhibits a compliated shape or if the
boundary values' precision is of great importance. Naively raing the spacetree's
elements at the boundary in fact does not work properly fod  3: Let a numeri-
cal scheme converge i@(h?). As the boundary's approximation order is inO(h),
halving the mesh within the domain entails the boundary's elaents to half twice,
l.e.h 7! g 7! %. Otherwise, the boundary's approximation error pollutes tb overall
solution. Such a re nement increases the number of geometriements within the
computational domain by a factor ofk?. As the boundary's \dimension" equals
d 1, it increases the number of boundary elements by a factor kf(@ Y due to
the two re nement steps. The boundary elements thus soon domiteathe overall
number of geometric elements, the memory consumption, and tle®mputational
load if the domain shape is su ciently complicated.

Besides an improvement of the boundary accuracy, boundaryterded spacetrees
also t to hypercube faces lying inside the computational doma. Applying them
there mirrors construction ideas of sparse grids [15] and yislgromising results for
example for multigrid solvers on convection dominated proeims [1].

Accuracy at the boundary is important for thek-spacetree's coarser levels, too. A
loss of precision on coarser levels does not a ect the solutioriscuracy, but in u-
ences the solver of the linear equation system: The coarser th&gthe smaller the
computational domain becomes. Thus, geometric multigrid atgithms can not cor-
rect the solution at the boundary as e ciently as they do within the computational
domain.

Another boundary improvement adds information where the edss intersect the
computational domain to each boundary vertex. Such a schemésa reduces the
discretisation error and improves the multigrid convergenceate. [75], e.g., discusses
this approach for a k = 3)-spacetree environment and three-dimensional problems.
The extension to arbitrary k and dimensiond is straightforward.

The k-spacetree de nition in this thesis does not restrict the levedli erence for
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2.10 Outlook

hanging vertices: For a two-dimensional challenge, up to' 1 hanging nodes can
by placed on one edge. | is the level di erence of two adjacent geometric elements
on the ne grid. To extend this formula to arbitrary dimensions is trivial. Some
numerical problems bene t from balanced grids, i.e. two adgent ne grid elements’
levels di er at most by one. Such a balanced adaptive Cartesiagrid corresponds
to a su ciently balanced tree, and this balancing can be ensuck by posing the
invariant

8e2 Ey: 9v; 2 vertex(€e) : Prened (V1) , 8 Vo 2 vertex(e) : v, 62H+

on the tree or the re nement criterion, respectively.

Many PDE's solutions exhibit an anisotropic behaviour [73]. The representation
of anisotropic solutions bene ts from anisotropic grids as suchrids come along
with less vertices and elements compared to the adaptive Cadian grids here,
where each element exhibits the same spatial resolution alorgck coordinate axis.
Furthermore, multigrid algorithms for anisotropic problens demand for specialised
inter-level transfer operators and tailored smoothers. The ter-level transfer oper-
ators also benet from anisotropic grids. To extend thek-spacetree de nition for
anisotropic grids equals a modi ed re nement predicate

controlling the re nement along each coordinate axis. The fanalisms then become
more complicated but all the principles remain the same.

The children of a re ned k-spacetree element are both embedded into the father's
hypercube and disjoint from each other. To remove the disjoiness invariant is
a more subtle change in thek-spacetree de nition, but it permits data structures
resolving complicated domains more accurately. Furthermey it makes the grid
t to the grids used by many groups in the adaptive mesh re nemencommunity
[7, 62].

Throughout this dissertation, | refrain from all these generatations. Instead,
the pure k-spacetree introduced in this chapter is the basis of the subseut three
chapters. They present three di erent algorithms exploitinghe k-spacetree 's de ni-
tion: Chapter 3 introduces an e cient grid management, i.ea management coming
along with very low memory demands and good memory access bébar. Chap-
ter 5 establishes a parallelisation and load balancing apprdathat is able to cope
with dynamic adaptive re nement. Chapter 4 implements a muiplicative multigrid
with a full approximation storage scheme within thek-spacetree data structure. All
three chapters are orthogonal, i.e. most of their presentatiorelies exclusively on
this chapter and its de nition. Besides Chapter 3, all algothms holds for arbitrary
k, and all three algorithmic ideas are well-suited for any dinmesion d.
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3 Spacetree Traversal and Storage

Every PDE solver requires a traversal of the grid, and Chapter 8hows that a
traversal preserving the child-father relationship is of grdavalue to process the
k-spacetree. On the one hand, such a traversal facilitates a memonodest en-
coding of the adaptive grid, as one re nement bit per vertexsi su cient. In each

recursion step, the traversal determines due to this bit whetheéhe recursion stops
or continues, i.e. whether the geometric element is re ned. r0the other hand, the
traversal's interplay of di erent recursion levels facilitdes the implementation of
inter-level transfer operations. They are essential for any ntigcale algorithm.

Two traversals preserving the child-father relationship resufrom the depth- rst
and breadth- rst order. Both come along with advantages and idadvantages. In
this chapter, | concentrate on depth- rst algorithms, as thei simple backtracking
mechanism a ords plain and elegant recursive implementati@and their realisation
itself comes along without any additional data container|th e backtracking, i.e. the
bottom-up traversal steps, is realised by the system's call stack.eBpite this sim-
plicity, the question nonetheless remains open what a well-gedl data container for
the grid's constituents, i.e. the vertices and geometric eleants, as well as their con-
nectivity information looks like. This chapter presents onesolutions and discusses
the storage of vertex and hypercube associated data. Besides tleetex re nement
ag and the geometric encoding, this data comprises PDE-speciproperties, too.

It turns out that the single bit for the spacetree code is also su ¢ent to store
the complete structural information, i.e. the bidirectiona vertex-element adjacency
relations, if k = 3|a restriction nally weakened to odd Kk in the outlook. Although
all the thesis' experiments are conducted fok = 3|l implemented only one code
combining all the presented features|most insights hence holddr arbitrary odd
k, and | thus a variable k whenever possible. The low memory requirements for
the adjacency information andk = 3 is due to a sophisticated combination of the
depth- rst order with a space- lling curve and results in an extusive usage of stacks
as grid data container.

Without the careful selection of space- lling curves and theiproperties, a straight-
forward implementation of the data containers that does notestrict the adaptivity
is a pointer-based data structure. Hereby, pointers hold the gF's adjacency and
connectivity information. The most prominent example for suc a data structure is
the vef-graph in computer graphics [16]. Such pointer networks caralong with at
least three disadvantages:
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1. The pointers need memory, i.e. the application's memoryethands result from
both the application's data plus the connectivity informaton. The pointers
hence induce a memory overhead.

2. The size of pointer data structures is bounded by the overathemory address
space available. To make an application work with pointer stretures not t-
ting into this space anymore entails the development of a seligation strategy.
Besides the trickiness of such strategies, serialisation alwaysm&s along with
some performance overhead. Due to that, problems not ttingnto the main
memory usually are considered as not solvable.

3. Pointer-based implementations rely on indirect memory a&ess, i.e. the appli-
cation does not read from the main memory directly. It rst reals the record's
address from the memory, and it second reads the actual recordrh this ad-
dress. The two-step memory access causes a performance penaltymdxe
severe performance drawback results from the fact that the reas typically
are scattered among the address space. The mechanism thus exsibon-local
memory access behaviour and is not tuned to caches.

Numerous concepts realise th&-spacetree without pointers. Early approaches
make both the re nement level and the spatial position act as @aess key (address)
for records. The Morton ordering [57] for yields such a key. Inhis case, all the
vertices are held in a global container and the address determas a position within
this container. Hash tables are a natural choice for the contar's realisation. A
subtle choice of the key computation leads to a sophisticated @ cient memory
access ([32], e.g. ). Nevertheless, the approach still relies ndiiect memory access
and it is bounded by the available address space.

To overcome these constraints, the forerunners of this thesis5[339, 63] derive
an alternative realisation concept. They t the construction principle of a space-
lling curve [66] into the depth- rst traversal, and, thereof, they make the traversal
use exclusively the two stack operationpush and pop for both the vertex and
the geometric element management. The number of stacks is ce Besides their
simplicity, stacks exhibit three important memory access chacteristics. The data
access comes without indirect addressing, and the access itsafoboth spatial and
temporal locality: If a record is taken from or written to the memory, the subsequent
memory access' position di ers from the current position by at mg&t one record's
size. If a record is taken from or written to the memory, the tine in-between two
accesses is mall due to the small number of stacks and the curvetddér continuity.
The latter two characteristics lead to a good cache hit rate 8].

Despite all these nice properties, the forerunners' algorithnssl er from a high im-
plementation complexity: [35] derives an algorithm for a te-dimensional
(k = 3)-spacetree using ten stacks. [63] extends this concept tb= 3. His im-
plementation comes along with 28 stacks. [39] nally generaks these two concepts
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3.1 Peano Space-Filling Curve

to arbitrary dimensions, and she proves that these algorithms ilise 3 + 1 stacks'.

In this dissertation, an alternative scheme coming along withd+ 2 stacks is pro-
posed, although it does not pose any additional restrictions aihme trees. | reduce
the implementation complexity from exponential to linear.

The term space- lling is credited to the mathematicians Cantr, Netto, Peano
and Hilbert, and its underlying ideas open the door to a rich,nteresting eld of
research and theory. As many aspects of this theory are presented[35, 39, 63],
this chapter restricts to the construction and appropriate poperties. A good survey
on space- lling curves is [66]. Besides [35, 39, 63], there additional applications
of (alternative) space- lling curves not discussed here ([2, B2.g.).

The chapter is organised as follows: In Section 3.1, Peano spdlirg curves,
their construction principle, and some of their properties a introduced. The Peano
curve's properties lead to the idea of stacks acting as datantainers for the grid
management. This management is described in Section 3.3, anbdus, this sec-
tion holds the fundamental new contribution of the chapter. The following text
reveals how today's hardware architectures and cache hierhies bene t from the
cache-based management, before some realisation details icti®a 3.5 complete the
chapter. These details on the one hand comprise the handling diferent traversal
depths as they occur for multiplicative multigrid algorithms. On the other hand,
they transfer and extend a le-based stack realisation concepihtroduced by [63]
to this work. With these le-based realisations, one can handlerpblems that need
more main memory than actually available on the machine. Sarexperiments study
the memory characteristics of the algorithm, and a short outlok closes the chapter.

3.1 Peano Space-Filling Curve

Peano's cache and memory e ciency rely on the construction prciples and prop-
erties of the Peano space- lling curve. Although the princi@ of its construction
can be understood analysing the illustrations in Figure 3.1, a@nalthough its three
important properties formalised in the theorems on page 59 drthe following are in-
tuitively clear, a rigorous, closed formalism is important fostating subsequent algo-
rithms. This section provides this formalism. It so leaves the caept ofk-spacetrees
aside, and concentrates on the concept of the space- lling aas. Skipping it, the
ideas of Section 3.3 holding the grid storage and traversal alithm remain plausi-
ble, but are neither provable nor re-programmable.

Space- lling curves are mathematical eccentrics whose exstce and properties
have been ercely debated for a long time, as their charactémplies that the unit

LIn all three theses, one can reduce the number of required stacks by 2with some straight
modi cations.
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|Alternative Peano Curves|

In [66], the term Peano space- lling curve refers to a constrtion principle
based upon three-partitioning of the unit square along each calinate axis.
Such a curve is neither unigue with respect to rotation, nor ig unique with
respect to the curve's layout. The following illustration gies four three times
four iterates for four di erent Peano space- lling curves:
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This thesis uses a standardised Peano space- lling curve (rst rgwwhere
the curve always runs along thex; axis rst, then x,, then x3, and so on.
Another version of the curve changes the dominant traversal diction per
iterate (second). The third variant exchanges the dominantraversal order for
each second square. All three variants are sWitch-back typgSerpentinentyp)
exhibitinga2 1 2 1 2 1 step pattern|two steps along one direction, then
one step along an orthogonal direction. Finally, the fourth ariant traverses
each 3 motifwitha2 2 1 1 1 2 step pattern. This variant's original
identi er is Peano curve of the meander typelhe extension of all four variants
to arbitrary dimension is straightforward, and the Austrian mathematician
Walter Wunderlich coined the names.
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3.1 Peano Space-Filling Curve

square's volume equals the unit interval's volume. The termucve identi es a map-
ping from the unit interval to a higher-dimensional domain sug as a square. The
term space- lling denotes that the curve's image has a posigvJordan content: the
image completely \ oods" a higher-dimensional domain. This s#ion presents the
construction principle of one speci c type of space- lling cures|the Peano curve.

The Peano space- lling curveis a surjective, continuous mapping from the unit
interval to the unit hypercube. It is constructed recursively

The hypercube (image) is split up into 8 equal subcubes.
The unit interval (preimage) is split up into 3¢ equal subintervals.

Each subinterval maps to one subcube according to Figure 3.le.ineighbour
subintervals map to adjacent subcubes. The central illustratio in Figure
3.1|the curve running through 3 ¢ hypercubesl|is the leitmotiv.

Neighbouring subintervals' images are connected by the curvand the curve
de nes an order on the subintervals.

The curve's construction continues recursively for each subee. For each
subcube, the leitmotiv is mirrored accordingly: The conneet leitmotivs t-
ted into the subcubes form a continuous curve, and this curvergserves the
ordering of the coarser hypercubes resulting from the precadi construction
step.

Figure 3.1: The rst three iterates of the Peano curve fod =2. For d!1 , the
curve lIs the unit square surjectively. The left hypercube caesponds
to the construction scheme's recursion start, and the centralliistration
shows the leitmotiv. This leitmotiv de nes the overall curve The inter-
connections of the di erent suitable translated and mirroredeitmotivs
on the right-hand side do not result from the leitmotiv directly, but
result from the leitmotiv of the preceding recursion step.

With the recursion depth going to in nity, the curve completdy lIs out the whole

unit hypercube. There are many variants of this space- llingurve based upon tri-
partitioning (see the excursus on page 54), and even more diet mappings based
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3 Spacetree Traversal and Storage

upon other partitioning techniques. The Hilbert curve based orbi-partitioning
perhaps is the most popular one. Another example embedding tlceirve's image
into triangles is the Sierpinski curve. However, the Peano ceg has a number of
unique properties which are very useful for a PDE solver realtsan?. Before the
subsequent subsections discuss these properties, the multitude oérent Peano
space- lling curves is worth a further attention.

The leitmotiv in Figure 3.1 equals a 2 1 pattern: From a subcube, the curve
meanders two subcubes along one direction. Afterwards, it chges the direction
orthogonally and proceeds one subcube. Although the curve'sagie is thereby
de ned unambiguously, the overall curve's rotation is not »ed yet.

De nition 3.1. A standardised lexicographideitmotiv traverses a3" pattern always

rst along the x; axis. It then steps one subcube along tke axis and, subsequently,
continues to meander along the; axis backwards. Ford 3, the next meander
direction is X3, then x4 and so on.

A %2

X4

Figure 3.2: The rst two iterates of the Peano curve fod = 3. On the right-hand
side, the unit cube is cut into three plates and the curve runshtough
each plate according to the two-dimensional scheme. Afterwadthe
three individual curve fragments are connected.

The term \mirrored accordingly" within the construction de nition also demands
for a more rigorous de nition.

De nition 3.2. In this thesis, the term mirror along or in the direction of the
Xj-axis equals a reversion of thg;-axis. For the unit hypercube, mirroring along the
Xj-axis thus mirrors the curve at a hyperface with normay;.

2This dissertation elaborates properties of the Peano curve based on tri-partibning.  Tri-
partitioning then in turn ts to the ( k = 3)-spacetree. However, the properties hold for any
standardised meander-type curve corresponding to an od#, i.e. the are of application is much
wider (see outlook).
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3.1 Peano Space-Filling Curve

The \mirroring accordingly" is an a ne mapping P = TPT, where the generic
operator T translates any hypercube to the unit hypercube or the other waround,
and whereP performs the mirroring. The mirroring in turn depends on thehy-
percube's position within the preliminary construction step.One can express this
position in terms of odd and even cubes along the coordinateesx Let

even: subcube?! f> ;?g¢

de ne a d-tuple on each subcube. It is theeven ag, and a subscript picks out
a particular component of the image. even for the spacetree's root results in
f? ;?;:::;?g9. If a cube is split-up, the rst new subcube'seven ag along the

iterate equals the original subcube's ag. For two subcubes and b connected by a
hyperface with normalx;, i 2f0;:::;d 1¢®

even) (a)
even(a)

even (b 8j 6 i and
: even(b): (3.1)

holds (Figure 3.3). The function separates even from odd suldmes along each coor-
dinate axis, and, thus, de nes whether an element's iterate ns along the coordinate
axis or not:

isTraverseP ositiveAlongAxis : f> ;299 f 1;:::;dg 7! f> :?29; with

isT raverseP ositiveAlongAxis (even;axis) = >
9%k 2 Ng:jfi: i6axis"even=>g = 2 k (3.2)

11 T L] LT /!T/ 4T

even=11 1F FF ] 1d T+ +1

el B LF— 4T

Figure 3.3:even ag for a two-dimensional adaptive Cartesian grid. The ag
uniquely determines how the leitmotiv is mirrored. Therefee, the ag
also determines which neighbour square is crossed next by therate.

The function analyses the root node's leitmotiv: Here, the tngersal runs from
the cube point nearest to the origin to the point furthest away:lt runs along each
coordinate axis.evengives ad-dimensional module two enumeration, and it tracks
how often the leitmotiv has been mirrored and translated. Theranslations do not
a ect the curve's shape. With this mirroring, there are four mportant observations:

3| enumerate all these tuples in C-style, i.e. starting with 0, to keep algorihms and the formalism
consistent. Consequently, the coordinate system's axes are also enumerated @style.
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3 Spacetree Traversal and Storage

For the unit hypercube, the algorithm applies the standard bkekicographic leit-
motiv.

For two hypercubes with the sameeven ag, the algorithm applies the same
leitmotiv.

If two adjacent hypercubes'even ags dier in one entry i, one leitmotiv
results from the other cube's leitmotiv by mirroring it alongeach coordinate
axis besides;.

If two leitmotivs di er in more than one entry, the mirroring operations have
to be applied consecutively. The image is deterministic and ique as the
mirror operations are commutative.

A more formal description of the leitmotiv usage can be obtainkeby using a
grammar to describe the recursion steps. Such a grammar can berfdun [39] and
[63], e.g. For this thesis, working with theeven ag is su cient, as the individual
algorithms exploit solely the traversal's orientation and nglect the transition within
the a ne operator.

Example 3.1. For d =2, the following mirroring operators arise.

.10 10
Py =id= 0 1 P, = 0 1
|S?> = 01 2 |S?? = |S?> 'S>? = |S>? ﬁ?> = id:

For arbitrary d, the matrices evolve from

IS’?’?’? o= .d;
0 1

1 0 :::
0o 1 :::
Ie’i?’?? 422 = 1 ith row &
1

ith entry

and the multiplication rule

'Si? :::>?{'z::>? ::}:: |5i?’?'? :{Z'>? ::}:pi??? :{Z'>? ::}::

Ith and kth entry Ith entry kth entry

Since the involved matrices exhibit a diagonal pattern, theye commutative.
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3.1 Peano Space-Filling Curve

Each construction step applying the leitmotiv on all hypercules of the smallest
size yields a curve of its own. They argerates of the Peano space- lling curve and
belong to a non-linear recursion with order® The recursion's depth determines the
level of the iterate. With these iterates and their constructn blueprint at hand,
the subsequent pages study the iterate's properties. Peano's spiee traversal later
imitates the curve's iterates and, thus, inherits these propges. They are in turn
essential to construct the grid storage and traversal algorithm.

3.1.1 Projection Property

Theorem 3.1. For the standardised Peano iterates, th@rojection property holds:
Examine an iterate of level. A hyperplane is cut out from the unit hypercube along
two hyperfaces with normalxi\. They are translated bysi and "3L1 along thex;-
axis with a xedk 210;:::;3 1g. The hyperplane contains a subcurve. If one
projects the subcurve orthogonally to one of the cuts' hypexa, the image is in turn
a(d 1)-dimensional Peano iterate.

Figure 3.4: Projection property of the Peano space- lling awe for d = 3: If the
iterate is mapped to a face of the unit cube, the image is in tara
(d 1= 2)-dimensional Peano iterate. This holds for all 2d faces.

The proof results from the mirroring of the leitmotiv on page 3: The iterate
within the cut plane corresponds to a sequence of leitmotiv tresformations, and
the following projection to the cut planes removes theé-th entry from the image.
One can interchange construction as well as projection and asyup with a new
construction scheme for ad  1-dimensional curve where tha-th component is
eliminated. This construction scheme equals thd 1-dimensional Peano iterate.
The proof is elaborated for example in [49], and the projecin property itself is
illustrated for d = 3 in Figure 3.4.

59



3 Spacetree Traversal and Storage

3.1.2 Inversion Property

Theorem 3.2. For the standardised Peano iterates, thénversion property holds:
Let i, be the iterate belonging to level. If the leitmotiv of the unit hypercube is
mirrored along each coordinate axfs the construction scheme of the standardised
Peano space- Iling curve's de nition also yields a Peano itate i,. i and iy, are
congruent, but they have reverse orientations.

Proof. The proof is a simple induction over the construction steps. Fohe induction
start, the theorem holds, as the iterate's direction is invedd. For a re ned event,
the construction sequence of the®subcubes is inverted. For each subcube the
theorem holds by the induction. All the curves are then connézd. The connection
order equals the original curve's inverted arrangement. O

Corollary 3.1. The set of Peano space- lling curves iglosed under the invert
traversal operation.

3.1.3 Palindrome Property

Theorem 3.3. For the standardised Peano iterates, thpalindrome property holds:
Let there be an iterate of level. Two neighbouring hyperplanes are cut out from the
unit hypercube along three hyperfaces with normel. The hyperfaces are translated
by £, ¥L and ¥2 along thex;-axis with xed k 2f0;:::;3  2g. Each hyperplane
contains a subiteratei, or iy, respectively.i, and i, are congruent but have reversed
orientations.

Again, a formal proof is given by [49]. The property stems fromhe construction
of the even ag, as two hypercubes contained in di erent planes sharingpne hy-
perface have an equatven ag besides one entry corresponding to the hyperface's
normal. If the two hyperplanes' iterates are mapped to the carecting hyperface,
their mirroring operators thus di er in the sign, i.e. one leimotiv results from the
other by inverting the curve along each of thal 1 coordinate axes (Figure 3.5).

3.2 Deterministic Peano Traversal for k-spacetrees

The construction of the Peano space- lling curve resembles th@onstruction of a
(k = 3)-spacetree. Both di er in three aspects: First, the grid geneation stops after
a nite number of recursion steps. The Peano curve instead result®m the limit of
the iterates. Second, the grid generation determines for éasubcube individually

4Such a inversion equals the transitionP 7! id P in the mirroring operator. For an even
d, this transition in turn corresponds to an inversion of the even ags, i.e. (?;?;?;:::) 7!
(>;>;>;::2), for the root element. For an odd d, this equivalence does not hold.
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3.2 Deterministic Peano Traversal fok-spacetrees

—

-

Figure 3.5: Palindrome property of the Peano space- lling aue: If the unit cube is
cut into three plates along a coordinate axis, and the rst Peam iterate
is projected onto these plates (projection property in Figwe 3.4), each
iterate on the plate mirrors the neighbours' curves, i.e. it xbits the
same layout with a di erent traversal direction.

_—

whether to re ne further, and, thus, facilitates adaptive gids. The Peano iterates'
image intervals equal a regular Cartesian grid. Third, th&-spacetree de nition lacks
a de nition of an order of the children resulting from the recusion steps, whereas
the Peano iterates de ne such an order on the image's interval

Both depth- rst and breath- rst traversal on k-spacetrees are partially non-deter-
ministic: They obey to the orderv g, as they exploit the tree structures. Yet, the
loops in the traversal algorithms do not arrange the childrenlt is an obvious idea
to use the Peano space- lling iterates to derive such an arrangent. The resulting
spacetree traversal then inherits all the properties of the R@o space- lling curve or
its iterates, respectively. Due to the projection property, Eyorithms exhibit a tensor
product style. Due to the inversion property, the traversal canoggle its orientation
after each run through the spacetree, and, nevertheless, it gerves its behaviour.
And the palindrome property nally is the missing link to realisethe data containers
with stacks.

De nition 3.3. A Peano spacetrees a (k = 3) -spacetree with a deterministic traver-
sal preserving the child-father relationship. Furthermorethe siblings' orderfirst
Preservesy ye. Vpre in turn is the order induced by the leitmotiv corresponding
to the parent'seven ag. The (k = 3)-spacetree's root corresponds to an arbitrary
event ag.

The depth- rst traversal for a two-dimensional Peano spacetress illustrated in
Figure 3.6. It is realised recursively by a stack automaton (usilg represented by
the call stack), and it bene ts from the de nition of the even ag: The automaton
holds|besides spatial location, level, and so forth|the even ag of the current geo-
metric element. If one adjacent vertex hold®,. neq , the automaton has to descend.
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3 Spacetree Traversal and Storage

25 26 27

0 22[21[20
24 23 13 17]18]19
16[15[14]
10[1112

NS

1 2 3 13_23 24 25 26 27

d

45 ... 12 14 15 ... 22

Figure 3.6: k = 3)-spacetree with a depth- rst ordering derived from the iteates of
the Peano space- lling curve. The rst row illustrates the Peaw iterate
on the dierent levels. The second row gives the enumeration ce-
sponding to the depth- rst search. At the bottom, the corresponihg
space-tree is illustrated.

The even ag identi es the rst child into which to descend, and the even ag also
determines the order of the subsequent descends due to the leitm.

The counterpart of the inversion property for the stack automton is the following
de nition:

De nition 3.4. The image of theinvert traversal operation
invert : T 71T

on a Peano spacetree is a tree with the same geometric elersgentith the same
vertices, and with the same root element,

where the leitmotiv's direction is inverted,

where the same child-father relationship njg holds
8€ V child:T € : € V chid;invert (T) §;

but where the siblings' ordew p is inverted:

BQ;Q V ochild:T & €& V pre;T Q ’ ej \% pre;invert (T) €
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3.3 Stack-Based Containers

Corollary 3.2. The set of Peano spacetrees islosedunder the invert traversal
operation, i.e. the image is in turn a Peano spacetree.

Proof. The proof results from the inversion property. m

Figure 3.7: The Peano space-lling curve's iterate runs thnagh an adaptive
(k = 3)-spacetree discretising a circle. Adaptive grid with three sap-
shots of a running traversal. All ne grid elements already visigd are
inked.

The deterministic stack automaton sketched above, a de nitiorof the geometry
representation, and the re nement transition concept delivea blueprint for a de-
terministic traversal algorithm on dynamic adaptive Cartesia grids resulting from
Peano spacetrees. Yet, this blueprint lacks the description @bntainers for data
associated to vertices or elements.

3.3 Stack-Based Containers

Space- lling curve and depth- rst traversal in combination skape the deterministic
Peano spacetree traversal. To implement this traversal, a pragnmer has to com-
bine this simple traversal blueprint with tting containers for vertices and elements.
The data ow and data access pattern underlying &-spacetree traversal de ne the
access operations the data containers have to provide. Due tfoe properties of
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3 Spacetree Traversal and Storage

Figure 3.8: The Peano space-lling curve's iterate runs thnagh an adaptive
(k = 3)-spacetree discretising a sphere. Six snapshots of a running
traversal. All ne grid elements already visited are inked.

space- lling curves and their iterations, the operations coprise solely operations
from a stack signature, while the data access patterns for verés and geometric ele-
ments exhibit a di erent behaviour. The section at hand elabrates this behaviour.
It starts with the element data, continues with the storage of grtex data in-between
two iterations, and ends up with the stacks required throughduhe traversal itself.
As a result, it presents a spacetree traversal realisation and a saége scheme coming
along with a small, xed number of stacks as data containers.
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3.3 Stack-Based Containers

|Face Enumeration|

Each geometric element has 2d faces. These faces' enumeration is deduced
from the faces' normal as follows:

1. The numbers 0 and 0 +d identify the faces with normalx;.
2. The numbers 1 and 1 +d identify the faces with normalx.
3. The numbers 2 and 2 +d identify the faces with normalxs;.

4. ...

Xz

- P
0 S 2 /"

> X4

With two faces having the same normal, the face closer to the gomate
system's origin is enumerated rst.
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3 Spacetree Traversal and Storage

3.3.1 Container for the Geometric Elements

Every time a geometric element is read for the rst time, its déa is taken from an
input container, the corresponding vertices are read, and ¢htraversal triggers the
corresponding evenenterElement (Table 2.2). Afterwards, the traversal descends
recursively if the current geometric element is re ned. In tfs case, the call stack
holds both the traversal's state (position, element width, ando forth) represented
by a traversal automaton as well as the associated grid data (¥&es and data
assigned to the geometric elements) until the recursion termites. Finally, the
algorithm triggers leaveElement deposits the vertices, and writes the element to
an output container. This write has a re-and-forget semantis, i.e. each element
written is not read again throughout this traversal. For the gometric elements,
there is thus an input and an output stream.

Peano © Peano
—_— —_— —_— —_—>
elements first traversal elements second traversal @B

S’ e’

Figure 3.9: The traversal algorithm reads geometric elemenfrom an input stream,
and stores the record to the output stream. The output stream the
acts as input stream for the second traversal.

For two subsequent traversals, the records stored on the output seim of the rst
iteration act as input for the second iteration (Figure 3.9).The order on the corre-
sponding output stream has to equal the order of the input streamYet, the order
of the elements on the input and output stream is not equal for atraightforward
depth- rst type traversal:

Example 3.2. Examine a spacetree of height one. The re ned root elementrsad
before the3" children are read. When the traversal descends, the parerement
is held on the call stack. As the children are leaves, they drence written to the
output stream in the same order in which they are read. Fingllthe parent geometric
element is written to the output stream:

elements > fiE\e(r:/?rgal —> elements
| N

0 9

8 > 6 8 | »
6 (5| 4 5| 4
1123 ol11l2
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3.3 Stack-Based Containers

In a depth- rst traversal, parent nodes are always read betheir children. In turn,
they are written to the output stream after their children hae been written.

Although input and output order do not concur, it is obliviousthat the resorting
equals an inversion of the storage order. An algorithm switchinthe read access
order for each traversal thus comes along without any resortinof the containers
holding the geometric elements.

Theorem 3.4. Each Peano traversal de nes an order in which the geometrid-e
ements are read (input order) and an order in which the geom&trelements are
written (output order). The elements' output order for a Peno spacetreel equals
the inverse input order for the Peano spacetraavert (T).

Proof. The proof is a simple induction over the height of the Peano spettee. The
theorem holds for a spacetree of height zero, i.e. one singlgp&gcube. For a re ned
geometric elemente 2 inverse(T), the leitmotiv is mirrored along every axis and

83 ; Q Vo child €, 6 V pre;T q : Q \Y pre;inverse (T) €. (3-3)

T's traversal writes e as last element of the output stream.inverse(T)'s traversal
readse rst. According to (3.3), the last geometric elemente; written to the output
by the traversal is the the rst geometric element read by the imerse traversal. For
the siblings ofe;, the theorem holds due to the induction. The subsequent child
e, of e read by the inverse traversal is the element written by the trasrsal before
it reads and descends int@;. For the siblings ofe,, the theorem holds due to the
induction. The arguing is continued fores up to €. O

The theorem does not have to discuss dynamic re nement, as it é® not correlate
the input and output order of the same traversal: Adding or remang spacetree
elements enrich or downsize the output stream, but do not altehe stream access
pattern or the stream's semantics.

Running through a stream once in one direction then in the oppde direction
equals a sequence of push operations followed by a sequence pfgprations:

Corollary 3.3. The input and output containers for geometric elements atacks

While | implement the containers as stacks, this realisation ifar too general as
it does not take into account the stream characteristics: The to stacks are always
emptied completely before a sequence of push operations rethem. More sophisti-
cated implementations could exploit this insight and, due t@ reduced functionality,
provide an optimised container realisation. The stream accesatfern permits im-
plementations for example to deploy data pre- and postprocesgito a thread of
their own [23].
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-

in Peano out
vertices e stack automaton ——» vertices
element out
%C) elementi
Temporary Verte iners

Figure 3.10: Throughout the traversal, the algorithm readsertex and element data
from two input streams. If a record is not needed anymore, the cerd
IS written to an output stream. In between, records for geomdt ele-
ments are stored on the call stack. Vertices, however, are mauiated
by several geometric elements. Thus, they have to be stored withi
temporary containers after the rst read, until they have bea used by
all 2¢ adjacent geometric elements.

3.3.2 Input and Output Container for Vertices

The Peano spacetree's traversal equals a resorting of the getmmeslements: From
a data ow point of view, it reads elements from an input streamand writes them
to an output stream in a permuted order. The data ow for the vetices is more
complicated, as vertices are processefl mes by the element-wise traversal|once
per adjacent element. A vertex is read from an input stream, tm but it is not

written to an output stream immediately. The algorithm instead reads a vertex from
an input stream when the rst adjacent geometric element is eeted. Afterwards,
it has to store the vertex within a temporary container. After t has been read
or written, respectively, from or to the temporary container2? 1 times, i.e. the
total number of read operations equals® the algorithm nally stores the vertex in

an output container (Figure 3.10). This subsection discusses th@put and output

container.

The vertex transition scheme in Section 2.6 ensures that eachrtex v 2 V1 nHy
is processed times. Hanging verticesv 2 Hr are created on-the-y, and they are
not stored on the input and output streams. Because of the vertexate transition
scheme, the re nement and coarsening is completely transpaterThe algorithm
does not distinguish between existing vertices and new vertge Existing vertices
are read from the input stream, while new vertices are createzh-the-y. Besides
the input stream there is thus a vertex source. If elements are te destroyed due
to coarsening the algorithm does not store these vertices on tbatput stream but
throws them away. The same holds for hanging vertices. Besidégtoutput stream,
there is thus a vertex sink.
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3.3 Stack-Based Containers

Figure 3.11: The Peano iterate runs along the verticesand b rst from left to right
(top) and then from right to left (bottom). This behaviour results from
the palindrome property. Since a non-hanging, i.e. persistenvertex
is written to the output stream as soon as it has been read by alff2
adjacent vertices, vertexa is read from the input stream beforé and is
written to the output stream after vertex bis written. If the traversal
direction is inverted after the iteration, vertex a again is read before
vertex b.

Theorem 3.5. Each Peano traversal de nes an order in which the vertices aread

(input order) from the input stream, and it de nes an order inwhich the vertices
are nally written (output order). The vertices' output order for a Peano spacetree
T equals the inverse input order for the Peano spacetriewert (T ).

Proof. The proof for one single grid level derives from the inversiongperty. For the
traversal of the whole spacetree, the statement holds by indueh, as the traversal
preserves the child-father relationship as well as the invershild-father relationship
(De nition 2.2). m

Corollary 3.4. The input and output containers for vertices arestacks

Both the vertex and the element input and output containers ee stacks and t
to an algorithm switching the traversal direction after eachteration. Again, stacks
even are a too generalised data structure, as they are accessed stream manner.
The number of grid levels does not in uence the realisation nal the implementation
of the depth- rst traversal in Algorithm 2.4 thus is straightforward. Nevertheless, it
relies on a local criterion deciding whether to read a vertefxom the input stream
or a temporary container. The same argumentation holds for ¢hdecision where to
write the vertex to (Algorithm 3.1).

If a stack automaton realises the element-wise traversal of the asgetree, i.e. it
runs through the geometric elements, it represents the indoual states stored on
the call stack. Each geometric element has A faces. As each traversal state
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3 Spacetree Traversal and Storage

Algorithm 3.1  The depth- rst traversal traversal from Algorithm 2.1 without t he
events. Input and output streams are stacks. The temporary verkecontainer's
realisation is not speci ed yet, and the for loop has to be madeetkerministic with
the Peano curve.

1: procedure ds(e)

2: -

3: for € V wig € do

4: pop geometric element from element input stream
5: for v; 2 vertex(e) do

6: if rstread of v; then . see Algorithm A.1
7: pop v; from vertex input stream

8: else

9: read v; from temporary vertex container

10: end if

11: end for

12: DFS(g)

13: push geometric element on element output stream
14: for v; 2 vertex(e) do

15: if v; read 2 times then . see Algorithm A.1
16: push v; on vertex output stream

17: else

18: write v; to temporary vertex container

19: end if

20: end for

21 end for

22:

23: end procedure

corresponds to one geometric element, each automaton stateafi 2 d faces. The

declare whether the traversal automaton has already traverd¢he geometric element
connected by a facePucheq IS the touched predicate It depends exclusively on the
stack automaton's state and is formalised later. The predicates ? for all the

faces of the root element. If an element is re ned, the iterats orientation (i.e. the
mirroring of the leitmotiv) derives for all the 3" recursion steps and all the 2d faces
per recursion step whethePycheq holdS .

With Pyoucheq @ssigned to each geometric element in combination with the trarsal

5Although the mirroring of the leitmotiv, i.e. the even ags, determines when Pyycheq in the
subsequent recursion steps hold®ucheq @and evenare not equivalent, asPiouched also depends
on the father element's touched predicate.
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3.3 Stack-Based Containers

automaton (it depends on the traversal direction, too), the taversal automaton can
determine where to read a vertex from and where to store a vexte If no face
adjacent to a vertex holds thePuheq ag, the algorithm pops the record from the
input stack. Otherwise, it reads from the temporary container If all faces hold
Piouched, the algorithm pushes the record to the output stack. Otherwiset passes
the record to the temporary container. | present the algoritm deriving Piouched
later, as it turns out that Pyucheq €valuates a more general automaton property
needed anyway for the temporary stack containers. Algorithm A.tomprising two
helpers formalises the logic described above.

3.3.3 Temporary Stack Container

T

Figure 3.12: The continuous iterate splits up the vertices to vertices left of the
iterate (circles) and right of the iterate (crosses).

The realisation of the input and output containers is more ordss trivial, i.e. having
stacks storing streams is not surprising. The subsequent text revedhat stacks are
in fact the only data structure needed for the complete grid stage.

Since the Peano curve's iterate meanders through the disdsstd computational
domain and passes through each geometric element once, it s@a from one ele-
ment into a neighbouring element through a common face. And dise construction
principle yields continuous iterates, the discrete domain'sertices ind = 2 either
are on the right-hand side of the curve or on the left-hand sidd-{gure 3.12). This
holds for all levels.

Let vertex a and vertex b on level ™ belong to the class of left-hand side vertices
(d = 2). For the continuity of the iterate and the palindrome property, the following
facts hold:

If ais read from the vertex input stream befordy, a is stored on the temporary
vertex container for the rst time before b.

Afterwards, bwill be read beforea, i.e. the second vertex read order is inverted.
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Algorithm 3.2 In each geometric element, the vertex load order has to t tohe
traversal's direction. The for loop in Algorithm 3.1 thus has epresents the following
loop|the loop's body instructions are to be embedded at line B. The code snippet
evaluates the automatons curreneven ag xing the iterate's direction. The source
fragment is to be optimised, but the non-optimised version emjhts the traversal
mirroring. mask and firstV ertex are modi ed in their binary representation, and
firstV ertex represents a vertex position within one element, i.e. as a;@¢ tuple.

1: firstV ertex (0;0;:::); mask  (0;0;::7)

2. for i 2f0;d 1gdo

3: if even then

4: mask; 1

5: mask : mask

6: firstV ertex firstV ertex Y mask
7: mask : mask

8: mask; 0

9: end if

10: end for

11: for i =0:2%do

12: currentV ertex  firstV ertex Yi
13: N

14: end for

As the access order inverts, it is an obvious idea to use again stacks tempo-
rary containers, and to extend this concept to arbitrary dimasions. To make this
approach work, the sequence in which the vertices are loaded &n element has to
t to the space- lling curve, too. Thus, the two loops \for v; 2 vertex(g) do " in
Algorithm 3.1 t to Algorithm 3.2.

A Left/right Classi er

The fundamental idea of [35, 39, 63] is to store all the vertisdeft of the iterate
on one stack and all the vertices right of the iterate on anothestack. There is
a left and a right stack. If the traversal automaton leaves a gewetric element,
the algorithm swaps all vertices that are to be read again to enof the two stacks
according to the order induced by the iterate running throug the element. The
iterate within the neighbouring element is inverted due tohe palindrome property,
I.e. in a neighbouring element the automaton reads the tempary vertices in reversed
order|it takes the vertices from a temporary stack:

The operation \read v; from temporary vertex container” in Algorithm 3.1
becomes \ify; is left of iterate, pop it from the left stack, otherwise pop it
from the right stack”.
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3.3 Stack-Based Containers

The operation \write v; to temporary vertex container” in Algorithm 3.1
becomes \ify; is left of iterate, push it to the left stack, otherwise push it to
the right stack".
As the projection property holds for the Peano curve, this idegeneralises to any
via induction.

a b
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Figure 3.13: Only a left and a right temporary stack does not wé for the Peano
spacetree traversal: In the example, the left stack is studied. h&
geometric elements 23; 4;5;9 swap the verticesc,d,e,f,g and h to the
left stack. Afterwards, the traversal algorithm ascends into theparent
element, and the verticesa and b are written to the left stack. The
algorithm then transits from element 1 into element 10. Withn 10,b is
taken from the left stack and the traversal descends into the rsthild
(11). This child has to readh from the left stack. Yet, vertexa is on
top of the stack and shadows the verticeg g and h. The two-stack
algorithm does not work.

The Peano spacetree traversal runs through all levels of the ggéree. Unfortu-
nately, a simple left/right temporary stack concept then resuk in a container access
con ict (Figure 3.13). Two approaches preserving the stacksaty policy resolve this
con ict: Either each grid level holds a pair of left/right stacks of its own. Or a small,
and, in particular, resolution independent, xed number of dditional \hierarchy"
stacks locally resolves the access con icts resulting from theuitilevel interplay.

The rst solution is straightforward but renders the stack idea mll and void,
as it introduces a dynamic data structure mapping levels to e of stacks. This
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3 Spacetree Traversal and Storage

mapping then establishes an additional indirect memory accegs a lookup table,
and the table itself introduces an overhead as it grows with ghamaximum spacetree
depth. Finally, the traversal permanently switches from oneelvel to another, i.e. it
would access di erent stacks permanently. Such an access bebav leads to bad
cache hit rates|an argument picked up later. Hence, [35, 39, g3follow the other
idea: The shadowing problem from Figure 3.13 a ects verticam the faces, i.e. the
problem corresponds to a submanifold. They hence introduce ditional stacks
corresponding to the submanifold and write the vertices cauginproblems (vertex
a in the example) to these additional submanifold stacks. The exarmles where to
place which vertices become more complicated, but an indimb overd and the grid
hierarchy shows that the resulting algorithm succeeds with a &d number of 3+1
stacks, i.e. the number of stacks does not depend on the spacesaepth.

Alternative Concept

| derive an alternative access pattern for the temporary stackontainers. Here, the
traversal automaton keeps track of the order in which the nelidpours are connected
by a hyperface: Due to the standardisation of the Peano iterat® De nition 3.1,
the stack automaton knows for each element connected by a fagkether it will be
visited or has been visited. For each vertex, the Peano travetsaill next access
the vertex out of a neighbour connected by a hyperface|not anedge, not a vertex,
but a face. This is due to the continuity of the curve. Each awimaton state thus
knows, which neighbouring element triggers the next read azss. It also knows
which neighbouring element has processed a vertex before.

Let there be two stacks per dimension. They are enumerated oatiingly, similar
to the even ag. Then, each element's face corresponds to a di erent stkaue to
the fact that there is an even number (two) of stacks but an oddumber of partitions
(k = 3) per coordinate axis.

Preceding a write to the temporary containers, the algorithmdenti es the face
connecting the element triggering the next read access. Thack has a stack number.
The algorithm pushes the element onto the stack with this numse The read
operation then processes the counterpart of this analysis, anddet overall algorithm
comes along with & temporary stacks.

Example 3.3. Given is a two-dimensional grid with the stack numbef; 1; 2 and
3. In the following illustration, each tuple denotes the reastack (rst entry) and
the write stack (second entry).x denotes an unknown stack (not important in the
example), andin and out are the input or output stacks respectively.
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3.3 Stack-Based Containers

In the rst element (top, left), the traversal runs along thex; axis. Thus, two
vertices are stored on stack, the third entry is stored on stack3, as it will be
used by the element along the, axis next. In the second element (top, right), the
traversal automaton reloads the vertices from stack Although the traversal also
continues along thex; axis (bottom, left), the vertices adjacent to the next elemie
are stored on stackO. This is due to the stack identi ers alternating along each
coordinate axis.

It is obvious that this approach works for one single level, gdough it requires twice
the number of stacks compared to a left/right classi cation. Y& the shadowing
problem sketched in Figure 3.13 can not occur, as the algontha priori swaps the
vertices to the stacks from which they are needed next. The amgach hereby relies
on a fact mentioned above: Each pair of opposite faces belortgsdi erent stack
numbers.

Corollary 3.5. The temporary container consists oRd stacks.

A formal proof is beyond the scope of this work, Yet, | formaliséhe underlying
algorithm in more detail. Let

access. f0;:::;2d 1g7'f 2d+1; 2d+2;:::;0;1;:::;2d 1g (3.4)

de ne a value for the faces of a geometric element. The semastiof accessis as
follows:
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3 Spacetree Traversal and Storage

accesg$f ) < 0 Neighbour connected via facé has been processed before ele-
ment was entered.

acces¢f ) > 0 Neighbour connected via facé has not been processed yet,
and will be entered after element has been left.

accesg¢f ) =0 Facef is covered by the root element's faces.

acces¢f )= 1 Element has been entered through fade

acces¢f ) =1 Element is left through facef .

access$i) = m Neighbour connected via facewill be processed after all neigh-
bours connected via facg¢ for which accesgj) <m holds.

The constraints

accesgi)>0 ) 8 0<m accessi);9 : accesgj) = m;
acces$i) < 0 ) 8 accesg§i) m< 0,9 :accesgj)=m; and (3.5
8i;accesqi) 6 0;6 P: accesgj) = accessi) (3.6)

ensure that no numbers within one access list are left out, i.eomatural number
is omitted. Furthermore, the numbers resulting fromaccessare unique (3.6). The
predicate Pioycheq then is

acces$f) < 0 ) P iouched;
acces$f)>=0 ) P iouched;

and the range of theaccess image is bounded and ful lls (3.4). The spacetree's
root element corresponds to

accesg¢f) = 0 8f 2f0;:::;2d 1g

In accordance with theeven ag, a access ag also is given by the Peano iterate's
construction. Whenever the automaton descends from a re nedrent into a child,
it performs the following steps:

Clone the parent automaton state.
Derive the neweven attributes.

ldentify the new entry facefqny, , Setaccessvalue off ey to 1, and adopt
other access entries such that (3.5) and (3.6) hold again.

Identify the new exit facef o , Setaccessvalue off . to 1, and adopt other
access entries such that (3.5) and (3.6) hold again.

A formal description of these steps is given in Algorithm A.2, Algathm A.3, Algo-
rithm A.4, and Algorithm A.5 in the appendix.
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3.3 Stack-Based Containers

Example 3.4. The access ags for the geometric elements in Example 3.3.

X X X
1
X 1 1 )
-1 1
1 -2 -2
1 2 2
. 1|4 111 «
-2 -2 1
2 ] 2 1
-1 1 x
1 -1
X X X

The access ags denoted byx depend on the parent element'access ags.

To validate that each new state ful lls the stated constraints § trivial and not
done here. The identi cation of the temporary stack now is asoflows (Algorithms
3.3 and 3.4): If a vertex is to be read and all adjacent faceaccessentries are
positive, it has to be taken from the input stream Piucheq does not hold for any
adjacent face). Otherwise, one has to selettwith the biggest negativeaccessf )
value among the adjacent facest identi es a stack, andf also corresponds to an
element's face normal. If theeven ag of the state along this normal does not hold,
f is the temporary stack number searched for. Otherwisé, does identify the stack
that belongs to the face that is opposite to the face belongirtg the stack searched
for.

If a vertex is to be written and all adjacent face'saccessentries are negative, it
has to be written to the output stream. Otherwise, one has to salef with the
smallest positiveaccesgf ) value among the adjacent faced. again identi es a stack
and corresponds to a normal. If theeven ag for this normal does not hold, f is
the temporary stack number searched for. Otherwisé, does identify the stack that
belongs to the face that is opposite the face to which the stackasehed for does
belong to.

The alternative stack management presented here is|from my pait of view|a
signi cant improvement compared to [35, 39, 63] for two reasasn It reduces the
number of stacks ford 3 and the grid hierarchy does not a ect the vertex access,
I.e. the information where to store a vertex or where to take aertex from does not
depend on the fact whether the vertex's position coincides thia vertex of a smaller
level. The rst aspect gains weight with increasing dimensiod.

Peano o ers a data persistence layer comprising exclusively ofasks, and the
element-wise grid traversal is well-de ned, too, accordingotthis chapter. Before |
switch to a concrete application built on top of the traversal de to a mapping from
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3 Spacetree Traversal and Storage

Algorithm 3.3 Determine temporary stack number to read vertex at position om.
If operation returns UselnputStream, vertex is to be read from input stream instead

of a temporary stack.

1
2
3
4.
5:
6:
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

procedure getReadStacKposition)

smallestV alue 2d 1
result  UselnputStream
direction 1
for i2f0;d 1gdo
if position; =0 then
face i
else
face i+d
end if
if accessce < 0/ accessce > smallestV alue then
result face
smallestV alue  accesS$ce
direction i
end if
if result 6 UselnputStream ™ evenyiecton = > then
if result<d then
result result +d
else
result result d
end if
end if
end for
return result

25: end procedure
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Algorithm 3.4 Determine temporary stack number to write vertex at position o.
If operation returns UseOutputStream vertex is to be written to output stream
instead of a temporary stack.

1
2
3
4.
5:
6:
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

procedure getW iteStack(position)

biggestValue 2 d+1
result  UseOutputStream
direction 1
for i2f0;d 1gdo
if position; =0 then
face i
else
face i+d
end if
if accessce > 0" access,e < biggestV aluethen
result face
biggestV alue accesgce
direction i
end if
if result 6 UseOutputStream” evenyection = > then
if result<d then
result result +d
else
result result d
end if
end if
end for
return result

25: end procedure
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3 Spacetree Traversal and Storage

[von-Neumann Bottleneck|

A fundamental principle in computer construction is to distiguish between
memory and processing units among other components. This ideaeg back
to Janos Lajos Neumann (John von Neumann) [74]. The processinquitls
speed then determines the theoretical computing power of a sgst|the peak
performance. The memory's size determines the maximum amausf data
an application can handle, as long as no additional swappingdhniques are
applied. Both components are connected: The processing uniashto fetch
data from the memory and write data back, as its local memoryrégisters) is
extremely small compared to the main memory. Nowadays, this coaction
typically is a bus.

For such systems, the actual performance of an application doestidepend ex-
clusively on the peak performance anymore: Whenever data s lbe read from
the memory, the minimum of the memory's, the bus' and the processj unit's
performance determines the actual execution speed. The rstb aspects go
back to the latency and bandwidth of the memory connection. Agications
restricted by these e ects are calleamemory boundegdand, in accordance with
[74], people often speak of the von-Neumann bottleneck, if theis causes the
slowdown.

events to concrete operations, | discuss some properties arisingm the interplay
of space- lling curves and stacks.

3.4 Cache E ciency

A stack-based grid traversal and storage scheme for adaptive GCastan multires-
olution grids is an interesting subject of study from an algorfimic point of view.
The unique selling point of the approach is the low memory regqeements mentioned
several times. Another nice property stems from the exclusive usé stacks: The
cache hit rate of the algorithm is extraordinary good as theoflowing section points
out. As a result, the framework was never memory-bounded in myjeriments|a
surprising and promising property for a PDE solver framework, irparticular for
applications typically running into the von-Neumann bottleneck.

How an algorithm exploits the memory hierarchy of an architéare determines
whether the algorithm is cache e cient. There are many appraches to make an
algorithm cache e cient, and there are many approaches to aksify cache e cient
algorithms. A fundamental classi cation distinguishes betweertache-awareand
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3.4 Cache E ciency

|Caches in the Memory Hierarchy|

Many applications are memory bounded, i.e. they do not exptdhe processing
unit's power, as the processing unit permanently has to wait fahe memory
system to deliver data. This problem becomes more and more bertsome:
On the one hand, the processing units get faster due to an incredgeequency
or an increased number of cores. On the other hand, the memorycoenes
bigger, and this grow slows down the memory access speed.

To overcome the memory bottleneck, computer architects imdduce a hierar-
chical memory system. In-between the processing unit and the menylit is

a main memory now|smaller but faster intermediate memories ae plugged
in. These intermediate memories areaches and they hold copies of the main
memory's data. Today's architectures typically exhibit two or three caches in
a row called cache levels: As the memory access speed dependssasize, the
caches are the smaller the nearer they are to the processing unit

If the processing unit wants to load a record, it does not accesset memory
directly, but triggers a lookup in the nearest cache. The caehis small and fast
compared to the main memory. If the record is contained in theache, it is
taken from the cache. If it is not contained, the cache triggs the next lookup
in the next bigger cache or in the main memory, respectively. e rst case is
a cache hit the latter case is acache miss

Each data transfer comes along with a certain overhead due taténcy and
data consistency management. Thus, caches do not exchange @rigts and
bytes, but they transfer whole blocks of memory. These blockseatache lines
If a record is not held in a cache, the cache requests the wholacke line
comprising the record. As the cache size is small, caches fredlyerun out of
space. In this case, the cache has to swap records back to the biggaches or
the main memory. An algorithm cast in the hardware decides wHiccache lines
are swapped. The sooner a swapped cache line is to be reloaded wrse the
algorithm's decision ¢apacity misg. The decision which line to replace could
be optimal, if the algorithm knew an application's upcomingmemory access
pattern. As the application's access pattern is|without loss of generality|not
known a priori to the hardware, a cache swapping strategy is newvoptimal.
Nevertheless, an application should diminish cache line replagents.
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cache-obliviousalgorithms. Cache aware algorithms exploit knowledge abouwin-
derlying cache hierarchies and cache properties. Typical atee-aware algorithms
block memory accesses, reorder data accesses, and fuse loops ofeditgorogram
parts ([22, 48], e.g. ). Hereby, they are parametrised with theache's properties.
Cache oblivious algorithms are algorithms relying on the &tence of caches but not
exploiting the caches' properties quantitatively.

To measure the cache e ciency, the number of cache accesses ahd ¢ache hit
rate are suitable metrics: The former is a counter, the latter divids the number
of cache hits by the number of cache accesses. Because of the odsttisize, the
cache line policy and the replacement challenges, two datacass characteristics
determine the cache e ciency. The higher thespatial locality, the better the cache
hit rate. The higher the temporal locality, the better the cache hit rate.

A data access pattern exposespatial locality, if

the distance between two recorda and b in the main memory is small
whenever the algorithm accessesand bin a row.

The probability then is high that both records are containedn the same cache line.
As a result, there is also no need to swap cache lines back to a brggache or the
memory because of the restricted capacity.

A data access pattern exposetemporal locality, if the time in-between the two
accesses to a record is small. The probability then is high that the cache line
holding a still resides in the cache and there is no capacity cache miss.

The two terms are introduced in [48]. Yet, they de ne both tems on Cartesian
grids in the context of iterative equation systems solvers. Theedhition above
generalises the idea to abstract memory access patterns.

Corollary 3.6. The stack-based grid management is cache-oblivious.

On the one hand, the stack signature permits only memory accessedibiting
high spatial locality, as the distance in-between two memorycaesses is at most one.
On the other hand, the xed and small number of stacks yields theemporal locality.
If there were a dynamic number of stacks, this would not hold. Fthermore, the
curve's Helder continuity ensures that the size of the temporg stacks does not
change by an order of magnitude throughout the traversal: Vices swapped to the
temporary stacks are usually reused before long, as the curveanders back soon.

Many PDE solvers su er from a lack of spatial and temporal localy. Two ex-
amples: First, algorithms for parabolic PDEs often exhibit lav temporal locality.
These equations typically lead to a sequence of linear equatigystems, i.e. one
linear equation system per time step is to be solved. A simulationrode has to

8In this incomplete presentation, actual hardware properties such as cache line assiativity are
neglected.
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choose time steps that are su ciently small to resolve all the solubn's temporal
characteristics. The solution then exhibits a smooth behavioun time|it does not
change rapidly from one time step to another. For a given time gp, the solver of
the linear equation system uses the solution of the preceding tnstep as initial
solution guess. As both the preceding solution and the current stilon do not di er
signi cantly, the solver needs only a small number of iteratiorsteps to end up with
a su ciently accurate solution. For each time step, the whole gd is traversed. The
algorithm exhibits a low number of computations but big datamovements.

Second, multiscale algorithms often exhibit low spatial lodidy. Typically, devel-
opers arrange records belonging to one grid level continioun the memory. As the
number of smoother operations outnumbers the number of intdéevel operations, it
is important to optimise the data layout for the smoother's merory access. Inter-
level operations access di erent records from di erent gridevels, and, thus, they do
not access the memory in a continuous manner.

The introductions of [35, 39, 63] motivate the developmentfdhe stack-based ver-
tex management with the von-Neumann bottleneck and the probims of algorithms
not exploiting the memory hierarchy. | by contrast make the cehe discussion follow
the algorithm's presentation, as the cache arguing carriebe inherent danger that
the reader mixes up cache e ciency and application's speed.hg& cache hit rate is
only one ingredient of fast numerical algorithm§ although it might become a more
and more important property with all the multicore architedures coming up. Here,
multiple processing units have to share one bus and one cacherduiehy, and this
sharing makes the von-Neumann bottleneck more severe. In addit, low mem-
ory requirements, the algorithm's ability to handle arbitray adaptivity without any
overhead, and an algorithm that is able to handle problems #i exceed the memory
available (see subsequent section) are of value of their own. Aogbcache hit rate
then in turn is a nice non-functional algorithmic property. It is thus important to
prove that the cache properties of the algorithms of [35, 383] carry over for the
alternative stack management, although this does not exemphe developer from
studying the implementation's performance in great detail.

3.5 Some Realisation Details

On the subsequent pages, implementation consequences arisiranfrthe usage of
an object-oriented language are discussed within the context the grid storage
and traversal concept. Furthermore, | combine a le swapping sitegy with the

stack approach and add tree cuts splitting up the&k-spacetree horizontally into an

’In fact, some cache \optimisations" might even slow down the implementaton: Replacing a
formula alike a;+2 a, azwith a;+ ay+ a, az mightimprove the cache hit rate but
slow down the overall computation due to the rise of operations.
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active upper part and a lower part not traversed anymore. Thealter feature is
especially important for multilevel solvers not traversing tle whole spacetree all the
time. While the discussion exploits the stack and spacetree ideagdoes not add new
features or algorithms, but bridges the gap from the pure foralism to a framework.

Peano's implementation is a pure C++ code. Straightforwardobject-oriented
implementations typically exhibit two shortcomings: Their untime e ciency su ers
from an instantiation overhead per object creation, and theiobjects demand for
lots of memory compared to highly optimised code written in aolwer level language.
Both drawbacks gain weight, if the code models the grid's dities, i.e. vertices and
geometric elements, as classes. Yet, | follow the academic obj@tented paradigm
rigorously.

The Peano code tackles the construction overhead challengeiaexploits the y-
weight pattern [27] intensely. Hereby, a small, xed number ofnistances of vertices,
e.g., is created. The object's state then is replaced on-thg-with data from the
stacks, i.e. instead of throwing away old objects and creatingew ones, the instance
hull is used to handle multiple records.

The Peano code tackles the memory overhead challenge as itaugee precompiler
DaStGen [13, 14]. This precompiler transforms annotated C+<lasses into memory
optimised C++ classes. Sets of booleans, enumerations, and bouddetegers are
packed into a small number of primitives. A boolean attribute for example, then
requires only one bit instead of a whole byte. Furthermore, R@o distinguishes
between persistent attributes and attributes which can be discded when they are
written to the output streams: Before data is written to the oufut streams, the
objects are transferred into an alternative representation diding only attributes
required in the next traversal. The precompiler automaticdy generates the trans-
formation code.

Example 3.5. The storage order on the input stacks determines the adjacgmafor-
mation of elements and vertices, as it determines which elemwwertex combinations
are passed to the events. Consequently, there is no need teeteamglobal enumeration
of the grid entities. My visualisation though needs a globatrtex enumeration, and
| thus add a global number to each vertex. As the grids can charfigpm visualisa-
tion snapshot to snapshot, these numbers are not persisteng, ithey are not stored
on the input and output stacks. Instead, | throw them away wiever | store the
records, and | regenerate them on-the- y whenever | need tine

The algorithm deriving the accessand even ag (Algorithm A.2, A.3, A.4, and
A.5) is complicated and comes along with lots of integer opdrans. The Peano
code hence derives both properties once when the grid is consted. Afterwards,
it stores the data in the geometric elements.

There are three di erent stack implementations for the grid nmanagement. Two
simple implementations are based upon C++'s STL (standard tempte library)

84



3.5 Some Realisation Details

vector type [53, 70] and a plain array. The rstis a dynamic dat structure growing
with the number of entries. The latter one is a xed data structue, i.e. the user has
to specify the maximum stack size a priori. In exchange, no addinal operations
are required to manage the stack's size. The last implementatidas a combination of
xed-sized arrays and a sophisticated hard disk swapping. It enés the application
to handle problem exceeding the main memory, and it is studiezh the forthcoming
pages. Afterwards, this section discusses some technical detailggoél traversals
not descending into all the leaves of any depth. Many multigdi algorithms work on
one xed maximum level per traversal, and for these algorithmg would be a waste
of computing time to traverse the spacetree's elements belong to a ner level.

3.5.1 File Swapping

The value of a numerical solution of a PDE is interweaved withhte accuracy of the
numerical discretisation: The smaller the mesh width becomes,dhmore accurate
and reliable the numerical result. Despite all the sophisticateapproaches developed
to increase the precisiong-adaptivity, improved boundary approximation, extrap-
olation, etc.), in the end it hence comes down to make the comfational grid as
ne as possiblé. The increase in spatial resolution is bounded by the computing
time available and the main memory o ered by the simulation sysm|the avail-
able main memory per computing node is a limiting factor. Pe® circumnavigates
this restriction by applying a hard disk swapping strategy for poblems exceeding
the main memory. The following section outlines this tailore strategy and explains
why it does not lead to a performance breakdown.

Whenever hard disk swapping comes into play, it has to be chosearefully,
as the hard disk is slower than the main memory by magnitudes. Odnwise, it
unacceptably throttles the overall simulation. Peano's stdcconcept ts perfectly
to swapping. If the hard disk is the place the records are storethe stacks in the
main memory act as cache. The hard disk holds the persistent datand the main
memory makes the access from the processing unit transparent teetapplication. It
is an obvious idea to transfer the insights on cache e ciency tthe manual swapping.

Let there be one array, i.e. one bu er, of xed size in the main mmory per stack.
Furthermore, let there be one swap le per stack. As the memory accessed by push
and pop operations|they belong to a last recently used paradigrit is su cient to
hold the upper part of the stack in the memory. The remaining pa of the stack will
only be needed after the whole upper part is read by pop operans. The algorithm
thus stores it on the hard disk. As soon as a maximal Il threshold fothe memory

8If an application supports p-adaptivity, it might be possible to increase the polynomial degree
instead of choosing a ner grid. In this case, this arguing does not hold. Yet, increasing
the polynomial degree in practice is restricted by an insu cient smoothness of theunderlying
solution. In this case, the user has to switch tohp-adaptivity, and the arguing is justi ed again.
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pos(ibotﬁom) pos(icurrent)
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Main memory
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Y Y
< T T

Main memory ‘<
C min

Figure 3.14: If the bu er Il rate exceeds a given maximum (33), the part of the
stack that was last recently used is swapped to the hard disk (top)f
the bu er Il rate falls below a Il threshold (3.8), the most re cently
used part of the hard disk is reloaded into the main memory's ber
(bottom). Inked entries of the main ring bu er cache data fran the
disk.

Algorithm 3.5 push  operation for a le-based stack implememtation. The predi-
cates and functions are de ned in (3.7) and (3.8).

1: procedure push(x)

2: write to bu er position pogicurent )

3 if I:)M max N icurrent ibottom >C le stack then

4 write Npjocksize DU €r entries at poipotom ) t0 SWap le
5: I bottom Ibotom * Npilocksize

6 end if

7 | current icurrent +1

8: end procedure
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Algorithm 3.6 pop operation for a le-based stack implememtation. The predi-
cates and functions are de ned in (3.7) and (3.8).
1: procedure pop
2: if Pwm min ™ current ibottom < C le stack then
load Npjocksize €Ntries from the swap le to locationpoipottom ) Nblocksize

3

4. [ bottom [ bottom N blocksize

5: end if

6 I current I current 1

7 return record at position poYicurent )
8: end procedure

bu er is passed, the oldest entries within the array are swappedtthe associated
le. As soon as a minimal |l threshold is under{run, the top swap le partition is
loaded into the bu er (Figure 3.14).

The bu er's implementation equals a ring bu er concept. Thus, the main memory
bu er for one stack is an array de ned by a numbemM ks Of blocks with Npjocksize
entries per block. Blocks mirror the concept of cache lines.wb indicesiyrrens @and
Iottom Identify the top element of the stack and the smallest stack elemethat
is still stored in the main memory bu er and not swapped to the le Since the
bu er is a ring bu er, the actual position of an entry i of the stack within the main
memory array is given by

pogi) = i mod (Npocks Nbiocksize): (3.7)

There are two constantsC,i, and C,ax representing a maximal and minimal |l
rate threshold within a block. One ends up with the stack access gdrithms 3.5
and 3.6 based upon the predicates

Pwm max (icurrent mod Nblocksize) Crax
((Tcurrent +1)  mMod Npjocksize) > C max and
PMum, = (icurent mMOd Npocksize)  Cmin *
((icurrent 1) mod Nblocksize) <C min - (3-8)

Obviously, writing and reading into or from a swap le is indepadent from the
result and the e ect of the push and pop operation. Thus, they might be deployed
into an IO{thread of their own.
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Peano level < Ievel(mv:ersam) out
—> stack automaton, cut »  stream
level > level(traversaM) bottom out
max stream ’
in level < Ievel::ersal_“ Peano
‘stream' » | stack automaton, merge |——>
bottom in 4
stream level > Ievelmax
_ . (t | +1
Figure 3.15: A tree cut has to know the maximum traversal leveka**® *1) of the

subsequent traversal. Records belonging to a higher level aretten

to the bottom output stream instead of the output stream (top). In

the successive iterations, the algorithm does not descend fromnexd
raversal +1)

spacetree nodes of levelia , but it treats them as leaves. The
counterpart is tree merge.

3.5.2 Horizontal Tree Cuts

All algorithms in this thesis are built on top of a Peano spacetestraversal. Never-
theless, not all of them have to descend into the whole tree alléhtime: For many
algorithms it is su cient to descend into a given level .. All events for elements
and vertices belonging to a level > ° o deteriorate to \no operation" (no-op).

Example 3.6. Consider the multiplicative two-grid algorithm from the ugming
chapter with aV ( ) cycle. This scheme rst traverses the whole grid times, and it
performs a number of calculations|the smoothing|on each geometric element and
each vertex. Afterwards, it ascends, i.e. the consecutivetraversals perform oper-
ations on all elements and vertices belonging to a level sleathan the maximum
level. The events for the elements and vertices having maximlevel deteriorate.

It is an obvious idea to make the traversal pass exclusively ther of the tree that
Is actually needed by the algorithm. Lettraversal be the actual traversal number.
The algorithm knows that the next traversaltraversal + 1 performs operations for

each vertex and element up to a levela®® *Y  Whenever a record is written
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to the output stream, the algorithm analyses its level. If the dvel is smaller or
equal *{aversal *1) it is written to the output stream. Otherwise, it is written to

the bottom output stream. Throughout traversaltraversal +1, the algorithm reads
from traversal traversal's output stream, and re ned elements on level{ya/ e *

are treated as leaf nodes. The bottom output stream meanwhile not modi ed.

This process is aree cut (Figure 3.15). The counterpart of the tree cut is aree
merge Throughout the merge, the traversal reintegrates data fronthe bottom

stream.

Obviously, such an approach can work with an arbitrary sequenag cuts and
merges, i.e. more than one cut in a row is allowed, as long as tbeler of the
bottom stream ts to the overall stack access scheme.

The tuple op = (traversal 2 No; (raversal) 7y ~(raversal *1)y ijenti es one cut or
merge, respectively, throughout traversatraversal. (16;1 7! 23) e.g. denotes that
throughout the 16th traversal all records belonging to a leve > 23 are written
to the bottom stack. Before, the whole tree had been traversedifterwards, the
traversal algorithm descends the spacetree up to level 23, itae maximum level
"max Changes froml to 23. If the tuple is followed by (1923 7! 15), e.g., this
denotes that traversal 17 and 18 descend into level 23. Traverd® then descends
up into level 15 and swaps additional parts of th&-spacetree to the bottom stream.

Let op,op,0ps : : : denote a cut and merge sequence. The sequence has to coincide
with the following grammar with start symbol O to make the streams' orders t to

each other:

o 7 ]
00|
(6 7 )0 +1+2 m; 7! ); (3.9)
ttm 2 No; 4375 2flg[ No; i >

There is a merge for each cut reintegrating all the recordsoim to the bottom output
stream into the input stream, as the levels; and *; in the two tuples coincide
(3.9). The overall cut and merge sequence is ordered in time. Ase traversal
direction switches after each traversal, and as the bottom optit stream acts as
bottom input stream throughout the merge, the 2 m in (3.9) ensures that the
streams' orders t to each other. Finally, | postulate for two cansecutive transitions
(t;\l 7! \2)(t +1; \3 7! \4) that \2 = \3 and \4 <’ 2 _ \4 = \1 hold.

3.6 Experiments

The following experiments analyse the runtime per vertex faa pure grid traversal:
the traversal creates the grid and moves data from one stack tbe other, while the
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3 Spacetree Traversal and Storage

Table 3.1: Memory requirements for di erent dimensions andade constituents. All
numbers are given in bytes per grid/traversal entity. The vetices and
elements hold only structural data, i.e. they lack PDE-spect properties.

d=2 d=3 d=4
Traversal automaton 40 56 72
Geometric element 10 14 18
Vertex 2 2 2

traversal events|besides the geometry analysis and the evaluan of re nement
criterion|degenerate to no-op. This runtime behaviour is broken down into e ects
stemming from di erent ideas presented in this chapter. The eeriments were
conducted on the Pentium, Opteron and Itanium platform (Appadix B).

A circle, sphere or hypersphere, respectively, is embeddedathe unit hypercube
for all the experiments, i.e. the geometric setup is the same fall test runs. Besides
the grid-related data (Section 3.5), the geometric elementhold an inside/outside
ag and the vertices hold an inside/outside/boundary identi er. The program ends
up with a very modest memory consumption (Table 3.1), and the nmeory needs
do not depend on the type of architecture, i.e. whether it is 82 bit or 64 bit
system. The latter statement holds if and only if the compiler'snemory alignment
Is switched o .

The traversal automaton encodes|besides level, traversal stateariables, and
so forth|the spatial position and the current spatial resolution. Both are vectors
with oating point entries requiring eight bytes. For each adlitional dimension, the
automaton's size hence increases by two times eight bytes. If antomaton instance
Is stored in the memory, it is stored on the call stack.

The geometric element encodes both the geometric ag and tr@rsal information
such as theaccessand even ags. Computing these ags on-the-y would lead to
a signi cant performance breakdown. Theeven ag is just a d-tuple of boolean
ags, the access ag consists of 2 d integer values. Hence, the ag's size grows by
one integer's size|it is actually realised by a byte|per dimen sion for the access
ag, whereas DaStGen [13, 14] encodes all the remaining infaation within two
additional bytes. The realisation does not exploit DaStGen'spportunity to pack
integers of bounded size. This could be of value for theeccess ag, and it might
reduce the element's size further.

Finally, the vertex holds the geometric information, i.e. \mether it is inside, out-
side or on the computational domain's boundary, and the re n@ment status. The
latter requires six bits, and, in turn, the vertex's state ts into two bytes.
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3.6 Experiments

3.6.1 Vertex Access Cost

The rst set of experiments compares the runtime per persistentertex for regular
grids to the runtime per persistent vertex for adaptive grids. Asequence of exper-
iments on regular grids with decreasing mesh size was followeg & sequence of
experiments exclusively applying the geometric re nementriterion (2.9). Hereby,

| chose the minimal mesh size such that the total number of persistemertices
V1 nHt is of the same order as the regular grid's vertices. All the experents
were conducted with a stack implementation based upon C++'s 9T vector. As
the regular grid's number of vertices grows by a factor of'Jor each additional level,
the main memory rigorously restricts the number of possible expment setups.

The measurements (Figure 3.16) reveal three insights:

1. As hanging vertices are created on-the-y, traversals on agtive grids last
longer than traversals on regular grids of the same size. Thislts for all ex-
periments besides very small, two-dimensional setups with sglel few thou-
sands of grid points. The time spent on the generation of hanginggrtices
worsens the computing time per vertex ratio. This e ect is nobbservable for
d=3and Vr nH;y 1.0 10 as the adaptive grid here almost equals the
regular one. Therefore, the drawback resulting from hangingertices occurs
only if the adaptivity is su ciently developed, i.e. if it is a very strong, local
adaptivity.

2. The runtime gap between the adaptive and the regular gridof d = 2 is
invariant of the grid size, i.e. the hanging vertices' overhebdoes not dominate
the overall computing time with a smaller and smaller grid sizeThis holds
although the adaptive grid is extremely adaptive, i.e. it eglusively re nes on
the domain's boundary. For each re nement ag set, the grid idded at least
5¢ additional non-hanging vertices. The raise in computing timespent on
these vertices is not outhumbered by the overhead required llye additional
hanging vertices.

3. The time per vertex converges to a xed runtime, i.e. the iplementation's
performance per vertex is|for su ciently big problems| invari ant of the grid
size.

As all experiments were conducted with a dynamic data contaémn, the question
is justi ed whether the application su ers from the dynamic memory management
of the STL implementation. To avoid \pollution" e ects resulting from the hanging
nodes, | reran the experiments for the regular grids with thehtee di erent stack
implementations described in Section 3.5. The result in Figar3.17 exhibits two
interesting insights.

91



3 Spacetree Traversal and Storage

Time/Vertex [s]

Time/Vertex [s]

3.5e-06

3e-06

2.5e-06

2e-06

1.5e-06

1le-06

5.5e-06

5e-06

4.5e-06

4e-06

3.5e-06

3e-06

2.5e-06

2e-06

1.5e-06

Figure 3.16

92

Circle (d=2)

T
regular, Pentium
adaptive, Pentium
regular, Opteron
adaptive, Opteron
regular, ltanium
adaptive, Itanium

10* 10° 10° 107
Vertices

Sphere (d=3)

T
regular, Pentium
adaptive, Pentium
regular, Opteron
B adaptive, Opteron
regular, Itanium
adaptive, Itanium

4

5 6

10 10

Vertices

10

: A circle (top) or a sphere (down), respectively,ra discretised by a
k-spacetree with a regular and an adaptive grid.
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Figure 3.17: A circle (top) or a sphere (down), respectively,ra discretised by a
regular k-spacetree's grid. Three di erent stack implementations are
compared.
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First, the performance penalty induced by the dynamic memoryanagement is
negligible. Thus, the two advantages of the STL implementatin outnumber the
loss in performance: With a dynamic stack memory managementn® can compute
bigger problems than with a xed size stack memory. With a xed sie stack memory
in turn, one has to know or guess how big the temporary stacks nhigpecome. If the
guess turns out to be false, the simulation has to be stopped, thesk size guess has
to be adopted, and the simulation is to be reran. The STL's veot implementation
works on arrays, i.e. if the vector runs out of memory, the impimentation allocates
a bigger one and transfers the stack's data to it. In return, thémplementation also
can allocate a smaller amount of memory if the stack's contentnderruns a given
threshold. The maximum experiment size is determined by the ailable memory in
combination with the maximum size of the stacks for an array-tsed implementation.
If the application shrinks stacks on-demand, bigger problentsecome solvable. For
the input and output stacks, the shrinking is straightforward. The maximum size
of the temporary stacks is studied in Section 3.6.2.

Second, the usage of the le stacks exhibits a small performangenalty, and this
penalty is independent of the problem size. Itis an obviousea to study the e ect of
the le stacks for even bigger problem. In Section 3.6.4, addnal experiments re-
veal that the algorithm can indeed handle problems signi caty exceeding the main
memory available with constant cost per degree of freedom. lhis experiments, no
multithreading was used, i.e. the le stack overhead mergestmthe constant total
cost per vertex. Peano's standard con guration deploys the d management into
a thread of its own. The le swapping then is for free, if a coresispent on the
overhead studied above.

3.6.2 Maximum Stack Size

The discussion of an advantageous stack implementation lacksetkknowledge how
big the temporary stacks actually become. The experiments ifiable 3.2, Table
3.3, and Table 3.4 track the temporary stack sizes and comparkeim to the total

number of persistent vertices. All experiments study two geome#ss, a hypersphere
and a hypercube, discretised by a regular and an adaptive gridhe results reveal
several insights:

1. As both geometries are symmetric, pairs of stacks correspamglito faces with
a normal that is parallel to the same coordinate axis have the s& maximum
cardinality. Thus, there are onlyd stacks with the same maximum stack size.

2. The temporary stacks' sizes are smaller than the input and outpp stacks
by magnitudes, as the Peano space- lling curve is a local curveHere is a
colloquial description of the term local: Before traversingrom one element
to an element far away, the curve prefers to traverse the elente around
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Table 3.2: Maximum elements per stack for di erent resolutios (d = 2). The upper

experiments study a regular grid, the lower block shows resulfser an
adaptive grid based upon the geometric re nement criterionZ.9).

infout | temp 1 temp?2 infout | temp 1 temp 2

Square 4 0 0 | Circle 4 0 0

68 3 7 68 3 7

132 3 9 132 3 9

772 13 35 772 13 35

6,128 41 115 6,128 41 115

53,352 123 348 53,352 123 348

473,428 367 1,059 473,428 367 1,059

Square 4 0 0 | Circle 4 0 0

68 3 7 68 3 7

248 13 21 132 3 9

788 41 53 552 8 19

2,408 13 142 2,052 22 35

7,268 367 393 6,792 36 53

21,848| 1,097 1,130 21,252 57 78

65,588 | 3,285 3,325 64,872 81 115

196,808| 9,847 9,894 195,972 102 156

590,468 | 29,531 29,585 589,512 130 210

Table 3.3: Experiment from Table 3.2 withd = 3.

infout |templ temp2 temp3 infout | templ temp2 temp3
Cube 8 0 0 0| Sphere 8 0 0 0
520 15 31 63 520 15 31 63
3,264 115 171 262 1,032 15 39 85
36,032 899 1,249 1,361 14,288 115 299 671
672,088 7,623 10,351 8,994 319,360 899 2,464 5,874
Cube 8 0 0 0| Sphere 8 0 0 0
520 15 31 63 520 15 31 63
3,200 115 171 262 1,032 15 39 85
25,320 899 1,091 1,361 13,000 91 216 562
222,400 7,623 8,293 8,994 150,464 392 922 2,365
1,994,120 67,159 69,279 71,221 1,494,720 1,336 3,081 7,858
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Table 3.4: Experiment from Table 3.2 withd = 4. The experiments in the rst part

of the table work on regular grids, the experiments in the secdrpart of
the table work on adaptive grids.

infout | temp1l temp2 temp3 temp4

Hypercube 16 0 0 0 0
4,112 63 127 255 511
42,528 | 1,063 1,527 2,215 3,264
Hypersphere 16 0 0 0 0
4,112 63 127 255 511
8,208 63 159 343 705
Hypercube 16 0 0 0 0
4,112 63 127 255 511

42,272 1,063 1,527 2,215 3,264
856,592| 23,015 26,615 31,433 38,885

Hypersphere 16 0 0 0 0
4,112 63 127 255 511
8,208 63 159 343 705

248,448 931 2,407 5,703 12,021

the local elements. This locality property is a direct resultrbm the Peano
curve's Helder continuity [66], and it is exploited and discgsed in greater
detail throughout Chapter 5 applying the curve for parallekation. For the

grid management, the locality results in small temporary stackcompared to
the input and output stack, and because of the small stacks the datccess is
very local, too: Long sequences of exclusive writes (and c@pending reads)
do not occur. Instead, the temporary stack's size is oscillatirground a small

value. This abets a good cache hit rate further.

3. For regular grids, the pairs of stacks di er in their maximumsize signi cantly.
The de nition of a standardised traversal explains this di erence: Records
stored on stacks corresponding to the faces with a normal alonetx; axis
are more likely to be read in the next geometric elements tharecords stored
on other stacks. The standardisation prioritises the temporary atks.

4. The latter observation and arguing do not hold for strongly daptive grids.

3.6.3 Cache Hit Rate

Section 3.4 predicts a good cache access behaviour for theiRealgorithm. The
gures in Table 3.5 give evidence for this statement. All the grres result from the
hardware counters of the Itanium. These counters track the syain's behaviour and
do not break the measurements down into individual processes.
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Table 3.5: Memory access characteristics for di erent geonrads. The data results
from the Itanium's hardware counters.

d | prijises  Lfelerences  LiMsse . Bus Load

Square regular | 2 0:03722% 1610 4308% 0%
adaptive 0:05370% 1776 3947% 0%

Circle regular 0:03243% 1567 4035% 0%
adaptive 0:04029% 1378 4275% 0%

Cube regular | 3 0:06213% 1770 3093% 0%
adaptive 0:06778% 1364 4377% 0%

Sphere regular 0:06908% 1486 2263% 0%
adaptive 0:05258% 1346 3836% 0%

Hypercube regular | 4 0:07454% 1493 1413% 0%
adaptive 0:09130% 1238 3031% 14%
Hypersphere regular 0:05671% 1391 1383% 0%
adaptive 0:12047% 0880 3103% 13%

Peano's cache miss rate is negligible ( rst column). The secomtlumn contrasts
the number of these misses with the L3 cache accesses, and shows tb#t lgures
are in the same order. Nevertheless, the number of L3 cache refees exceeds
the number of L2 misses. Since the total number of L2 misses is that alin and
since a cache simulation predicts a L3 cache miss rate close toozehe additional
accesses and the high L3 cache miss rate are to be caused by alteragdaemons)
and operating system processes causing context switches. If thealatumber of L2
misses were not that small, these switches would not a ect the measments.

All the experiments run on grids with a comparable number of psistent vertices.
For extremely adaptive grids, the ratio of the persistent verties to the maximum
size of temporary stacks becomes the bigger the higher the dms®n. Thus, the
tests with d = 4 on adaptive grids lead to long input and output streams, but
comparably small temporary stacks As the input and output stacks do not t
completely into the main memory, each record has to be transfed into the caches
by the bus. And as the half-value period in this case is rather snhathe bus load
becomes measurable. For smaller dimensions, the bus load is wggk, i.e. it was
not measured by the hardware counters.

Memory bandwidth is a crucial factor for almost all PDE solversand a bandwidth
aware algorithm design gains weight with all the multicores stting one memory

9This insight is represented by the gures in Table 3.4 tracking the maximum stack size over
the whole traversal time. The underlying principles are discussed in the spacetree chapter
and a huge part of the Outlook 2.10 highlights drawbacks, consequences, and improvemts
concerning the adaptive boundary approximation.
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connections coming up. More and bigger caches in combinatiwith cache access
optimisations are considered as solution approach for this pgolem ([44, 48, 77],
e.g.). Peano's cache-obliviousness makes the code swim agaimststream: In no
experiment, the performance was restricted by the memory. Ehframework thus
it particularly promising for applications su ering extraordinary from bandwidth
restrictions. Computational uid dynamics and their ux computations for example
are such a eld of applications, since their algorithms have toréverse huge grids
per iteration while the number of operations per record is fically small [34].

3.6.4 File Swapping Overhead
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: : : : Pentium,2d —aA—
Opteron,2d —A—
Pentium,3d —l—

76-06 L o - | 7: 77777777777777777 Opteron,3d ———
€ ; ; Pentium,4d —@—

Opteron,4d —5—

6e-06

5e-06 [

4e-06 -

Time/Vertex [s]

3e-06

2e-06 [

I I S S SR S S
10000 100000 le+06 1le+07 1le+08 le+09 le+10

Vertices

Figure 3.18: Runtime per vertex on two di erent architectues with the le stacks.
The underlying simulation discretises a hypersphere with a retgu grid.

Due to the le swapping, Peano is able to solve problems whose dagets do not
t into the main memory. In Section 3.6.1, the runtime overhad resulting from
the le swapping is quanti ed. This overhead is independent bthe problem size,
i.e. the runtime per vertex is invariant of the grid's mesh with|even for problems
not tting into the main memory anymore (Figure 3.18)'°,

10For the Pentium architecture, bigger problems than presented in the gure exceed the address
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The le swapping algorithm comprises several constant®{, ..., Npiocksize, and
so forth). These constants so far are magic numbers, and they hawehe adopted
to the concrete architecture (cache hierarchy and propeds, available hard disks,
connection to the disks, etc.) and application domain. As thishesis establishes
algorithms and ideas, a parameter study and optimisation are lgend scope.

Peano's grid management exhibits impressing low memory dentanand out-
standing high cache hit rates for adaptive grids. The numerit&xperiments at the
end of the thesis nevertheless reveal that the framework su efilom a poor MFlop
rate. This is due to the lack of optimisation spent on the currenimplementation.
While the cache-obliviousness does not automatically induae high performance,
the studies nevertheless yield two advantages: On the one harah optimisation
does not have to care about the cache behaviourlit is alreadygood. On the other
hand, the low memory bandwidth requirements enable any optisation to blow up
the individual records stored on within the grid constituents.The latter fact opens
the door to a vast eld of possible source code optimisations such psecomput-
ing/dictionary techniques and approaches yielding betteresults per vertex due to
an increased number of bytes spent per vertex.

3.7 Outlook

This chapter's sections establish a grid traversal algorithm fo(k = 3)-spacetrees
based on stacks. Both the numerical algorithms and the paralightion in this thesis
are built on top of this traversal algorithm. The whole grid maagement, traversal,
and storage come along with very modest memory requirements, darsince the
algorithm requires for a xed number of 2l + 2 stacks (two additional stacks are
required if tree cuts are switched on), it exhibits high cachhit rates. Furthermore,
the runtime per vertex ratio does not grow with an increasing esh resolution. This
holds even if the grid's memory demands exceed the availali@in memory.

The good memory behaviour of Peano-type algorithms is alréya studied in [35,
39, 63]. The fundamental new contribution of this chapter ths is the reduction
from an exponential number of stacks ird to a linear number of stacks. In the
preceding Chapter 2, | establish a exible de nition ofk-spacetrees. The chapter
here specialises onk(= 3) and derives a grid management for this special case of
k-spacetrees. The restriction toK = 3) results from the genealogy of the algorithm.
Nevertheless, it is too restrictive: To make the stack idea workhe algorithm relies
on the palindrome property, the projection property, and tte invert traversal prop-
erty. As these properties hold for anyk-spacetree withk 2 f 2i + 3 : i 2 Ngg, the
stack approach works for them, too (Figure 3.19)|an observaton already available

space: With 22 42:95 1(® and the maximum problem size 478 10° for d = 2, it is obviously
that the next bigger problem exceeds the 32 bit threshold.
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Y

Figure 3.19: The correctness of the stack access scheme reliehempalindrome, the
projection and the invert traversal property. All these propeties hold
for any meander-type traversal based upon an odd number of cutkong
each coordinate axis, i.e. fok-spacetrees withk 2 f 2i +3: i 2 Npg.

throughout the metric discussion of space- lling curves [28]. fiey call these iterates
rasterised space- lling curves The resulting k9-patches facilitate solver optimisa-
tions, as the PDE solvers can process whaoké-patches. Processing?-patches in
turn leads straightforward to a couple of further improvemets ([23], e.g9.):

1. They are traversed lexicographically, which reduces thateger arithmetics
resulting from all the mirroring and traversal meanders.

2. The underlying loops are unrolled.
3. As PDE solvers typically need several loops over a grid, thesmps are fused.
4. The workload can be deployed to several threads.

To perform the same number of cuts along each coordinate axw fll geometric
elements does not t to every application (anisotropic partal di erential equations
bene t from a more exible partitioning, ows dominated by convection bene t from
grid aligned with the ow direction, etc.). Hence, it makes sese to decide per axis
whether to re ne or not. This idea is picked up in Section 2.1,0and it ts to the
spacetree principle. The increase in exibility does not a ecthe underlying idea
of a stack-based grid management, if the resulting traversal maders through the
computational domain (Figure 3.20) and, thus, preserves theft/right classi cation
of the vertices|as long as the number of cuts equals an odd nundy.

If an algorithm has to traverse the spacetree up to a given leyehe tree cut tech-
nique signi cantly speeds up the implementation (the e ect isstudied en detail in
the upcoming chapter). Tree cuts in Section 3.5 are paraméted by a global maxi-
mum level, i.e. all nodes beyond this level are removed frorne traversal tree. This
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Figure 3.20: Anisotropic k = 3)-spacetrees t to the stack-based grid management,

as long as the traversal remains a continuous meander curve &ejing
vertices into left and right.

Figure 3.21: A tree cut removes all leaves beyond a given lev®m the traversal

tree, i.e. it \cuts" through a given level horizontally (left). A local

maximum traversal level allows individually to select subtrezto be cut
from the tree (right).
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behaviour motivates the term \horizontal". Nevertheless, somapproaches (multi-
grid algorithms resolving singularities, e.g.) do not yield algbal maximum level,
but de ne a maximum level individually for each subtree (Figue 3.21). To remove
all the leaves from a tree is an example. Such an extension oétbut mechanism is
straightforward: The global variable "5« is removed, and each geometric element
is added a ax Variable of its own. The traversal then decides individuallyor each
subtree, if the records are to be stored on the output or the battm output stream.
As a result, a global stack holding the preceding cut history is applicable anymore.
It has to be replaced by a more sophisticated control mechanismeserving the tree
consistency.

This chapter establishes all the ingredients for ak(= 3)-spacetree traversal im-
plementation. In the subsequent chapter, | use this implemertian to create a
geometric multigrid solver on top of it.
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4 Full Approximation Scheme

This chapter realises a nite element solver with a matrix-fre, geometric multigrid
[73, 10] andd-linear shape functions on adaptive Cartesian grids for the son
problem

u
Uj@

f: uf : 7'R; and
g; g:@ 7' R; (4.1)

with a su ciently smooth right-hand side f and a su ciently smooth Dirichlet
boundary condition g. The solver exploitsk-spacetrees, and it is embedded into
a Peano traversal. It thus demonstrates that the Peano framewlo allows the im-
plementation of state-of-the-art PDE solvers. In return, the site-of-the-art solver
inherits all the nice properties of the framework such as suppmf dynamic adap-
tivity, low memory requirements, good cache behaviour, and gorth.

The intention is not to solve a complicated PDE. Instead, | corentrate on algo-
rithmic and numerical principles and choose a simple PDE. Neugeless, more com-
plicated problems|modi ed Poisson problems [51, 76], the Navie-Stokes equations
and the continuity equation [59, 60], uid-structure interaction [9], as examples|can
be tackled starting from these principles.

The solver is a geometric, multiplicative multigrid implemating a full approxi-
mation storage scheme wittd-linear shape functions. Geometric multigrid solvers
need a sequence of grids giving a re nement cascade. They starthwa ne grid,
and the succeeding grids then become coarser and coardespacetrees yield such
a hierarchy by construction.

A d-linear shape function on a hypercube is a hat function, i.ena Cartesian grid
one hat is located at each vertex, and its support covers thé adjacent hypercubes.
Such a hat's value equals 1 at the associated vertex and disapggeat all other
vertices. A linear combination of the di erent hats approximates the solution with
a piecewised-linear function. As each level of &-spacetree yields (disconnected)
Cartesian grids, there is such an approximation on eadk-spacetree level. The
overall system is not a hierarchical basis, but a hierarchical gerating system [33].
This eases the implementation of a full approximation storagecheme.

Discussing a solver of the linear equation system given on tlkespacetree, [21,
35, 36, 39, 49, 63] study a Jacobi solver preconditioned with aalditive multigrid.
A conjugate gradient solver with a BPX-type preconditioner fo a data structure
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4 Full Approximation Scheme

similar to a k-spacetree data structure is subject of [2, 69]. In contrast, thichapter
establishes a multiplicative approach. The algorithm follow[30] with the realisation
embedding the algorithm into the element-wise traversal. Fathis, | combine [30]
with three additional aspects: First, hierarchical generatig systems [33] replace the
hierarchical basis, as hierarchical generating systems t bet to the k-spacetrees.
Second, the bi-partitioning is generalised t&-partitioning. Third, the approach is
extended from regular to adaptive grids.

The chapter is organised as follows: An introduction in Sectioh.1 establishes the
nite element method's weak formulation ford-dimensional hierarchical generating
systems or a nodal basis ok-spacetrees. In Section 4.2, the nodal basis leads to
a discretisation and stencils for the PDE. The description of statard multigrid
ingredients follows. It leads over to the multigrid algorithm tailored to k-spacetrees,
and Section 4.4 breaks down the algorithm to the di erent traersal events. The
vertex attributes' lifecycle is analysed afterwards, and | imiement a linear error
estimator giving a simple, dynamic re nement criterion. A disassion of the global
convergence measurement leads over to some experiments iri@ed.6. An outlook
closes the chapter.

4.1 Hierarchical Generating Systems

The nite element method computes the solution of (4.1) in thaveak formulation
z z

(rur ' )dx= (f;" )dx+ (r u;n)'dS (x) 8 : T7I'R: 4.2)
@
' is from a set of suitably chosen test functions, whereasequals the outer normal
vector of the computational domain. (;:) denotes the inner scalar product. The
weak formulation (4.2) is accompanied by suitable, weak bodary conditions, and
its solution is from a Sobolev spackl () [8].

H*() consists of an in nite number of functions. A nite element m ethod there-
fore approximatesH?() with a nite dimensional function subspace H}( 1)
H1(). Given a set of shape functions ; de ning a basis ofH}( ) abbreviated as
HL, the solution of the weak problem within the subspace is a line@ombination

g

u 7! up= up i; i.e.
i=1
Z %}j Z
(ru;r')dx 7! u (r ir')dx 8 2H'diu 2 R;
i=1

of the shape functions. The number of unknowns within this lirex combination
equals the basis' cardinality. To determine the unknowns, it isu cient to select
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4.1 Hierarchical Generating Systems

a nite number of test functions. This number has to equal the bsis' cardinality.
Ritz-Galerkin methods underlying the forthcoming text equalise the space dfie
shape functions|the ansatz spacfand the test space.
z Wi Z
(rur")dx ! u  (r groj)dx (4.3)

8 2 L::jHY i j2HM U2 R:

The weak formulation in (4.3) yieldsjH}j linear equations to be solved, i.e. a
linear equation system

A(uiuy )" = b (4.4)
describes the solution of the PDE. This system of linear equatiens determined by
the sti ness matrix A with A; = (r ;r j)dx. Ifthe shape functions have local

support, A exhibits a sparse pattern, since a test function's support then tarsects
only a few other shape function's supports, and most integrals dar the sum in
(4.3) vanish. This idea underlies the forthcoming text.

4.1.1 The Finite Element

The nite element method here works withd-dimensional shape functions, i.e. the
function ' with

:RY 71 R;
p.R 7! 5;
< t if t 2][0;1]
o) = . 1 (t 1) if t2[L2];
0 else
Yj
(x) = 10(Xi)

i=1

gives one reference shape function. For each non-hanginge®w;, the hat function

' is translated such that its maximum value 1 coincides with the ertex position.
Afterwards, the translated hat function is scaled such that its suport covers the 2
adjacent geometric elements. The resulting functioh; hence equals 1 in one vertex
v; and O for each other vertex belonging to the same grid level @tire 4.1). All the
vertices of one grid level introduce a piecewisklinear function space, and the hat
functions de ne anodal basis

De nition 4.1.  Each non-hanging vertex 2 V1 nHyt yields one shape function.
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4 Full Approximation Scheme

Figure 4.1: A hat function being one in one single vertex. Thd-dimensional func-
tion vanishes on all other vertices. Its support covers®Zyeometric ele-
ments.

The number of shape functions equals the cardinality of the s&; nHy. The
text sometimes ascribes properties of a vertex directly to theorresponding shape
function or vice versa. Consequently, the grid symbolsy; - and ﬁf{apt've then
represent the piecewise linear ansatz spaces

HAC m)iHR(C na)iHAC B5°°)  HE()

and the shape functions are denoted by,; v 2 V1 nHt, i.e. | replace the index
by the vertex symbol, asv uniquely de nes both level and position.u, then is the
weight of vertex v in (4.4).

De nition 4.2. A nite element is a geometric element together with the parts of
the 29 hat functions de ned on its vertices and covering the elemen

The construction of the d-linear ansatz space corresponds to a nodal point of
view. The de nition of the term nite element accentuates anelement-wise point of
view (Figure 4.2). As hanging vertices do not entail a shape fation construction,
geometric elements \contain" at most 2 hats.

4.1.2 Generating Systems on k-spacetrees

A set of functions establishing a basis contains solely linearipdependent shape
functions. As De nition 4.1 does not distinguish between re nedand unre ned
vertices, the resulting set of shape functions are linearly depdent. They de ne a
hierarchical generating systemLet
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4.1 Hierarchical Generating Systems

Figure 4.2: A nite element consists of one geometric elemenhd the parts of the
grid's hat functions covering the geometric element.

IS
—

Figure 4.3: Generating system for two levelsd(= 1). Coarse shape functions on
re ned vertices can be reconstructed by % ne grid functions (solid ne
grid hats). The hats thus give a hierarchical generating system

denote the union of all the di erent grid levels.H}( 1) spanned by the correspond-
ing hat functions|l use H}( 1) synonym for the generating system, too, i.e. the
set also holds the linear dependent hat functions|gives the himarchical generating
system for ak-spacetree.

Example 4.1. Letd=1;k =2, and pick out any vertex¥1 nHy, i.e. a vertex with
two adjacent elements. If the vertex is re ned, another vezx at the same position
on level” +1 exists. Add this vertex's hat and its two neighbouring shapenttions

on " +1 with the weights(};%; 2). The result equals the shape function on level
(Figure 4.3).

With the well-de ned nite function space, one wants to
represent functionsuy, in H( ) and

apply operators such as the weak Laplacian on these represeigas. To
evaluate an operator, one has to evaluate,(x) for any x 2 .

107



4 Full Approximation Scheme

These two steps are uncomplicated for a function basis bff( 1), i.e. a basis for
the ne grid system. Let u, represent a function inH}( ).

8v=(X;")2 nh:uy = Uux(x) or, the other way round, (4.5)
X !
8x: un(x) = U v (X): (4.6)
V=2

Here, the grid points sample the function's course (4.5), and ¢hfunction in turn
is a linear combination of the function space's elements (4.6The same approach
obviously is not suited for a hierarchical generating system ¢, in (4.5) is replaced
by Vr nHt) where the functions are not linearly independent, as

a concatenation of (4.5) and (4.6) does not yield the identit Both the gen-
erating system and the nodal basis have the same range, i.e. ea@ment in
HX( 1) can be represented irH}( 1) and vice versa (Figure 4.3 and Figure
4.4). Nevertheless, a naive reference system transformationdaled by an in-
verse reference system transformation does not result in the anigl function.
Furthermore,

the scheme does not exploit the additional degree of freedomsulting from
the linearly dependent entries of the generating system, i.¢he generating
system does not yield an additional bene t.

| apply the following strategy instead: Leth : HY() 7! H}( +) map a func-
tion to a vector of coe cients in the hierarchical generatirg system. Such arh
decomposes any function into a set of hats belonging to di eretevels. It conse-
guently decomposes a function into its frequencies. is free to exploit any freedom
resulting from the non-uniqueness. In turn, there is & : H( 1) 7! HY( 1) map-
ping this representation back to the ne grid. i ! does not exist. Nevertheless
A h=1id; 8u2HI( »). In this thesis, | use two pairs of b;f) discussed on the
following pages. The rst representation choice is well-suitefbr a (Laplacian) oper-
ator evaluation, the second for inter-level information trasfer. Switching from one
representation to another then simpli es the implementatiornof a multigrid scheme.

Nodal Representation

In a nodal representation, each vertex samples the function toe represented. As
shape functions of re ned vertices can be removed from the gaating system with-
out reducing the system's rank, the projectiorfi from HI( 1) to the nodal repre-
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4.1 Hierarchical Generating Systems

Figure 4.4: Generating system for two level& = 2, and d = 2. Nine shape functions
on the ne grid can be combined into one coarse grid shape funai.
Four of them are illustrated.

sentation does not take them into account (4.8).

h:HY) 70 H} 7);  with

8v=(x;")2VyrnHt: u u(x) and
8x 62 : uix) = 0: 4.7)
RHAC 1) 70 FRCn) with
8up 2 HI}( T): ﬁ(Uh) (X) = @ 5 Uy vA (X) and
V2 Viemp
Viemp = fviv2VinH: MNP epeq (V)G (4.8)

In this scheme, the vertices of the hierarchical generating s¢m hold the nodal
value of the function (4.7), and an algorithm can evaluate a funatin directly. Fur-
thermore, the scheme represents a function's shape on each llsmultaneously,
l.e. the hierarchical generating system yields a multiscalepeesentation. The latter
ingredient mirrors the idea of full approximation schemes dcussed later.

Hierarchical Basis

The construction of a hierarchical basis starts with a nodal basion a coarse grid. It
then adds linearly independent shape functions correspondimo subsequent re ne-
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4 Full Approximation Scheme

ment levels. For Cartesian grids, the re nement scheme is similéw the k-spacetree
construction, but new shape functions are only added for veces at \new" loca-

tions: If there is a new vertexv = (x; ) and 9¢ = (x; *); "<, the new vertex does
not yield an additional shape function. If the transformationinto the hierarchical

system mirrors this idea, the inverse transformation just sums ughe di erent levels'

contributions, i.e.

h:HY) 70 H} 7);  with

8x 62 : ux) = 0 and (4.9
8v=(x;")2VrnHy:

level(v)=0) uy u(x); X

level(lv) > 0) u, u(x) uy v(x): (4.10)

V2 Viemp (level(v))
Here, Viemp (K) = fv=(x;"):v2 Vi nHr A “ <k g, and fi is given by
RiHAC o) 70 HAC W) with
fiuy) (x) = @ X u, VA (x): (4.11)

V2VT nHy

In this scheme, the vertices of the hierarchical generatingstgm hold thehierarchical
surplus (4.10). To point out that a function identi es the hierarchical surplus,
I.e. that a d-linear function stems from a linear combination of hats scalewith the
linear surplus, | write &, instead ofu,.

4.1.3 Dirichlet Boundary Conditions

Many nite element codes integrate Dirichlet boundary condions into the ansatz
space: they add tailored shape functions approximating the badary condition.
The test space remains unchanged, as the number of shape funtsiavhose weight
is to be determined remains unchanged, too. The solution thea the sum of the
weighted shape functions of the ansatz space and the hats approating the bound-
ary values (Figure 4.5).

This thesis follows such an idea, and the boundary vertices ts the Dirichlet
boundary condition of the nearest surface point on the contimus computational
domain's boundary according to Section 2.7. This conventiolacks a handling of
the hierarchical system. Here, the actual \boundary" values geend on both the
Dirichlet value and the representation scheme chosen.

First, the nodal representation scheme. Unre ned boundary vedes have the
value of the nearest surface point of the continuous domain'bndary. According
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4.1 Hierarchical Generating Systems

u given
on boundary

Figure 4.5: Hats at the discretised boundary approximate the Bichlet boundary,
i.e. their weights are de ned by the boundary conditions (tp). A stan-
dard ansatz space is used to solve the problem (bottom). Both fuian
spaces added give a solution of the PDE.

Figure 4.6: In the nodal representation, re ned coarse boundavertices adopts the
value of the ner grid, i.e. the coarse boundary values deperah the ne
grid approximation.
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4 Full Approximation Scheme

contributation

from coarser level.

Figure 4.7: In the hierarchical basis, the coarse boundary verés' values have to
vanish, as the sum of coarse and ne grid shape functions may not be
discontinuous.

to (4.7), the values of re ned boundary vertices equal the Br level's solution at
the same place (Figure 4.6).

Let} :@ V71 7! @y map the continuous boundary to a discrete vertex position
along the shortest distance. In accordance with the nodal rementation scheme,
the boundary vertices are given by

8v=(x;")2 Vs nHr: I:)boundary (V)P rened (V) : Uy u(} 1(X));
Pooundary (V) * P rened (V) © Uy = U(x: +1) 5 (4.12)

and the value of a Dirichlet boundary point in a stationary prdolem can change
due to additional re nements at the boundary. When the discree computational
domain grows monotonously towards the exact domain (2.8) die a re nement, the
precision of the boundary approximation on coarser levels ihé hierarchical system
thus improves at the same time, too (4.12). As a result, it is imptant to make
(coarse) boundary vertices persistent. Otherwise, their valuead to be reconstructed
analysing all the ne grids' values. Such a reconstruction need$ata from ner
levels|the values are synthesised [46]|and hence introduces anadditional depth-
rst traversal.

Second, the hierarchical basis. In accordance withand fi, unre ned boundary
vertices have the value of the nearest surface point on the contous domain's
boundary. As there is no other vertex at the same position belomy to a ner
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Figure 4.8: Coarse grid and ne grid are summed up. If hats at thboundary exist
(dotted hats), the sum is continuous if and only if the coarse anthe
ne grid boundary coincide.

level, their values determine the discrete domain's boundai(4.10). The values of
re ned boundary vertices result from the mapping rule (4.11)and from the fact
that the nodal representationu, 2 C: As the hat functions at the boundary are
tailored to the discrete computational domain (the hat's supprt vanishes on outer
elements), coarser boundary weights have to vanish (Figure %.70therwise, the
d-linear approximation would become discontinuous wherevéne ne grid extends
the coarse grid's computational domain (Figure 4.8)
For the hierarchical basis, boundary vertices thus have

8V = (X; \) 2 VT n HT : Pboundary N :P re ned : UV = U(} l(X)); and

Pboundary “Prened : Uy = 0:

The coarsest grid holds a nodal representatian, of the solution supplied with homo-
geneous boundary values. All ner grids' weights denote the higrchical surplusdy.
Weights of ne grid shape functions belonging to a coarse griceitex's position are
zero. With all these shape functions removed|they are scaled whh zero anyway|
the scheme gives a hierarchical basis representation. Againgtiialue of a Dirichlet
boundary vertex can change throughout the computation dueota re nement. Yet,
it does not depend on the actual solution on the ne grid.

4.2 Stencils and Operators

The nite element method approximates the solution of a PDE wth a nite di-
mensional function basis due to the equation system (4.4). To sep the involved

113



4 Full Approximation Scheme
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Figure 4.9: The grey numbers give the grid's enumeration. Lér example tmp,; =
4 uUyz Uyp Uy Uz Uss. The stencil (left) illustrates this operator.
An element-wise operator evaluation splits up the operator amg the
cells and sums up the result (right).

sti ness matrix explicitly according to (4.3) is far from trivial, if the k-spacetree's
ne grid is not regular. Nevertheless, the de nition of the shapdunctions deliv-
ers the complete set of tools required for this task, and the csinuction process is
describable by a set of small matrices. This section de nes them.h& subsequent
text then derives a scheme that solves (4.4) without setting upng global matrix.
It is based exclusively on a splitting of the underlying small catruction matrices.
The thesis' introduction already highlights the advantagesfosuch a matrix-free ap-
proach. As a result, the global matrices are used for the descrigni of the equation
system solver, but they do never occur in the implementation.

Each row of the sti ness matrix corresponds to one test function; in (4.3). The
test function is an element ofH}( 1), i.e. each test function corresponds to one
non-hanging vertex of the ne grid, and its support covers th@? adjacent elements.
The sum of integrals thus degenerates to a set of ttegrals. For all the other
integrals in (4.3), the test function vanishes.

Selectv 2 V1 nHt with v surrounded by non-hanging vertices. The integral that
yields the sti ness matrix's line corresponding to test functia ' , then becomes

ki Z X z
u (r'grty)dx 7! u, (r'y;r'"y)ax
i=1 vj 2 vertex (element (v))
X Z
= Uy, (r'y,;r'y)dx;
rﬂvertex%element(v)} e2element (v) e
z

jvertex (element (v))j=34

involving the weights of 3 vertices in total. The shape functions are d-linear on
each geometric element. Hence, there is an analytical expressior the integral,
and, given a global enumeration of the vertices, the sum de neake matrix's row
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Figure 4.10: The value of a hanging node is interpolated frothe coarser grid lin-
early.

corresponding to test functionv. For d = 2, this matrix row looks alike
1... 1... 1... 1...8... 1... 1... 1... 1

37 3tz ittt giitigitogiinoogiiinogiiing

with ::: comprising lots of zero entries. The entrie%1 result from adjacent vertices.
g scales the weight of the test function's vertex.

While a global vertex enumeration underlies the sti ness maix, the stencil repre-
sentation denotes the interplay of the vertices' weights, i.e¢he entries of one row of
the sti ness matrix, without a vertex enumeration. It exploits the spatial alignment
of the unknowns (Figure 4.9). Ford = 2,

2_1 B _13 2 1 1 13
3, 3 3 1

4 1 8 _15 = -4 1 g 15
503 3 3
5 3 3 1 1 1

de nes the stencil for the Laplacian with ad-linear ansatz space on Cartesian grids.
Its entries are inO(hY 2), where h is the mesh width of the 2 adjacent elements.
To derive the stencils for further operators is straightforwed.

If a vertex neighbouring the test vertex is a hanging vertex,ie Laplacian stencil
is inapplicable directly, as a hanging vertex does not haveshape function. Instead,
shape functions belonging to the coarser grid determine therfction's value at the
hanging nodes with (4.8) as well as (4.11) yielding the samelwas. Both formulas
de ne the value at a hanging vertex as a sum of coarser shape fuocis, i.e. they
give aninterpolation (Figure 4.10). | use the term prolongation as synonym. The
interpolation also can be written down as interpolation sterit

To evaluate the Laplacian for a vertex that neighbours hangg vertices, the in-
terpolation scheme rst of all de nes the function's values athe hanging vertices.
Then, it applies the stencil. Such an evaluation equals a caslmaof stencil applica-
tions, as the coarse vertices themselves might be hanging vees again.

Stencils describe the interplay of di erent vertices. To apyl a stencil within a
Peano traversal, the algorithm has to have access to all vertis a ected by a stencil
and to all vertices determining a stencil's image. For the cosening in (4.7), e.g.,
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Figure 4.11: Element-wise prolongation fod = 2, k = 3 (left) and k =2 (right).

these data are available throughout a bottom-up step within th k-spacetree. This
is not always the case: The stencil of the Laplacian, e.g., needll surrounding
vertices, but the traversal has access to at most two di erent gewetric elements
and their vertices at one time.

In such a case, the algorithm splits up the stencils additively to their element-
wise contributions (Figure 4.9 for the Laplacian ind = 2). In the nite element
world, such a splitting re ects the decomposition of the integal or the hats' sup-
ports, respectively, into integrals over individual elemert The result then is to
be accumulated within the vertex, i.e. the vertex's result vdable is set to zero by
the eventtouchV ertexFirstTime. Throughout the enterElement or leaveElement
events, the result variable is incremented corresponding to ehsplit-up stencil. If
the eventtouchV ertexLastT ime is triggered, the result variable holds the stencil's
image. This algorithmic principle shapes Section 4.4.

4.3 Multigrid Ingredients

The algorithm solves the equation system
Aup = b

iteratively without a setup of the sti ness matrix A: At the program startup, all the
weights of the inner vertices are zero as initial guess. The alghm then traverses
the grid several times and applies the solver. For this, matrixector products are
evaluated on an element basis and their results are immediatekritten back. The
matrix-vector product itself is not stored. After several travesals equaling solver
iterations, the nodal representation on the generating systers the solution to the
linear equation system.

The following pages run through the ingredients of the mulgrid solver and iden-
tify the operators/matrices involved. They thus provide thethird aspect, the miss-
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ing link, to realise the solver: With a function representatiofin fact two di erent
variants|and the stencils at hand, the algorithm has to know what to do with them,
I.e. what variables act as preimage for the stencils and whaappens with the result.
In this context, the section also reveals which function repsentation scheme ts
best for an algorithmic step.

4.3.1 Jacobi Solver

At the core of the multigrid solver is a Jacobi iteration applyng the transition

un 7! un+ !diag (A)(b Aup)
= un+ !diag (A)r (4.13)

where! 2 ]0;1[ is a relaxation factor parameterising the updates. The auiary
variable r is the residual and diag(A) extracts the diagonal fromA. Section 4.4.1
explains why Jacobi is a natural choice within the Peano watl

For a xed grid level *, an algorithm can apply the update formula (4.13) yielding
a Jacobi solver for all non-hanging vertices belonging to lelv', as long as all the
vertices hold the nodal value of the function (not the hierashical surplusuy.-). Let
thus hold all vertices on level hold the nodal value. A matrix-free Jacobi for a xed
level " traverses all verticessr 2 V1 nHt with level(v) = ~. They hold u;.-. For each
vertex, it computes the valuer,. It depends solely on the neighbours of the non-
hanging vertex. These neighbours belong tq too, and their value is interpolated
from the coarser grids if they are hanging. As soon asis available for all vertices,
the algorithm updates all vertices according to (4.13). Heby, the diagonal element
is taken from the sti ness matrix' stencil. The weight of each vaex then represents
the new value ofuy,.

If the k-spacetree yields a regular grid and equals the height of the spacetree,
(4.13) gives a Jacobi solver for the PDE. If th&-spacetree represents an adaptive
grid, it does not solve the problem, as regions with a coarserergrid are not updated
at all. The interpolated values resulting from these coarser geons are not updated,
too, and the solution on" is not a solution to the PDE but a solution within
subregions for arti cial boundary conditions resulting fromthe actual boundary
conditions wherever the nest grid covers the computationatiomain's boundary,
and resulting from arti cial Dirichlet values given by the hanging vertices.

4.3.2 Standard Multigrid: Smoother and Correction Scheme

Multigrid methods rely on the fact that Jacobi- and Gau -Sedel-type solvers elimi-
nate errors with high frequency faster than errors with low fquency. They perform
a small number ; of solver iterations|they are now called smoothing iterations, as
they smooth the errorjon the nest grid with level . If this section refers to regular
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grids only, the resulting approximation's quality is now exlusively dominated by
low-frequency errors. Then, they derive @orrection equation

A len;‘ 1 = Rrh;‘
R(b A-up) (4.14)

on a level” to approximate the errore,: ; on the next coarser grid.R(b A-un-) is
the coarse grid right-hand side, and\- equals the sti ness matrix. The coarser grid is
determined by thek-spacetree's coarser level, and, thus, this approach igeometric
multigrid. The correction equation has to eliminate the remaining eor starting with
the initial guesse,- 1 = 0. As the correction problem is de ned on a coarser grid,
it is smaller and, thus, easier to solve than the original problemFurthermore, the
low frequency errors in the original systems have a higher frggncy relative to this
grid due to the bigger mesh width. Multigrid methods apply thecoarsening idea
recursively, i.e. they perform again only a small number of smtiong operations on
the correction equation and then apply the coarsening trangimation again. Finally,
the error correction from (4.14) is transported back to the r grid, added to the
ne grid approximation

using an operatorP, and the algorithm performs another small number of, smooth-

ing iterations. The overall procedure is a V-cycle (Algorithm 4). The letter V

results from the grid transitions: The algorithm starts with the nest grid, ascends
to the coarsest grid and returns to the ne grid.V( 1; ») gives the exact number of
smoothing iterations per level (Figure 4.12). There is a colgof alternative cycles
based upon the V-cycle, but these modi cations are not discussed #eey do not

alter the underlying idea and algorithmics.

For the time being, the operatorsP; A- ; and R are to be de ned. P transports
the correction to a ner level, i.e. it is an interpolation from a coarse grid function
to the ne grid. Since the coarse grid in a&k-spacetree holds shape functions, it is
an obvious idea to use the hat's shape for this interpolation,d. the hierarchical
geometric structure determines the prolongation (Section.2). Additional sub- and
superscripts determine the preimage or image, respectively,tbe operator.

R is a restriction transporting the ne grid residual to the coarser grid. Two
natural restriction operators arise fork-spacetrees: A coarsening operator picks out
all the ne grid vertices whose position coincides with a coarseertex. Then, it
copies their values to the coarse grid vertices. Such a triviabarsening operator is
implicitly introduced in (4.7). In the following, let C. * be a coarsening applied on
level * and overwriting vertices on level 1.

The alternative restriction results from a weighted summatiorof the ne grid ver-
tices: Hereby, a coarse vertex's weight is determined by all ngrid values covered
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4.3 Multigrid Ingredients

Algorithm 4.1 Blueprint of a correction scheme for regular grids. It is stari on
the nest mesh level, i.e. the initial " ,ve €quals the spacetree's height.

1: procedure c( active)

2: Compute an approximation of the solution on the ne grid level e :

A-uy = b

A xed number of Jacobi iterations for this problem is su cient (pres-
moothing).
3: Set up the right-hand side of the coarse grid correction (4.14)

b ;=R(b Awuy)=Rr

4: Erase variablee,- 1 = uy- 1 0 approximating the error/correction on the
coarser grid.

5: Recursive call:cs(" active 1)

6: Prolongate coarse grid correction back to solution:

Up, 7! Uns + Pey g

~

Improve solution on the ne grid level (postsmoothing): active :
A-uy = b

8: end procedure
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4 Full Approximation Scheme

by the coarse hat's support. The weight of the individual contbutions equals the
interpolation stencil P, i.e. the restriction is the transposed prolongation. Prolorey
tion P and restriction R in combination implement afull weightening Again, R. *

denotes the information transport from level to ° 1, and, thus,R. = P. T
Whenever unambiguous, | omit the source and destination inderrfthe operators.

Finally, the matrix A is to be determined for the individual levels. | follow the
Galerkin multigrid idea [73, 10] with

A ;=R AP (4.16)

Another approach is to deriveA- per level from the weak form and the shape func-
tions. As HY( 1) contains shape functions on each level, this is also plausible
return to this fact later in the context of adaptive grids.

The Galerkin multigrid idea has at least three valuable prop#es. First, the
correction scheme matrices are well-de ned via the restricth and prolongation,
l.e. there is no need for a space construction on coarse levels.cddd, the pro-
longation and restriction operators are invariant with respet to scaling. With
R 7! ¢ R;c 2 Rnf0g, both the right-hand side of the correction equation (4.14)
and the correction operator are scaled byg. For P 7! ¢ P;c2 Rnf0g, the Jacobi
update is scaled by, i.e. the error summation step (4.15) becomes

Ups 7! Ups+C Pey 1= Upr+Cc P A YRy
= up+c P c! P !A R R

Third, most theorems on convergence analysis rely on (4.16).

4.3.3 Full Approximation Storage

Correction schemes pave the way to asymptotically optimal savs for elliptic prob-
lems. As soon as the problem becomes non-linear, out-of-theclorrection schemes
run into problems. This insight historically motivated full approximation storage
schemes|an augmented correction scheme additionally holding multiscale repre-
sentation of the solution approximation on each level. The fl@wing section elabo-
rates this extension as it falls into place fok-spacetrees. In the end, it also proves
of great value for adaptive grids. In the context of Peano, thé&tter fact is much
more promising and motivating than the support for non-linearequations.

Full approximation storage schemes hold a representation ofelsolution on each
level. Before the algorithm determines the correction eqtian for the coarse grid,
it thus creates a representation of the current solution on theoarser levels. The
injection C is a straightforward realisation of such a coarsening. More sopgtit
cated implementations are discussed for example in [30]. Withfall approximation
storage, the geometric multigrid algorithm follows the bluprint in Algorithm 4.2.
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4.3 Multigrid Ingredients

Algorithm 4.2 Blueprint of full approximation storage scheme for regular gals. It
is started on the nest mesh level, i.e. the initial 5 €quals the spacetree'’s height.

1: procedure fas(  active)

Compute an approximation of the solution on the ne grid level:
A-up: = b= Db:

A xed number of Jacobi iterations for this problem is su cient.
Transport the ne grid approximation to the next coarser level

Uns 1= Co lup: (4.17)

The coarse grid correction (4.14) then becomes

A- 1 (Cuyr + &) = Rrp-+ A Cuy; or
A Upr 1 = Rrh;\ + A- 1CUh;‘ = b 1-

The rst equation adds (4.17) on both sides of the coarse grid egtion
system.

Apply solution idea recursively with Cuy,- as intial guess for the solution of
the coarse grid systemfas (" active 1)

Prolongate the di erence between the smoothed coarse grid atite original
ne grid value u,.- ; to the ne grid, sum up ne representation and this
value, and continue.

7. end procedure
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4 Full Approximation Scheme

With the coarse grid shape functions inducing and an unscaled full weightening
R = PT, the coarse grid operator obeys both the Galerkin multigrictiea and a direct
discretisation. As a result, the traversal holds one hard-codedi siess operator and
applies it directly on the vertices after it is scaled withh® 2. The d results from
the integral over , the reduction by two results from the two derivatives in the
integrand. There is no need to hold a coarsened on any level.

4.3.4 Hierarchical Transformation Multigrid Method

A multigrid iteration runs through the individual grid levels. Bottom-up rst and
then reverse. Throughout the steps up, the presmoothing is permed and the
correction equations are set up. Throughout the steps down, ¢hpostsmoothing
is performed and the di erence between the ner and coarservels is transported
back to the ne grid levels. To transport the solution di erenceback implies that
the algorithm has to keep book of the original coarse grid vads. In [30], an elegant
realisation of this bookkeeping is introduced. It uses the higrchical representation
scheme.
Let 0. de ne the hierarchical surpluswith

Un: = P. 1C th;‘ + Uy
The hierarchical residual then is
fhe=b  Aly: (4.18)

With this de nition, the right-hand side of the full approxim ation storage scheme
becomes

fh: = b+ APCuy  Aup
= rp + APCup»
) Rfh. = Rry: + RAPCuy:
= Rryp: + ACup, (4.19)

due to the Galerkin multigrid de nition. | here omit the operators' source and
destination identi ers. The full approximation scheme correspnds to a nodal rep-
resentation of the approximation within the generating system The hierarchical
transformation multigrid (HTMG) method switches from the nodd representation
to a hierarchical basis to compute a hierarchical residual (#8) instead of the stan-
dard residual. This hierarchical residual also simpli es, besidethe bookkeeping,
the computation of the restriction's preimage within aV( 1; »)-cycle (4.19). See
Algorithm 4.3. The switch from a nodal system to the hierarchicasurplus also is
to be performed for the ne grid vertices: the mechanism stricyl follows (4.10).
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4.3 Multigrid Ingredients

Algorithm 4.3  Blueprint of full approximation storage scheme for regular gus. It
is started on the nest mesh level, i.e. the initial 5cie €quals the spacetree's height.

1: procedure htmg(" active)

2:
3:
4:

9:

Perform ; Jacobi smoothing steps foAu,- = b (presmoothing).

Coarse the approximation withuy 1 = Cu..

Determine the hierarchical surplusift- = Puy.- ; onlevel . The nodal value
on this level is not used anymore, so the algorithm stores,.~within the
variable un-. The algorithm hence switches the representation of grid
level * from a nodal to a hierarchical storage scheme.

Compute the hierarchical surplug® = b Ad,.-. The hierarchical surplus
on hanging vertices equals zero. Asy.: holds the hierarchical surplus,
the residual equation equals the Jacobi update's residual cpotation.
The residual however is not used to update the solution.

Transport the hierarchical residual to- 1 as new right-hand side on the
coarse grid, i.,eb 1 = Rf\. for the re ned vertices on level” 1. The
unre ned vertices' right-hand side on level 1 is not altered.

Apply the scheme with the new right-hand side recursively on leve  1:
htmg (\ active 1)

Interpolate the new coarse grid value to the ne grid accordig to up: =
Oh: + Pun 1. This transformation switches the representation of grid
level* from a hierarchical system back to a nodal system. Because of the
updated coarse grid solution, the interpolated value of hanggy vertices
on level" di ers from the initial interpolated value.

Perform , Jacobi iterations for the systemAu;,.- = b (postsmoothing).

10: end procedure
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4 Full Approximation Scheme
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Figure 4.12:V-cycle (left) and F-cycle (right).  gives the pre- or postsmoothing
steps, respectively. The arrow denotes the interpolation witligher
order.

4.3.5 Full Multigrid

The accuracy of a numerical approximation is co-determineand, hence, bounded
by the discretisation error. In turn, the approximation's eror can not underrun
the error error induced by the discretisation. Applying the thsis' conform nite
element method for the Poisson equation, this error is i@(h?) for a su ciently
smooth analytical solution. With the V-cycle, an algorithm neds a xed number of
iterations|independent of the number of unknownsjto reduce t he solver error by a
certain factor. It does not make sense to solve the equation systenore accurately
than up to the order of the discretisation error. Ergo, a grid r@ement entails
a xed number of additional smoothing steps to get an error in te order of the
discretisation error again.

A classical full multigrid algorithms starts on a rather coarse gd and computes
a solution to the PDE with the well-known multigrid cycle|typ ically a V-cycle.
Then, it projects this solution to the next ner level as initial guess for the new
un and continues recursively. The resulting sequence gfcycles on ner and ner
grids is anF -cycle orFMG-cycle (Figure 4.12). AnF -cycle solves a well-behaved
problem in O(hY), i.e. it depends linearly on the number of unknowns [73]. s an
optimal solver.

To make this hold, the projection of the current solution to a gess on the ner so-
lution has to exhibit higher order. Higher order interpolaton within the k-spacetree
and the element-wise traversal world needs additional atteioin: The traversal au-
tomaton knows the solution's behaviour on a cell, as it has agss to the 2 vertices.
For an interpolation of higher order, additional grid vertces had to be evaluated.
This is usually not possible. Yet, due to an extension of the valaestored within
a vertex, ak-spacetree traversal is able to interpolate values with higherder. If
the algorithm stores|besides the value uy|the central di erences within a vertex,
the algorithm can reconstruct the 4 29 additional values adjacent to neighbouring
cells. This allows to inscribe higher-order polynomials intthe nodal ne grid ap-
proximation. In the implementation coming along with this thesis, the higher-order
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4.4 Traversal Events

interpolation is not yet integrated.

4.4 Traversal Events

The multigrid realisation plugs into the traversal events, andconsequently, the data
available throughout the traversal has to be convenient folhe multigrid solver. This
restriction is accompanied and compensated by the possibility tmerge di erent
solver phases. In the following paragraphs, | analyse the data deqlencies of the
di erent solver steps (Figure 4.13). A mapping from traversal eents to solver steps
then enables the realisation of the FAS multigrid scheme. Leictive levelat this
be the current smoother level. For two-level operations (resttion, coarsening and
prolongation), the active level denotes the ner level. Fuhermore, each variable
in the linear equation system, i.e. each vertex 2 V1 nHt in the grid, holds
ve di erent properties/attributes: The weight of the shape function (the height
of the hat), a residual variable to accumulate the residual, # right-hand side, the
hierarchical surplus, and the hierarchical residual.

4.4.1 ! -Jacobi Smoother

The Jacobi solver (4.13) splits up into three implementation sfps. All of them work
on the nodal representation scheme.

First, the value of hanging vertices is interpolated. Peans'traversal preserves
the child-father relationship. Within a re ned element, the algorithm thus analyses
the ner vertices throughout the steps down. If a vertexv 2 Hy, and if its level
is smaller than the active level, the algorithm interpolateshe current solution.
Hanging vertices beyond the active level remain unchanged.

Second, the algorithm evaluates the stencil. As the stencil cens 2 geometric
elements, this second step has to be split up additively. If a vexx of the active level
is read for the rst time, the multigrid solver sets its residual b zero. The residual
IS an additional attribute of the vertex. In each geometric lement belonging to
the active level, the solver evaluates the%2di erent stencils a ecting the element's
vertices and adds the result to their residuals. Before a vertes written to the
output stream, the residual variable holdsl§ A-uy.-), as soon as the algorithm
adds the right-hand side.

Third, the vertex is updated. According to the arguing abovea vertex's residual
is available as soon as the vertex is to be written to the outpustream: Here, the
algorithm takes the residual and updates the current solutiomccording to (4.13).
Hanging vertices and vertices belonging to the boundary areohmodi ed. After-
wards, the algorithm passes the vertex to the output stream.

Throughout the steps up, the realisation coarses the new solutiof the active
level. There is no numerical need for this coarsening, but, @asresult, a coarse
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Figure 4.13: Behaviour of the hierarchical transform multigd algorithm: Through-
out the smoothing, the solution is always coarsened to all smallevels
(1). Throughout the ascent, the algorithm computes the hienzhical
transform on the ner grid (2). The application of the stencil to the
resulting hierarchical surplus yields the hierarchical resigl on the ne
level, and this residual is, in the same step, restricted to the ce grid's
right-hand side (3). The algorithm continues recursively. Troughout
the descend, the algorithm adds the coarse grid's representatito the
linear surplus stored on the ne grid (4).
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4.4 Traversal Events

grid representation of the solution is available on all levelsesides the levels smaller
than the active level. This is for example of value for on-they visualisations of the
solver's progress on a coarser level with reduced details. Fugtinore, a coarsed rep-
resentation is already available, if the multigrid decidesa ascend in the subsequent
iteration.

Most multigrid realisations rely on a Gau -Seidel-type smoothrs instead of the
Jacobi scheme, since they exhibit better convergence and sntdng rates. Due to
the information transport speed restriction, the solver implerantation here can not
implement a Gau -Seidel.

Example 4.2. Let vertexa and vertexbin d =2 be neighbours on a regular Carte-
sian grid, and let the traversal implement a Gau -Seidel srother. A face connects
a andb, i.e. there are two geometric elements, and e, holding botha and b. Both
contribute to the residual calculation for both vertices. Araversal handles element
e, rst, and the residual of a and b is incremented. It can not update one of the two
vertices, as the contributions of elemend, are still missing. The traversal contin-
ues. In geometric elemeng, it evaluates a part of the stencil a ectinga. Now, let
the residual ofa be complete, i.e. the traversal updates the value of vertexThen,
the traversal computes (newg's contribution to b's residual. Though, the traversal
computes onlya's contribution due to e,. The contribution due toe; can not be
updated, as the traversal processes each element only orfeeen worse, it already
added a contribution tob with an invalid, old value ofa, i.e. the traversal will end
up with an overall invalid residual orb.

The example shows that Jacobi is the natural choice for a smo@hwithin the
Peano world, as Gau -Seidel-type solvers rely on a faster imfoation transport
speed than the element-wise traversal permits. Nevertheless, ma@phisticated
solver realisations exist. The Poisson equation on a staggereddgassigning the
hats to the geometric elements instead of the vertices ts natally to a Gau -Seidel
[51, 76]. In [23], some recursion unrolling techniques enalbthe user to implement
a set of more sophisticated solvers such as hybrid Jacobi-Gau & solvers, block
Gau -Seidel schemes on subdomains, red-black variants of Ga8eidel, and so forth.

4.4.2 Restriction and Hierarchical Transformation

The restriction of the right-hand side splits up into three stepsFirst, the hierarchical
transform is computed. Afterwards, the grid holds the hierardleal surplus instead of
the nodal value on the ne grid. Second, the algorithm determes the hierarchical
residual. Third, this surplus is restricted to the coarser grid.

The right-hand side codetermines the residual, as it is added the accumulated
value (4.13). Since the algorithm's traversal preserves thaverse child-father re-
lationship (De nition 2.2), all the 29 adjacent elementse 2 adjacent(v) have been
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traversed before, iftouchV ertexLastTime is triggered for a vertexv. If they are
re ned, all their children have been processed before, i.e. @fever a vertex is con-
tained within the support of v's shape function,touchV ertexLastT ime has been
called. An algorithm restricting a vertex's hierarchical reslual throughout the
touchV ertexLastTime event thus has a valid right-hand side for the coarse grid
vertex v, wheneverv's touchV ertexLastT ime operation is invoked. As a result, my
realisation merges the restriction process and the rst smoothgniteration on the
upcoming active level.

The algorithm computes the hierarchical transform throughot the step down
events: If a vertex belongs to the active level, and if the vezk is not hanging, the
algorithm takes the vertices from the level above and deteimes the linear inter-
poland's value at the vertex's position. Computing the lineainterpoland is possible
due to the local interpolation operators induced by thel-linear shape functions on
the coarser grid. As the nodal value is redetermined throughbthe inverse hi-
erarchical transform, the variable's content holding the ndal value is replaced by
the linear surplus. Hanging vertices get the value zero: they dwt hold a shape
function, and, thus, their linear surplus vanishes.

The algorithm accumulates the hierarchical residual througput the traversal of
the ne grid. As all vertices have been loaded whenever the aunhaton enters
an element, all the vertices hold the hierarchical surplus @uto the discussion in
the paragraph above, and an application of the Laplacian steih yields the local
contributions for the hierarchical residual. The nodal residal on the active level
is not needed throughout this traversal, since no solution upta occurs, and |
consequently store the hierarchical residual within the residd variable.

The algorithm restricts the hierarchical residual throughotithe step up transi-
tions: Whenever a non-hanging vertex belongs to the activevid, it holds a hierar-
chical residual value stored in the residual attribute. Hencehe algorithm restricts
this value to all the vertices of the father element that holdhe re nement ag. If
a coarse vertex does not hold the re nement ag, its right-had side has been set
during the vertex construction. It remains unaltered.

Besides the computation of the hierarchical residual on the egrid, the algorithm
also applies the Laplacian operator on elements belongingttee active level minus
one. Here, the semantics of the residual variable remains thed=b residual, and it
Is actually used to update the solution.

4.4.3 Prolongation and Inverse Hierarchical Transformatio n

The prolongation of the coarse grid solution and the update ohe ne grid ap-
proximation due to the inverse hierarchical transform consistfdhree steps: First,
the coarse grid's nodal representation is interpolated to thene grid. Second, the
interpolated value is added to the hierarchical surplus stodewithin the ne grid's
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Figure 4.14: Di erent states of the multigrid solver.

uy. Third, a ne grid smoothing step is applied to this nodal reprgentation, i.e. one
postsmoothing step is merged with the prolongation.

The two-level operations are embedded into the step down traitions. The algo-
rithm analyses whether a ne grid vertex is adjacent exclusil to untouched faces.
In this case, its inverse hierarchical transform has not beenmoputed yet, and the
vertex's solution attribute holds the hierarchical surplus. The solver computes the
linear interpoland and adds it to this hierarchical surplus. Aghe algorithm applies
a Jacobi smoothing step within the same traversal, hanging veces are interpolated
d-linearly throughout the steps down.

Besides the activities above, the standard Jacobi smoother aus from page 125
are invoked throughout the traversal. The traversal events Imee are mapped to
both the inverse hierarchical transform and the smoothing opations.

4.4.4 States of the Hierarchical Transformation Multigrid
Method

The user steers the multigrid cycle with a state machine (Figuréd.14). Before each
iteration, he tells the solver holding the active level whetér to ascend or descend. If
neither ascend nor descend are invoked, the solver realises aollasmoothing step
on the active level. Throughout the grid traversal, the solves state is invariant.
The mapping from events to multigrid operations depends orhe solver's state
(Table 4.1): If the user triggers the ascend operation, the migrid solver's state
switches to Ascend At the end of the iteration, the solver's state then switches
back to Smoothand the active level is decremented. If the user triggers thesscend
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Table 4.1: Interplay of the traversal events, the solver statesnd the multigrid oper-
ations. All events not listed explicitly reduce to no operation Let " 4ive
denote the active levelFirst abbreviatesDescend

Solver State

Traversal Event

Description and Operations

Ascend Switch to the next coarser level throughout the
iteration. Simultaneously, a smoothing step on
this coarser level  give 1 is performed.

enterElement (e) level(e) = “active ) apply stencil. Accumulates
the hierarchical residual ry. As the residual itself
is not needed throughout the level's ascendt /is
stored inry.
level(e) = “active 1) apply stencil. Accumu-
lates the residual inr,.

touchV ertexFirstTime (v) r, 0,and
level(e) < active " P re ned (V) ) by 0.
level(e) = “4tive ) compute hierarchical trans-
form.

createT emporaryV ertex(v) | level(v) = “aetive ) Uy 0, and
level(v) < acive ) interpolate coarse grid value.

touchV ertexLastTime (v) level(V) = “acive ) restrict 4, with %, stored in
variable r,.
level(v) = “active 1) add right-hand side to
residual variable and apply Jacobi update step.

Smooth Apply Jacobi smoother on the active level.

enterElement (&) level(e) = “acive ) apply stencil.

touchV ertexFirstTime (v) r, O.

createTemporaryV ertex(v) | level(v) acive ) interpolate coarse grid value.
touchV ertexLastTime (v) level(v) = “active ) apply Jacobi update step.

Descend Equals Smooth but computes the inverse hierar-

enterElement (e)
touchV ertexFirstTime (v)

createT emporaryV ertex(v)
touchV ertexLastTime (v)

chical transform before it applies the smoother.

level(e) = “acive ) apply stencil.

r, O.

level(v) = “aive ) COmpute inverse hierarchical
transform.

level(v) “acive ) interpolate coarse grid value.
level(v) = "acive ) add right-hand side to resid-
ual variable and apply Jacobi update step.
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operation operation, the multigrid solver's state switches tbescendand increments
the active level. At the end of the iteration, the solver resetd#s state to Smooth
If the solver is told that this is the last traversal of the curren V-cycle, it triggers
both a Jacobi update on the active level, the computation ofhe local re nement
criterion on each vertex and the evaluation of the global redial. The latter two
aspects are discussed after some additional remarks on the solve€alisation and
behaviour on adaptive grids.

4.5 Extensions and Realisation

With the preceding section, one can straightforward impleméra full approxima-
tion storage scheme within the Peano traversal. A naive implemgtion though
su ers from unbalanced spacetrees|the tree traversal always pycesses the whole
tree although only a small part of the tree might belong to the eive level and, thus,
is actually updated. It is an obvious idea to alter the numeds and to adopt the
scheme to strongly adaptive discretisations. The rst subsection dhe upcoming
pages is dedicated to such a task. Next, | discuss which of the vdnies of a vertex
have to be stored on the in- and output stream: the residual varde for example
accumulates a helper value that is initialised at the rst usageéhroughout traversal
and evaluated before the data are written to the output stream There is no need
to hold such helpers persistently. Finally, | spend a few pages arsuitable yet sim-
ple re nement criterion|it compares the actual solution to a solution with doubled
mesh width, i.e. studies the e ect of one re nement step dfi-adaptivity, and does
not evaluate any complicated residual-based error estimates. ithout such a crite-
rion, the tuning to adaptive grids at the beginning of the sean would be relevant
solely to the domain's boundary, as regions within the compational domain were
never re ned.

4.5.1 Simultaneous Coarse Grid Smoothing on Adaptive Grids

Adaptive grids with areas of di erent resolution su er from the set of rules in Table
4.1, as this set employs one global active level. If an area bEtdomain is tessellated
by a coarser mesh than the mesh identi ed by the active level, theeano algorithm
traverses this part of the grid without performing any solutimm update. An improve-
ment of the multigrid solver makes the solver simultaneously ude the active level
and all elements of the ne grid belonging to a level smaller #in the active level.
The smoother then equals a Jacobi on an adaptive grid.

The unre ned elements of a level < e identify a Cartesian grid where the
solver can apply Jacobi updates. Updating both the active levaind these coarser
levels results in a solver working on di erent independent andincoupled subdo-
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Figure 4.15: The simultaneous coarse grid smoothing extendsettne grid by one
element wherever possible and applies a Jacobi on the resultadtpptive
Cartesian grid. Interpolation and restriction couple the indvidual grid
domains.

mains, i.e. it tackles the problem on 5. and an additional number of small Dirich-
let boundary problems on coarser grids.

To couple the individual problems, | rst of all extend the Cartesian grid of
each coarser level < * 4ive by One element, and, thus, introduce a shadow layer
of width one around the domain. Boundary vertices of these imnddual grids are
now either hanging vertices, re ned vertices, or boundary véces, and their values
are prescribed: The hanging vertices' values result from theterpolation rules.
If the solver improves coarser representations, the interpokd vertices change in
the next iteration and the smoothing process on the ner grid attinues with an
improved interpolated value|interpolation transports inf ormation from coarse grids
to ner grids. The re ned vertices' values depend on the coarsémg operator (4.7).
Whenever the solver improves ne representations, the coarsesntices change in the
next iteration and the smoothing process on coarser grids comties with an improved
coarsened value|coarsening transports information from ne gids to coarser grids.

The implementation of the improvement is straightforward (Bble 4.2) if a new
predicate is introduced:

862 Er © Punened v(€) ,9 V2 vertex(e) : P rened (V)

holds for all ne grid elements. Furthermore, it holds for allelements adjacent to
ne grid elements. On levels smaller than the active level, ithHus identi es all the
geometric elements whose stencils have to be evaluated, and tiesulting smoother
scheme equals a domain decomposition approach where di eredartesian grids
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Table 4.2: Modi ed rule set for the multigrid solver. For a giva active level, it
smoothes|besides the active level|also parts of the computational do-
main covered with a grid coarser than the active level. The rak replace
entries from Table 4.1. Rules not enlisted again remain unaited.

Solver State Traversal Event Description and Operations

Ascend enterElement (e) level(€) = “aciive ) apply stencil.

level(e) < active “P unrened v(€) ) apply stencil.
level(e) = “active 1) apply stencil.

touchV ertexLastTime (v) | level(v) = “acive ) restrict £, with 4, stored in
variable ry.

level(V) = "active 1) apply Jacobi update step.
Ievel(v) <’ active ™ P rened (V) ) apply Jacobi
update step.

Smooth enterElement (e) level(e) = “acive ) apply stencil.

level(€) < active “P unrened v(€) ) apply stencil.
touchV ertexLastTime (v) | level(v) = “aive ) apply Jacobi update step.
level(v) < " active P renea (V) ) apply Jacobi
update step.

Descend enterElement (e) level(e) = “active ) apply stencil.

level(e) < active “P unrened v(€) ) apply stencil.
touchV ertexLastTime (v) | level(v) = “aiive ) apply Jacobi update step.
level(v) < " acive P rened (V) ) apply Jacobi
update step.

overlap by at least one coarse element. The corresponding funat basis holds one
shape function per vertex. Yet, the Dirac property of the hats|' ,(v)=1; ' ,(¥) =
0 8% 6 v|does not hold anymore (Figure 4.15).

Such a modi cation of the event mapping yields a non-unifornsmoother: The
coarser an unre ned vertex is, the bigger the number of Jacobpdates for this vertex
throughout every V-cycle. In the numerical experiments, the odi ed adaptive
smoothing outperforms the standard multigrid, and there is h&ce no reason to skip
the additional coarse grid updates|even if they might not be neessary from a
smoother point of view, i.e. even if the error at these verticas already su ciently
smooth|as long as the coarse subtrees are traversed anyway. Thisasoning might
not hold anymore, if the additional oating point operations slowed down the coarse
grid traversal. | never observed such a behaviour.

4.5.2 Persistence and Semantics of Vertex Attributes

According to the introductionary remarks of Section 4.4, edcvertex v 2 V1 nHt
in the grid holds ve di erent values or variables, respectivly. Yet, the hierarchical
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4 Full Approximation Scheme

surplus and the actual solution are never needed at the same tinand the algorithm
can reconstruct one value from the other. Thus, both values aheld by one variable
having either the one semantics or the other. The same arguinglts for the residual
and the hierarchical residual. This reduces the memory conspiion by two oating
point variables per vertex.

The (hierarchical) residual is accumulated throughout theterations. The update
uses this variable to improve the solution or to compute a newght-hand side
whenevertouchV ertexLastT ime is called. In-between two iterations, the residual
is not needed. The implementation hence does not store the dsals on the output
and input streams. This reduces the memory consumption by one ating point
variable per vertex.

4.5.3 Linear Surplus as Error Estimator

Peano's grid management is hidden from the PDE solver: the grimanagement
triggers events, and the solver plugs into these events. Neverss, the commu-
nication is not unidirectional, as any event implementatia is allowed to initiate a
re nement or a coarsening on the vertices. The grid then re nesr coarses, respec-
tively, throughout the subsequent traversal.

In [21], the e ect and implementation of di erent re nement criterion is evaluated.
For the experiments here, | provide a re nement criterion bsed upon thelinear
surplus Hereby, the algorithm compares the nodal solutiom, on the ne grid in
each vertex to the mean valuei~of the 3 1 surrounding vertices. If

jey Uy or (4.20)
h jer,  uyj ; (4.21)

l.e. the nodal value exceeds a given threshold, the solversmesv. (4.20) reduces
the error in the k:knax norm, (4.21) reduces the error in the., norm.

The mean valueuy is modeled as additional variable for each vertex. Its value
is set to zero within thetouchV ertexFirstTime. After that, the stencil evaluation
accumulates it besides the residual. Fait = 2, e.qg.,

2 3
1 111
41 0 15 (4.22)
8 111
computes the mean valueu;~ It is available throughout touchV ertexLastTime
where the algorithm evaluates the re nement formula and tggers the re nement
for the next iteration. As for the residual, there is no need to sire the mean value
persistently.

The two simple error estimators above deliver a proof of condefhat Peano's
grid management, the full approximation scheme multigrid seér, and the dynamic
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4.5 Extensions and Realisation

Figure 4.16: Adaptive grid for the L-shape with (below) and witout (above) the
boundary re nement criteria (4.23) and (4.24). (4.23) and 4.24) yield
a ner grid around the semi-singularity, and they also highligh the
boundary approximation improvement.

adaptivity t together. Nevertheless, this thesis lacks an exhastive discussion of
di erent re nement criterion.

One remark is essential for the experiments: Criterion (4.20nd (4.21) observe
only inner vertices. Typically, pollution and accuracy prokems though stem from
(semi-)singularities on the domain's boundary, i.e to reducthe mesh inside the
domain does not resolve the root of the problem: Often, it oniptroduces additional
hanging points on the boundary. Hanging points do not hold imirmation, and, thus,
not improve the boundary sampling (Figure 4.16). Consequegwill re ne all vertices

Vboundary 2 VT n HT : P re ned (Vboundary) n
Vboundary 2 father (Vnew) n

Pboundary (Vboundary ) (4.23)

whenever

I:)inside (Vnew) A
9v°2 father (Vnew) : Pboundary (Vcb A
6 9°°2 father (Vnew) ©  Phboundary (V%) * P re ned (V% (4.24)

holds after the creation of a new vertexXey.
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4 Full Approximation Scheme

A comparison of di erent re nement criterion for k-spacetrees is started in [21].
More elaborate schemes such as dual problem formulations tbefsield more appro-
priate grids for some problems, whereas the simple linear surpldelivers grids of
su cient quality for most examples while it is cheap to compute For alternative
Laplacian stencils, alternative mean value computations mig result in better grids,
i.e. in grids delivering the same quality of solution with a smé&r number of grid
points. The example above evaluates a mean value computaticorresponding to
a full stencil, as it evaluates 3 1 surrounding vertices. Other mean value com-
putations such as ve point rules evaluating 8 1 vertices yield other adaptivity
patterns. Besides the full mean value computation and the veant rule, the exper-
iments also employ a skewed mean value stencil that exclusivelakiates vertices
not connected to the mean value location by a hyperface. Alsohé hierarchical
surplus is an indicator how much precision one gains due to the nement. Nev-
ertheless, the hierarchical surplus proved to be an insu ciente nement criterion
throughout the numerical experiments, as it introducek-dependent re nement pat-
terns. The counterpart of re nement is coarsening. A simple cesening criterion
also compares the mean value to the solution's value. It triggea coarsening as
soon as a coarsening threshold is underrun. Such a feature is oéag value for
time-dependent problems, e.g., where the grid of the precaditime step acts as
startup grid for the subsequent time step.

4.6 Experiments

The following experiments illustrate the solver's numericabehaviour. The experi-
ments concentrate on the multigrid properties, i.e. the gues enlighten the smooth-
ing behaviour, the convergence rate, and so forth. They do nptesent runtime and
memory requirements.

To measure the e ect of a multigrid cycle, the experiments diler compare two
subsequent approximations' ne grid representations, or they nasure the global
residual r on the ne grid. Since the solver is de ned on an adaptive gridihe
norms take the mesh structure into account wherever necessary.

V = fv2V:inHt P eneq (V);
kuh kmax = n\’/]?\z( ijj;
kdukmax = max judd ynev;: (4.25)
v
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4.6 Experiments

Figure 4.17: Thek:k, norm interprets the nodal values as weights of a piece-wise
constant nodal function basis where each basis elements surrdsirone
vertex (a). While it converges to thelL, norm, it yields too big values
for adaptive grids: Here, coarse \hats" (b) and ner \hats" (c) ovelap.

S
kUhkh = hd(uv)z;
v2V
S x
kduk, = hd (ugd  upew)?; (4.26)
v2V
Krkmax = maxjryj; and (4.27)
S\/2V
krk, = r2 (4.28)

v2V

compute the discrete norms withh being the generic variable for the grid width of
the surrounding geometric elements. The mesh width in (4.26)tarprets the nodal
value as weight belonging to a piece-wise constant ansatz spadd wach of its shape
functions covering one ne grid element suitable dilated sucthat it surrounds the
vertex. Thus, this metric corresponds to thd., norm of the measurand. If the grid is
adaptive, the k:k;, norm yields a value bigger than thd_, norm, as the surroundings
constant shape functions corresponding to the measurement degr (Figure 4.17).
This error vanishes with decreasing mesh width. Norm (4.26) is axtension of the
k:kn norm in [10] to adaptive Cartesian grids. Obviously, the maximuon norm (4.25)
is independent of the grid structure.

In contrast to the solution's representation, the residual in (£27) and (4.28) is by
de nition scaled with h? due to the integral over in the system matrix. It neither
has an interpretation in the solution space nor is it an error idicator [10]. Hence,
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4 Full Approximation Scheme

Figure 4.18: Solution of (4.30) fod = 2.

changes of the underlying grid change the semantics and oradrthe residual, too.
Two residuals belonging to di erent grids thus are not compaable directly.

The multigrid convergence factor

a kq:eWk

= Tk (4.29)

for two subsequent iterations and suitable norms is measured Wwithe residual

_ krnewk
h;kk = W

applying a suitable normk:k. This approximation is accurate, if the grid is not
changing anymore, and if the error is bigger than the discresation error by a mag-
nitude [73].
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4.6 Experiments

4.6.1 Convergence Rates

The rst experiments solve the problem

vd
u = d?2 sin(x;);
i=1
Ue = 0; with the analytical solution
u = sin( x i): (4.30)
i=1
kuk;, = 1; and
| 1
z S e
kuk, , = juX)j’dx = sin?( t )dt (4.32)
i=t O
Z, d d
— 1 5 it 2 c_ 10>z
= .2 € e d = 5

The minimal and maximal mesh width are equal, and a dynamic r@ement is
switched o, i.e. the grid underlying the solution (Figure 4.B) is regular.

The smoothing behaviour of the Jacobi solver deteriorates witincreasing mesh
size, i.e. the ner the grid the smaller is the residual reductio per iteration (Figure
4.19). AV (1;1)-cycle in turn converges almost independent of both the grisize
and the dimension (Figure 4.20). The maximum precision to be tdned depends
on the discretisation error.

The correspondingF (1;1)-cycle is a cycle performing on&/ (1; 1)-iteration per
grid. It then adds the next level. ThisF-cycle yields results close to th& -cycle's
output|the di erence between the solutions is in the order of the discretisation
error|but runs much faster, as the initial iterations traver se only coarse grids.
Both multigrid schemes exhibit a convergence factor,.x 2]4:69 10 1;5:87 10 1.

The V-cycle's and theF -cycle's runtime pro t from the horizontal tree cuts. With
this feature, coarse grid update steps do not traverse the whdiee. They restrict
to the upper part of the tree whose elements belong to the acéievel or a smaller
level. As a result, the sum of the pre- and postsmoothing steps has e even
(Section 3.5.2). | return to absolute runtimes in the closing umerical results.

4.6.2 Multigrid Adjustment Screws

Multigrid algorithms rely on solvers that eliminate high-frequency errors. For the Ja-
cobi smoother, the relaxation factot determines the smoother's e ect on the di er-
ent error frequencies. While the relaxation factors correspding to bi-partitioning

are well-studied, literature on arbitrary k-partitioning is rare. Nevertheless, the
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Jacobi Solver (d=2)
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Figure 4.19: Behaviour of the Jacobi solver for (4.30): The s®lual is divided by
the initial residual corresponding to the start solution guess = 0.
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V(1,1) cycle (d=3)

Figure 4.20: The multigrid solver tackles (4.30) withV (1;1)-cycles, and the error
comprising both discretisations and solver contributions is nasured at

Xo =

1.1.... T
5191

2 RY. The legend denotes the number of unknowns.
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V(2,2)-cycle, d=2
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Figure 4.21: In uence of the relaxation factor! on two di erent V-cycles.
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Table 4.3: Residualjrj, for di erent V-cycles and d = 2. Regular grid for (4.30)
with mesh size 3 10 %, and! = 0:8. The F-cycle re nes after each
V -cycle until the grid meets a prescribed precision bound.

it V(2;2) V(3;3 F(2;2 F(3;3) tree depth

1439 10 % 946 10 ® [ 257 10 2 161 10 ™ 2

2839 10 % 879 10 % | 267 10 °* 1:.07 10 ©* 3

3181 10% 981 10 %7 | 447 10 %2 851 10 % 4

4| 440 10 % 1:34 10 O | 1:25 10 %2 1:39 10 3 5

5| 1:15 10 % 2:.04 10 % | 407 10 % 412 10 % 6

6| 312 10 7 326 10 % | 1:35 10 © 1:36 10 % 7

7|858 10 % 528 10 1° | 507 10 7 450 10 ©8 7

8238 10 % 860 10 ' | 1:26 10 7 487 10 ® 7

9658 10 % 141 10 ' | 327 10 %® 651 10 1° 7

10| 1:82 10 ® 2:31 10 2 | 884 10 ®° 9:88 10 7

11| 503 10 ® 381 10 ¥ | 243 10 ° 157 10 ¢ 7

12 | 1:39 10 ** 7:64 10 ** | 675 10 © 255 10 12 7

13385 10 ' 445 10 4 | 1:88 10 ** 418 10 '3 7

h:k:Ko 0:276 0:164 0:277 0:168

choice of a relaxation is worth some e ort, as the standard rexation factor ! %
for bi-partitioning does not t to ( k = 3)-spacetrees (Figure 4.21). Instead, a re-
laxation factor ! 0:9 is appropriate. Following [41], an alternating sequence

("1 %;! > 1) of relaxation factors yields an even better rate. These rdsu
reoccur ford = 3, other combinations of pre- and postsmoothing as well as ner
complicated domains and right-hand sides. The experiments shthat an elaborate
Fourier and smoothing analysis here is yet to be done. This isymnd the scope of
this work.

The ne-tuning of an F-cycle is a laborious work, as the number of pre- and
postsmoothing steps of the underlyiny/ -cycles can either be xed a priori or made
dependent on the residual's behaviour. Furthermore, theirptimal choice also de-
pends on the applied operators, the relaxation factor, and ¢hsmoother type. Since
this chapter gives only a prove-of-concept, such a tuning isefpond the scope of
this work. Table 4.3 nevertheless enlists some residual devetognts for di erent
variations of pre- and postsmoothing steps, and compares it toglV -cycles' results.

The F-cycle exhibits a complicated behaviour (Table 4.3) splittig up into three
phases: In the rst phase (cycle one to six), the residual reduces nagonously as the
grid is re ned further and further. In the second phase (cycle sen), it diminishes
by four magnitudes. In the third phase (from cycle seven on), theolver reduces the
residual with an almost constant convergence rate.

For the big number of pre- and postsmoothing steps, each of the seveerations
ends up with a good approximation, i.e. the ne grid approximtion is very accurate
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Figure 4.22: Experiment from Table 4.3. Thd--cycle re nes the grid each time the
residual has been reduced by a factor of 100. Residual jumpsntity
these re nements.

whenever an additional grid level is added. The additionaklel resolves an addi-
tional high-frequency error. This high-frequency error isot tackled throughout the
interpolation as the algorithm lacks the full multigrid's higher-order interpolation|

it is the standard d-linear interpolation given by operatorP. From cycle one to
seven, the algorithm eliminates the coarse grid error and, irutn, adds an addi-
tional ne grid error. As soon as no additional level is added amore, the residual
Is not added an additional high-frequency component, toot \jumps" down. After-
wards, the solver behaves like a standaM-cycle. In [10, 73], e.g., the full multigrid
algorithm typically exhibits a better convergence rate tha the standard V-cycle,
and there is no abrupt residual decay. Both facts illustrate tb lack of a more
sophisticated solver (Gau -Seidel, e.g.) and a higher-ordenterpolation.

The in uence of the lack of a higher-order interpolation is sidied further in Figure
4.22: TheF -cycle adds the subsequent grid as soon as the ratio of residualrtiial
residual underruns 10 10 %2. The experiment stops as soon aduk, < 10 12,
and its gures illustrate the interplay of residual, grid levds, and actual solution.
It reveals two insights: On the one hand, the peaks correspond tiee cycles where
an additional grid level is added. Their height should be redwed by a higher order
interpolation. Nevertheless, the algorithm converges indepdently of the mesh
width. On the other hand, it does not make sense for thE-cycle to wait for the V-
cycle to converge. Instead, it can add another level immedgly after oneV -cycle.
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4.6 Experiments

Figure 4.23: Experiment (4.32) with the solution, a grid resting from the surplus
stencil (4.22), a ve-point stencil and the screwed ve-point sencil (top
down, left-hand side). Results for experiment (4.32) on theght-hand
side.

4.6.3 Dynamic Adaptivity

In Section 4.5.3, the di erence between the actual approxiation and the mean value
of the surrounding vertices acts as re nement criterion. Stoe this value vanishes
for continuous solutions with a constant rst derivative, the aiterion measures the
second derivative and re nes where the second derivative isghi. It assumes that
such regions are of interest. The experiments studying this reement strategy
comprise, besides (4.30), the setups

u = 1,
q d
Ueg = O with =]0 ;1[d n o > and (4.32)
_ 1 x+1 y+1
sinh(8 ) cos 2 2 2
. x+1 y+1
h 2 + +2
sin > >
with =]0 1] (4.33)

The L-shape problem (4.32) exhibits a semi-singularity at = ( %; %; 227, i.e. the
rst derivative there is not continuous, and the second derivave around this point is
very large. The semi-singularity makes the solution not beloitg to O(h?) anymore:
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4 Full Approximation Scheme

Figure 4.24: Grid of (4.32) with two linear surplus stencils: Th full stencil's pattern
(left) di ers from the pattern of the skewed ve-points stenci (right).

it introduces a pollution of the approximation. An adaptive gid re ning around
X =(3;3;::)7 eliminates this pollution.

Experiment (4.33) stemming from [64] is a smooth experimentubits analytical
solution exhibits a region of interest at the square's boundamround to (1; 1) 2 R2,
Here, the solution raises signi cantly, whereas in the remaingpart of the domain
the solution is almost constant.

Both experiments are illustrated in Figure 4.23. A zoom intotie results in Figure
4.24 reveals the e ect of di erent stencils to compute the meavalue. The corre-
sponding Tables 4.4, and 4.5 compare\a(2; 2)-cycle to aF (2; 2)-cycle for the three
di erent experiments. Both experiments stop as soon as the solah di erence un-
derruns the current approximation by more than a factor of 10%° in the k:k;, norm,
i.e.

kduk, < 1:0 10 *° Kuyky: (4.34)

The V-cycle works with a prescribed xed mesh width inside the compational
domain. No re nement criterion is switched on. TheF -cycle starts on the coarsest
grid containing at least one inner vertex. It then re nes as Ing as the mean value
error estimator (4.20) yields values greater than a prescridghreshold. It is chosen
such that both the V-cycle and theF -cycle converge to a solution with the same
number of accurate digits in thek:k, norm. The surplus is determined by the full
mean value stencil. In accordance with the insights on page 14#e F-cycle does
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Table 4.4: Comparison of &/ -cycle to aF-cycle for (4.30). Both cycles terminate
if (4.34) holds. d = 2 for the upper part, d = 3 for the lower section.

V(2;2) F(2;2)
mesh width | vertices | depth | iterations | vertices | depth | iterations
1.0 10 ™1 129 1C° 4 11| 1:29 10° 4 13
1.0 10 @2 7:02 10* 6 10 | 1:52 10* 6 15
1.0 10 ©3 541 10° 8 7| 1:66 10° 8 10
1.0 10 % 3:60 10 4 11| 3:60 10* 4 13
1:0 10 % | 1:59 10’ 6 10 | 2:34 1CP 6 15

Table 4.5: Comparison of &/ -cycle to aF-cycle for (4.33). Both cycles terminate
if (4.34) holds d = 2).

V(2;2) F(2:2) |
mesh width | vertices | depth | iterations | vertices | depth | iterations
1.0 10 ™ 1:28 1C° 4 15| 1:28 10° 4 15
1.0 10 92 7:02 10* 6 17 | 6:10 10° 6 15
1.0 10 ©3 5:41 10° 8 16 | 5:33 10° 9 13

not search for a converged iteration for each individual gride nement step, but
evaluates and realises the re nement criterion after eac#i-cycle.

The results for (4.30) are enlisted in Table 4.4. Since the solah is smooth, the
adaptivity criterion yields rather regular grids: the di erence between the number of
degrees of freedom for adaptive and regular grids is not sigmint, and both solvers
work on a spacetree with the same maximum depth. ThE-cycle needs some ad-
ditional sweeps, as it rst retreats to the coarser levels. These diional traversals
might disappear with an interpolation of higher order implemnented. Apart from
the gures in the tables, the F-cycle nevertheless outperforms th¥-cycle, as the
completeF -cycle's initial iterations working on rather coarse grids i@ signi cantly
faster than any V-cycle. If the number of cycle's required in total is (almostton-
stant, this setup phase dominates the overall runtime. This rumme observation
Is picked up again in the numerical conclusions. Finally, it bmmes obvious that
a termination criterion should adopt to the minimum mesh size foa real-world
problem, i.e. the criterion should pay attention to the nest gid. For su ciently
smooth problems, a ne resolution (last measurement] = 2) improves the coarse
grid corrections, but in this example the solver terminates dere ne grid solution
\comes into play".

The results for (4.33) are enlisted in Table 4.5. The correspoimgy grid is the
ner the farther away it is from the coordinate system's origin as the solution's
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Table 4.6: First ten cycles of &/ -cycle and aF -cycle for problem (4.32)

V(2;2) F(2;2)

iteration | vertices | depth | ki vertices | depth | kiks

1 4:08 10° 8 647 10 3 | 263 107 3 753103
2 1:02 10 2 | 2:63 1(? 3 109 10 2
3 1:25 10 2 | 1:19 1C° 4 120 10 2
4 140 10 2 | 6:82 10° 5 1:34 10 2
5 152 10 2 | 532 10* 6 144 10 2
6 1:57 10 2 | 458 10° 7 152 10 2
7 1:62 10 2 | 568 10° 8 158 10 2
8 1:66 10 2 | 7:32 10° 9 163 10 2
9 1:69 10 2 | 9:08 10° 10 166 10 2
10 171 10 2 | 9:43 10° 11 169 10 2

derivative increases with a growing distance. Thus, the re neemt criterion yields
a grid with a signi cantly lower number of vertices compared ® a regular grid.

Finally Table 4.6 enlists the solution evolution for problem 4.32). Here, the
adaptivity criterion yields a grid that is strongly re ned around the boundary's
concave vertex, and the~-cycle can compete with theV -cycles accuracy although
it uses a grid that is signi cantly smaller.

4.6.4 Simultaneous Coarse Grid Smoothing

The multigrid su ers from adaptive grids, if the smoother acts gclusively on the

active level. All the events on the ne grid cells belonging t@ level that is smaller

than the active level then degenerate to no-op. In Section511 this rationale moti-

vates Table 4.2. The underlying mechanism introduces a simalteous coarse grid
smoothing while ner grids are processed.

For (4.32), the F-cycle in the preceding section has to copettvia grid that is
re ned extremely around one single point. It is thus a good deamstrator for the
e ect of the simultaneous coarse grid smoothing (Table 4.7).

The coarse grid smoothing reduces the iteration numbers by neothan a factor
of two. This improvement becomes the bigger the higher the me accurate the
re nement criterion. The traversal always runs through the vhole input stream,
and the simultaneous coarse grid smoothing does not alter itsrdanality. Hence,
the runtime depends linearly on the reduction of cycles. Adapk grids bene t from
the simultaneous coarse grid smoothing. The improvement vanehfor regular grids.
A runtime analysis is to be found at the end of the thesis.
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Table 4.7: Number of iterations for anF -cycle on problem (4.32) with coarse grid
smoothing. Both experiments stop ifkduky, 1.0 10 °. Either, the
solver exclusively processes the active level (o), or it appbethe rules
from Table 4.2, i.e. all ne grid levels smaller or equal the aiwve level are
updated (on).

re nement d=2 d=3
criterion threshold | o0 on | 0o on
1.0 10 T 38 22|37 22
3:3 10 %2 42 21|41 21
1.0 10 92 45 19| 44 19
33 10 43 18

4.7 Outlook

While every PDE beyond the Poisson equation brings along its owchallenges and
di culties, an e cient solver for the Poisson equation and the accompanying insights
and rationale are a good starting point for any solver. They shothat sophisticated
multiscale algorithms t to the k-spacetree world. Some projects already exploit and
extend this chapter's principles: The ingredients on hand fa collocated degree of
freedom layout (the unknowns are assigned to the vertices) care bransferred to
a staggered, i.e. cell-centered, layout where each geoneglement corresponds to
an unknown [51, 76]. Such a discretisation of the function spatefundamental for
many computational uid dynamics codes [59, 60]. And whild 2 f 2; 3g is a natural
choice for the Poisson equation, th&-spacetree idea allows arbitraryl, and it is an
obvious idea to develop schemes for instationary equationsthwia full space-time
discretisation.

The insights coming along with the experiments are twofold. ©the one hand, the
results show|besides the missing higher-order interpolation|t he approach realising
all the features one expects from an up-to-date solver: Theroergence behaviour
is independent of the mesh size, the adaptivity is able to reselypollution e ects re-
sulting from singularities, the memory requirements are low,ral grids permanently
changing throughout the computation do not pose a restrictiomn the solver's be-
haviour. Both the low memory demands and the latter aspect ardue to the fact
that no sti ness matrix is set up.

On the other hand, the convergence rates are low compared itetature. The
solver is not competitive. As the multigrid behaviour holds, tle low convergence
rates are due to a poor smoother. To end up with a competitive atation be-
haviour, the multigrid has to use a more sophisticated solver tlmaa Jacobi. Unfor-
tunately, the choice of this particular smoother results fronthe speed information
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Figure 4.25: Domain with \complicated" shape. The marked véices are boundary
vertices, i.e. they do not hold a shape function and a degree céédom.
The multigrid solver degenerates to a Jacobi solver as thereeano
shape functions to implement a coarse grid correction.

can be transported by the element-wisk-spacetree traversal (Section 2.6). Never-
theless, there are better solvers available within the Peanafmework: a Gau -Seidel
type solver can be realised within the framework, if the discrisation switches to

a element-centered degree of freedom layout [51, 76] whishai popular choice for
example for the pressure Poisson equation in computational uidynamics. For
this, the choice of an oddk proves of value: Every coarse grid cell's center coincides
with a ne grid cell center. If this would not hold|any even k implies this|coarser
grids would end up with unknowns assigned to both vertices andeenents. For an
odd k, all grid levels exhibit a homogeneous staggered degree afefiilom layout.

Besides the improved smoothers, two further aspects have to be mtiened in
the context of k-spacetrees. First, singularities typically yield grids thatare re ned
extremely around the singularity, i.e. each grid re nement stp entails several re ne-
ment steps at the singularity. Within the multigrid solver context with simultaneous
coarse grid smoothing, the e ect reoccurs the other way roundlhe solver starts
with an active level set to the maximum level. Every time the ave level is decre-
mented, the grid also could switch to a coarser level in the coarsegions of the
solution, as the solution there is su ciently smooth, too. A loca active level equals
such an approach. This discussion picks up the local tree cut pdigm (see Figure
3.21), and both concepts have to be combined in future work.

Second, geometric multigrid algorithms su er from irreguladomains. As the con-
tinuous domain shrinks to the individual grid levels, non-smadb domain boundaries
make the coarse grid representations signi cantly smaller thatine ner grids. Then,
they hold a signi cantly smaller number of shape functions (Figre 4.25), and the
coarse grid correction e ect deteriorates. An improved boundg handling track-
ing the actual intersection of the continuous domain with thegeometric elements
resolves this problem [75]. Boundary vertices then hold a shafunction, but this
shape function is tailored to the actual domain boundary. As aesult, the coarse
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Jacobi update step
o O
restriction / prolongation
Jacobi update step\
restriction prolongation
Jacobi update step

| one iteration |

Figure 4.26: Additive multigrid scheme: The solver computes ane grid residual,
restricts this residual immediately to all levels and updateall variables
on all levels. Before the next iteration, a prolongation (angummation)
of all the level contributions yields the next iteration's stution.

grid correction e ect improves. Furthermore, the boundary pproximation accuracy
improves to O(h?), which is especially important ford > 2, as Section 2.7 points
out.

4.7.1 Additive Multigrid

The forerunners of this thesis [35, 39, 63] also solve the Poissguation, i.e. they
realise exactly the same demonstration challenge. Their imphentations provide
an additive multigrid scheme restricting the ne grid residualsimultaneously to all
grid levels. The Jacobi update step then updates all grid sim@heously, too, and
these update steps are combined to a ne grid solution throughothe successive
depth- rst traversal (Figure 4.26).

Additive multigrid algorithms su er from the fact that the the nest level has to
be processed for each iteration. They are thus slower than muilicative schemes
for most problems. Nevertheless, there are setups where the additvariant is more
robust.

As the multiplicative scheme here is based upon a depth- rst trarsal, it is pos-
sible to replace the naive Jacobi smoother with the additive ntiigrid scheme. The
result is a multiplicative multigrid scheme with a Jacobi smodter that is precondi-
tioned with an additive multigrid. Such an approach sounds mmising.
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Figure 4.27: Block Gau -Seidel: If a 3 patch's values are available, the algorithm
can update one vertex and immediately use the updated value tpdate
the other vertices. Within the block, it is a Gau -Seidel schera. At
the boundary, the residuals are nally accumulated. Here, itemains a
Jacobi smoother.

4.7.2 Block-wise Smoothers

Space- lling curves are the fundament of an e cient realisaibn of the traversal in
Chapter 3. E ciency refers to both the memory requirements ad the memory
access characteristics. Besides these two factors, they also prafofalue within the
parallelisation context in the upcoming chapter.

Nevertheless, rst experiments with the running code highlighta fundamental
challenge coming along with the sophisticated traversal ordef he traversal consists
of lots of code and lots of integer arithmetics which nally gen might slow down
the oating point performance. If the code unrolls recursiorsteps, small blocks of
the adaptive Cartesian grid can be processed as regular Cartesialocks. Such an
unrolling leads to the parallelisation approach in the upcoing section, and it allows
for sophisticated algorithmic optimisations [23].

Besides optimisation and parallelisation, recursion unrollonenables the solver to
handle small sections of the Cartesian grid as regular grid blkacIn these blocks,
the information transport restriction for the smoother does nbhold anymore, and
the solver can employ a more sophisticated solver. If the code mes for example
k¢ blocks|Chapter 5 actually establishes this merging|the code can update the

152



4.7 Outlook

vertices within these blocks with a Gau -Seidel scheme, e.gFiQure 4.27), whereas
the blocks' boundary update scheme remains a Jacobi scheme. [Saa algorithm
equals a block Gau -Seidel smoother. Extending this idea toidgger patches of
unrolled recursion steps establishes the basis for a set of smootheprovements:
(Multicore) Gau -Seidel schemes and red-black schemes be@nealisable. Several
iteration steps can be merged [48] or matrices belonging toehpatches can be
inverted explicitly and, thus, whole subblocks are solved exie

153



4 Full Approximation Scheme

154
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Parallelisation is crucial for simulation codes. At least thre@bservations con rm
this statement: First, new computer architectures gain comging power due to an
increased level of parallelism. While their clock rate and ingiction complexity
remain roughly the same from generation to generation, the mber of computing
units per computer raises, and any application pro ting from @iture architectural
improvements has to exploit multiple computing units. As a redtjy Moore's law still
holds, but it does not apply directly to the (single node) perfonance [71]. Second,
new simulation codes produce more and more data, i.e. the amtmbwf data rapidly
exceeds a single node's memory. Scienti ¢ insights howevefyren an increasing
level of detail. Third, new data is of value if and only if it isdelivered within a
reasonable time. Consequently, the convenience of a simulatiowwork ow depends
on the latency data is delivered by a simulation code. The dataroblem is tackled
in Chapter 3. Nevertheless, reducing the memory spent on a PDE sehjpostpones
the data threshold, but it does not resolve the underlying prdem. The Peano
framework consequently has to run in parallel.

Domain decomposition methods are the predominant approach parallelise mul-
tiscale PDE solvers and make them keep step with the increasingchitectural con-
currency [45]. They split up the computational domain into sesral overlapping or
non-overlapping parts (see [54], e.g., for some remarks antattons on multigrid
solvers with di erent overlapping and non-overlapping domias), and they distribute
these parts among the computing nodes. The problems on the iniual nodes are
small compared to the original problem, i.e. they can be solvefdster with less
memory. k-spacetrees induce a multiscale representation of a computatal do-
main, and each level already represents a non-overlapping|tonsider exclusively
non-overlapping approaches here|decomposition of the doma into geometric ele-
ments. A mapping from the geometric elements to computing ned yields a domain
decomposition. It is balanced, if all computing nodes are assigf the same work-
load.

For multiscale domain representations where not only data butlata with a hi-
erarchical topology are to be split up, two mapping paradigmgompete: Some
algorithms analyse the ne grid and distribute the ne grid's dements among the
computing nodes. These elements then determine to which nodeacser elements
belong to: Whoever holds ne grid elements is a candidate toahdle their father
elements, too. If there are multiple candidates, some approahduplicate the fa-
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ther responsibilities ([50, 55], e.g.)|such an overlap is someates referred to adull
domain partitioning|while others employ a decision function selecting one dedi-
cated node ([18, 19], e.g.). This is the way followed here. cFaically, the partitions
overlap slightly, but logically they are disjoint. Both realisation variants follow a
bottom-up approach balancing the workload on the ne grid. Blancing the ne grid
facilitates a ne granularity due to the big number of atomicgrid constituents, while
coarse partitionings depend on the ne grid partition. Oper#@ions on the coarse par-
titions might not scale. Alternative algorithms distribute a xed coarse grid among
the computing nodes ([26, 29], e.g.). Descendants of one @@agrid element are
then processed by the same computing node. It is a top-down appoh balancing
the work on the analysed coarse grid. This partitioning is usulglcomparably cheap
to determine. If ner grids result from a uniform re nement, their balancing is good,
too. Otherwise, ne grid distributions might be unbalanced.

Whenever a data decomposition is realised, it either distribes the data exclu-
sively among the computing nodes, i.e. each node has accessdaitd only its data
chunk, or itis based on a shared, common data set. Latter realisans rely on shared
memory architectures: it is important that each computing nde can access any data
any time. Implementations splitting their data repositoriesare more general and t
to both shared and distributed memory architectures. As they havto synchronise
and preserve the distributed data consistency manually, they ttugh come along
with an additional overhead. This discussion restricts itself talistributed memory
parallelisation realised by a message passing interface. It thuss to both shared
memory or distributed memory clusters. To exploit a shared memgprarchitecture
without the additional overhead introduced by a logical sptting of the data working
set is beyond the scope of this work. Extensions of this thesis eetheless adopt
the Peano framework to shared memory architectures ([23]ge.

This chapter's ideas mirror the recursive top-down traversal.e. they start bal-
ancing the workload top-down throughout the grid setup on e#csingle level. Later
throughout the simulation run, the ne grid workload is measued bottom-up, and
the partitioning/balancing is adopted and optimised. Howewe with a k-spacetree
where individual subtrees are assigned to remote nodes, a deptt-approach is
useless as it descends into subtrees sequentially. | thus combine Peano traver-
sal with a single-step breadth- rst order into the level-wise dejb- rst order and,
herefrom, introduce a recursive master-worker topology on éhcomputing nodes,
I.e. the computing nodes are organised as a tree themselves. Wline partitioning
is based upon ideas of [31, 40, 50], the combination of a hiatsical assignment
with the parallel Peano traversal is|to my knowledge|a new app roach to exploit
a k-spacetree for a domain decomposition.

As soon as a parallel traversal for a given partition is availabl the question arises
what a good patrtition looks like. A good partitioning is at hand, if the workload is
balanced, and if the surface-volume ratio of the individual gtitions is small: the
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amount of computations per node then is big compared to the arant of data to be

exchanged, as the computational load corresponds to the vole of a subdomain,
whereas the exchanged data volume corresponds to the surfatéhe subdomain.
Partitions induced by space- lling curves are well-known irthe parallel community

for their good surface-volume ratio [17, 31, 42, 44]. Conseqtlg Peano's paral-

lelisation bene ts from the Peano traversal, although the demmposition and load
balancing ideas are not correlated with the space- lling cwe. To balance the work-
load, the Peano framework applies a bottom-up cost model to étk-spacetree and
derives a top-down optimality metric from this. The model inorporates both the
ne grid workload and the multi-level representation of the gid. Such an approach
equals a tree attribute grammar [46] formalising a discrete timisation problem on

an acyclic connected graph. It quanti es the balancing.

As Peano's grid is allowed to change throughout the computain, the algorithm
has to adopt the parallel partitions permanently. Again, di erent approaches are
available for such a dynamic load-balancing: My decompositicapproach restricts
the balancing activities to forks and joins, i.e. a partitioncan either split up into
several partitions, or several partitions can be merged. Such approach ts to the
master-worker paradigm mentioned before, as only new mastsorker relationships
are established or existing masters carry over grid parts from éfir workers. Workers
released by their masters can be re-employed by other nodes. Thad balancing
permanently compares the nodes with the heaviest workload tbe laziest nodes.
Whenever a node could a ord to do the work of one of its workerst merges with
this worker. Whenever a node slows down the computation, it t@s additional
workers. The approach is a greedy algorithm based upon the tradéributes, and
it is decentralised, i.e. the balancing itself runs in paralleand does not become
a sequential bottleneck. The parallel community o ers a vastange of di erent
parallelisation paradigms, algorithms, and taxonomies. Whilé is hard to keep
step with all the ideas coming up|many problems need a tailorel solution of their
ownl|it is almost impossible for one thesis to give a comprehensiveverview and
classi cation of the own ideas. | thus concentrate exclusivelynoPeano's approach
and leave it to the reader to classify and compare it to other sdions.

The chapter is organised as follows: At rst, the parallel travesal for a given
partitioning of the k-spacetree is established (Chapter 5.1). As the sequential depth
rst Peano traversal does not t to the partitioning approach, | extend it. Next,
Section 5.2 picks up the fact that space- lling curves, on ther® hand, imply quasi-
optimal parallel partitions. On the other hand, they simplify the exchange of the
data assigned to the vertices on the domain boundaries. Tree @ltutes quantifying
a partitioning are introduced in Section 5.3. Two predicatetriggering the forks and
joins then derive herefrom. Realisation details|the mapping of the computational
nodes to the hardware, the concept of a node pool, the bu elgnof messages, and so
forth|in Section 5.4 lead over to a discussion of the interplay d the parallelisation
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and the Poisson solver from Chapter 4. Some numerical experinemnd a short
outlook close the chapter.

5.1 Parallel Spacetree Traversal

In a domain decomposition algorithm, each node has to traversis local domain,
and partition boundary operators and the exchange of the subdains' boundaries
ensure that the parallel code preserves the sequential semasitimf an algorithm.
Typically, the traversal start and the traversal end act as synatonisation points. A
decomposition then de nes a partial order on the computation as the traversals
are ran one after another, but the computations throughouttie iteration run in
parallel.

All the algorithms in this thesis are based on an element-wise trarsal (Section
2.4) of the k-spacetree. Though the semantics of many algorithms such as the
multigrid approach in Chapter 4 does not rely on the actual ater of thek-spacetree's
nodes|they depend solely on the child-father relationship|it proves of great value
to arrange the individual nodes within the depth- rst traversal along the iterates
of the Peano space- lling curve (Section 3.3). The resultingleament-wise traversal
de nes a total order on the nodes of th&-spacetree.

Any total order prohibits a straightforward parallelisation, since each paralleli-
sation exploits the freedom of a partial evaluation order. Adtal order lacks this
degree of freedom, i.e. a depth- rst traversaV g,

aVehida b ) bVao a;
CVped ) CVgpod; and
eVenid F " fVped ) €Vgo 0, a;b;c;d;e;f; 92 Er; (5.1)
with v pe giving an order on the children of each re ned element is notell-suited
for a parallel algorithm. v 4, here speci es how geometric elements are read the

rst time. The store order, in turn, results from the recursive inplementation of the
traversal.

on a; and a, to di erent nodes, as a; and all its descendants have to be processed
beforea, according to the depth- rst total order.

To make the spacetree traversal run in parallel, one has to weakthe processing
order into a partial order. Three observations accompany thiidea:

1. The overall child-father relationship has to be preservedtherwise, one has to
rewrite the complete multigrid and stack access algorithms, dsth concepts
rely on this relationship.
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2. The order in which the events are called on the children ofie re ned element
does not a ect the algorithm's behaviour because of the resttion on the in-
formation speed (see Section 2.6). Here, | can weaken the orded parallelise
the individual events.

3. The order of the children of one re ned element has to preserv . such that
the stack-based grid management still works.

It is not possible to trigger the events of observation two in palel within a depth-
rst traversal, as a depth- rst traversal never provides all thedata of the k¢ children
of one re ned element at one point. | hence elaborate a modideraversal facilitating
such a parallelism.

De nition 5.1. The level-wise depth rst orderv , is an order on ak-spacetree
with

avchig b ) bv a

CVped ) cvyd; (5.2)
eVenid F " Vped ) gV € and (5.3)
hVioe i "KVenig N MV i ) kv m: (5.4)

The orderv ¢hiig determines the spacetree's structure. The order, on all children
of each re ned element makes the traversal deterministic.

The distinction of the level-wise and a standard depth- rst orderesults from the
di erence between (5.1) and (5.3). The latter makes the trasrsal visit all children
of one node rst before it descends further. A re ned element’g® children thus are
available en bloc (as a patch) before the algorithm contingeon the subsequent level
(Algorithm 5.1). If the tree is processed sequentially, the trarsal's uniqueness is
recovered by (5.4), i.e. the traversal again is a total ordegnd|in the case of a
space- lling curve de ning Vv pe|follows the Peano space- lling curve. While the
traversal still imposes a total order, | consequently weaken therder on the events
and can rst load all the data, then trigger the events in pardel, and nally store
the elements.

The traversal modi cation deserves two additional remarks. Othe one hand, the
term level-wise implies that the traversal is a mixture of two taversal paradigms:
The overall traversal remains of depth- rst type. Within one seé of children, the
traversal though equals a breadth- rst approach. On the othehand, the technique
of recursion unrolling [65] also leads to a level-wise depthst order. k9 pairs of
push and pop operations on the call stack are replaced by oneuesion step holding
the data simultaneously, i.e. the traversal replaces two lexe(one recursion step)
with one code fragment. This code fragment then can employ meosophisticated
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Algorithm 5.1  Level-wise depth- rst traversal without traversal events and er-
tex handling. The algorithm starts with IWDF S (&), and the enumeration of the
children e obeys a given traversal ordev p.

T = (Er;venin2 Er Er;&2 Er;Vr)

1: procedure IwWDFS(e)

2: enim (?7:7:00) . jecnig] = KA
3 fori=1:k%do

4: Echild i & = POPinput 0; € Vg € . € stem from the input stack
5: end for

6: . Trigger enterElement events, etc.
7
8
9

for i=1:k%do
IWDF S (€chid i)
; end for
10: . Trigger leaveElement events, etc.
11:  for i=1:k%do
12: pUsh o,put (Echild:i) . Store children on output stack

13: end for
14: end procedure

algorithms, as a larger part of the grid| k elements and their vertices instead of one
single element|is available. Interpreting the level-wise deth- rst order as image of
a recursion unrolling motivates that a stack-based grid managent for k = 3 still
works: the geometric elements are replaced by patches as atomic elements, and
the 2¢ vertices within these patches are directly transported fromhte input stream
to the output stream. The stack sequence consequently alters, bilite data access
pattern for vertices on the patch boundaries remains unchged.

5.1.1 k-spacetree Decomposition

Triggering up to k¢ events in parallel is a poor level of concurrency. Yet, it is good
starting point for a more elaborate scheme. In the following, &t rst introduce a
colouring for the k-spacetree. Each colour later represents one computing nade
responsibilities. While its de nition states properties of thecolouring, a formal
construction is given later on. For the time being, | elaborat a parallel traversal
scheme combining a given colouring and the level-wise depttst traversal. This
parallel scheme then in turn states the properties of an e cietncolouring in Section
5.3.

Let p denote the number of computing nodes. Each node has a numbédrme trank.
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colour 0
global master

colour 2

) N o

. \: colour 1 \
25

26 2

7
Figure 5.1: A (k = 3)-spacetree ford = 1 with three dierent colours (left). A
level-wise depth- rst enumeration of the same spacetree (right

Assign each element of a spacetr@e an attribute holding the rank number of the
program instance responsible for this element. At the beginrgnthe attributes' val-
ues are unde ned? . For each rank besides 0, choose an arbitrary spacetree element
with marker ? besides the spacetree's root. Set it to the rank, and, afterwgs,
all unmarked descendants of the element are assigned this ran&p. Finally, all
the remaining elements with? are set to rank 0. It is at least the spacetree's root
element.

The colouring introduces a tree topology on the involved coouting nodes if
each node handles one colour (Figure 5.1), and it de nes a distuted adaptive grid
hierarchy [61]: each node is responsible for a subtree of theraliek-spacetree, i.e. it
holds a smallk-spacetree itself. If subparts of this smalk-spacetree are coloured
with a di erent rank, the decomposition delegates work on thge parts to further
computing nodes. The tree topology thus introduces a masteravker relationship:
Rank 0 is a global master not working for anyone. Each other raris a worker for
one master. Each rank delegating work also acts as master for etmodes.

5.1.2 Parallel Level-wise Depth- rst Traversal

With a decomposition at hand, the recursive traversal becomesparallel traversal
(Algorithm 5.2, Figure 5.2): The global master starts the spacete traversal. All
the other nodes wait. On each processor exactly the same recuesprogram is
executed|a single program multiple dataparadigm. The traversal stack automa-
ton loads k¢ subelements in each recursion step. Before it performs opecats on
the subelements or steps down further, it analyses which subnedare assigned to
another remote rank. It rst informs all the remote ranks to stat their traver-
sal. Then, it steps down into the nodes assigned to itself. As remat@des handle
elements assigned to them as well as their descendants, the loglglorithm exclu-
sively steps down into subtrees assigned to itself. As soon as all loszbtrees have
been processed, the algorithm waits for all remote nodes to sh. Afterwards, the
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Algorithm 5.2  Extension of Algorithm 5.1 exploiting a givenk-spacetree decom-
position. The result is a parallel, level-wise depth- rst travesal.

1: procedure IwWDFS(e)

2. enig (?;75:00); jecnia] = k¢

3 for i2f1;kigdo

4: €child i € = POPinput 0; € Vg € . € stem from the input stack
5: end for

6: . Trigger enterElement events, etc.
7: for i 2f1;k%g do

8: if g is remotethen

9: Startup remote k-spacetree with roote,

10: end if . All remote nodes are started up
11: end for

12: for i 2f 1;kdg do . Do local work on ner levels
13: if e is not remotethen

14: IWDF S (€chita i)

15: end if

16: end for

17: for i 2f 1;kdg do . Local work is done
18: if e is remotethen

19: Wait for remote k-spacetree's result from elemers

20: end if

21: end for

22: . Trigger leaveElement events, etc.
23:  for i 2f1;kdg do

24: PUsh gutput (Echild:i) . Store children on output stack

25: end for
26: end procedure
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ER

(1) (2) (3)

‘/T \ l& [ 1 current traversal level
startup remote worker
wait for workers' results

(5) (6)

Figure 5.2: Parallel level-wise depth- rst traversal: The traersal starts at the root
element (1). Whenever a remote element is loaded, it starts ughe
traversal on the worker (2). Such remote elements are never med
locally. Then, it follows the level-wise depth- rst order (34) and ascends
again (5). If a remote element is passed throughout the ascendet
traversal waits for the remote node's results, i.e. for the renmwtraversal
to nish (6).

algorithm continues to step up.
The description reveals a number of properties of the parallgaversal:

At the beginning, only one node is active. All the other nodes ait for an
activation.

The deeper the global master descends in thespacetree, the more computing
nodes become involved in the computation.

The higher the global master ascends in thie-spacetree, the fewer computing
nodes work.

The individual nodes are synchronised due to their root nodesgi as soon as
a worker is activated, it runs completely independent of itsnaster. Finally,
the traversals' termination is synchronised as the master wait®f its workers
to nish.

The rst three issues reveal a bottleneck: the startup phase, wherthe global
master starts the traversal but has not activated its workers wieh in turn have to
activate their workers. This phase corresponds to a di culty al multiscale algo-
rithms face: The ner the problem, the more work to distribute In turn, it always
happens that a problem becomes too coarse to exploit all comational resources.
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The synchronisation discussion in the fourth issue reveals that orimation such
as steering data (current smoother level, re nement policy,rad so forth) and grid
properties (number of spacetree elements, information whethsolver has triggered
a re nement, and so forth) are passed through the tree bottom-upnd top-down|
information analysis and inheritance [46]. Information inkritance is mirrored by
recursion steps of the traversal automaton and startup calls feemote nodes. Infor-
mation analysis corresponds to a call stack depth reductiongi. return statements
within the recursive block or nish messages sent by the workers their master,
respectively.

5.1.3 Multiple Top-level Elements

So far, each worker handles onle-subspacetree, i.e. each worker's workload corre-
sponds to a tree identi ed by one root element. Such an apprdadeads to scaling
problems, since a master has to wait for all remote nodes wheneiteleaves ak®
patch, and the following example as well as Figure 5.3 illustte this.

(@) (b) (c)

Figure 5.3: In a gedankenexperiment, a node has booked tworkers 1 and 2 for a
39 patch (d = 2). (a) If all children of the patch induce a spacetree of the
same depth, and if each worker can handle only one child, the &jhg
into three processes results in a bad work balancing, as the wim&d
of the initial process is reduced by two units, but the workloadf the
workers equals one unit. (b) If each worker handles two subts, the
work balancing improves (see also Figure 5.4). (c) The best batang
corresponds to three subtrees per worker. Sphere domain spiit among
four nodes (right).

Example 5.2. Let T be a spacetree yielding a regular Cartesian grid for=2;k =
3. The height of T is h. p2f 2;:::;3%, and the nine children of the rooipelement
are distributed among thep nodes. Each remote tree has height 1, i.e. ihzol 9
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5.1 Parallel Spacetree Traversal

elements. Asp 1 elements on the rst Ig,vel are deployed to remote nodes, thelsll
master has to descend int@® (p 1)) ihzol 9 elements before it starts to receive
the remote nodes' nish messages. The workload on the globaster is10 p
times higher than the remote nodes' workload, i.e. the wookb is not well-balanced

if p69.

8 | “Linear speedup
Number of top level elements: 1

Number of top level elements: 2 —l—
7 Number of top level elements: 3
Number of top level elements: 4
Number of top level elements: 5 —&—

Speedup

Number of Nodes

Figure 5.4: Onek-spacetree per node results in a poor load balancing if the nuetb
of computing nodes does not t to the grid. Here, the grid is ragar
(d = 2) with 6 :09 1 vertices. The speedup improves with an increasing
number of spacetrees (top level elements) mapped to one rankedrilts
stem from the In nicluster.

The example's considerations lead to three important insightfor regular grids:
1. The number of computing nodes has to t to the grid to make a dmain
decomposition result in a good speedup, i.e. far= k¢ the balancing works

ne, but for p <k no good balancing exists.

2. The bigger the spacetree becomes, the stronger the e ect oethmbalance due
to a growing heighth in the example.
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3. For p > k9, the gedankenexperiment yields the insight that a good decqo-
sition exists only forp= k9 '. Consequently, the balancing problem worsens
with an increasing numberp of computing nodes, i.e. the number of nodes has
to grow exponentially to make the traversal bene t from additonal computing
power.

If the algorithm is allowed to map several spacetrees to one farthis problem can be
weakened (Figure 5.4). Nevertheless, a step pattern for the spapdcurve remains,
since the rank with the maximum number of elements or subspacegs, respectively,
determines the traversal time.

Example 5.3. Letd=2;k = 3. | study an optimal colouring with four computing
nodes, where the rst node (master) has to distribute all ninehildren of a re ned
element among the four participants. Let the traversal furermore scale linearly with
the number of geometric elements processed. If the worklaadplit up equally, three
out of four nodes handle two children. The remaining compuag node is responsible
for three children and determines the traversal time, if alllgldren induce spacetrees
of the same height. Having only three nodes at hand would leadhe same speedup,
as the speedup correlates to the maximum number of elemerds gpmputing node.

The implementation later recognises situations as sketched @le, and it uses
only a minimal number of nodes: Assuming that all children inducepacetrees of
the same height, it gives back workers that would not improvehe performance
further.

5.2 Partitions Induced by Space-Filling Curves

Figure 5.5: Two illustrations of a domain decomposition for otle domain. On the
right-hand side, the underlying logical topology of the indiidual subdo-
mains.
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Peano's traversal runs through the individual spacetree leleealong the Peano
curve's iterates. Let the partitioning follow this traversalidea, too: If one node holds
two spacetrees corresponding to two geometric elememtsand e,, these elements
should be siblings, and they should be neighbours along the Peaspace- lling
curve's iterate.

As a result, the ne grid partitions resemble subcurves of the Pea iterates (Fig-
ure 5.5), and the parallel performance bene ts from this. Seval factors in uence
the e ciency of a parallel algorithm: First, the whole amount of exchanged data
in uences the algorithm's performance, as it de nes the baswidth required for
the communication. Second, the merge of received data withd local data along
the partition's boundary in uences the algorithm's perfomance, as it is realised by
additional code. Third, the number and the size of individuaimessages in uence
the algorithm's performance, as the higher this number, théigher is the impact
of the network's latency and the communication realisation Forth, the parallel
performance relies on a good load balancing|perhaps the mosimportant aspect.
Finally, additional technical factors such as the logical tpology, the load balancing
overhead, and communication latency codetermine the actuapeed. The follow-
ing pages study the realisation aspects one to three, and | negleéhe technical
factors. Furthermore, | assume that the tree colouring has alaely introduced a
perfect balancing.

5.2.1 Quasi-Optimal Partitions

The bandwidth determines the maximum amount of data per time a network can
exchange. If the amount of data for a communication task is kmm, the bandwidth
hence determines the time required by one node to send the dateanother node as
one big bunch. It is a common wisdom that clever parallel impfeentations make
the exchange of data and the computations overlap: The nodegchange data and,
meanwhile, they continue to compute. The computation on eamode in turn con-
tinues as long as its input does not depend on remote data notahanged yet. If this
dependency makes the computation wait, the algorithm is camunication-restricted.
This restriction becomes the more dominant the more data is eltanged. Otherwise,
the complete communication is hidden from the runtime. Comuanication facilities
in many supercomputers are extremely limited, and many PDE siafation codes
run the risk of becoming bandwidth- or latency-restricted|if the underlying data
sets are scaled up, the amount of exchanged data scales up, too. aAesult, the
scaling's in uence on the computing time and the exchanged thais important.
For a given partitioning, each computing node handles one gdion, i.e. the

partition's volume determines the workload (amount of opeations) of the node.

LArchitectures such as the In nicluster provide for example direct memory access mechaniss)
as long as all messages t into a hardware bu er.
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At the same time, the individual ranks have to exchange inforation along the
partitions' boundary. The bigger the volume is, the higher is he computational
load. The bigger the surface is, the bigger the amount of exchged data.

It is the easier to make the communication run in the backgrouhof the computa-
tion, the smaller the partition's surface compared to its volme. A good partitioning
yields a bigvolume-surface ratio[17, 31] often referred as higlquality coe cient of
the partitions [42], high partition locality [28], or surface-to-volumeif it is de ned
as minimisation problem [44].

Hyperspheres exhibit a minimal surfacse,, with respect to their volumeV given
by their radius r (V). A partition hence is optimal, if it converges to a hypersphe
with decreasing mesh size.

2 d=2
Smn(r) = r4? m; and
r(v) = °v %:ﬁ g ( d=2) 1:d; i.e.
Smn(V) = V& Copimar;  With ; (5.5)
Conma = To iz 58D il
S

It is impossible to split up an arbitrary computational domain nto disjoint hyper-
spheres. However, one can achievejaasi-optimal partitioning yielding subdomains
with a volume-surface ratio as good as the optimal partitiomg besides a constant,
i.e. (5.5) holds with a constantC ~ Cypima - FOr meshes, the volume equals the
number of geometric elements assigned to a partition, and theréace equals the
number of boundary vertices.

Theorem 5.1. The partitions induced by the Peano space- lling curve'satate on
a regular grid are quasi-optimal

The proof of the theorem in [17] is two-fold: First, it analyseshe ne grid of a
partition. Its surface is bounded by the surface of the boundgbox plus the con-
tributions of concave parts of the subdomain. The bounding xocorresponds to a
construction step of the iterate. The concave contributionsarrespond to subsequent
construction steps, and, hence, they can be analysed by a recuesiermulation. Sec-
ond, the proof takes the ne grid surface's estimate and adds ¢hvertices belonging
to coarser grids of thek-spacetree. It ends up with

4d

d 1.
1 31d3 :

s(V) Vi
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5.2 Partitions Induced by Space-Filling Curves

For the continuous case, i.e. partitions corresponding to an nite small mesh width,
the Helder continuity of the space- lling curve [66] immedidely yields an analogous
estimate.

5.2.2 Parallel Peano Spacetrees

A node is allowed to hold severak-spacetrees. To avoid duplicated data and to
work within a homogeneous algorithmic environment, these spetrees are stored
within one single data structure: Besides the spacetree's rodements, each node
also holds their common parent. Yet, it does not perform any @pation on this
parent, as the parent belongs to the master's partition. Indidual subspacetrees
then integrate seamlessly into one data structure.

Figure 5.6: As soon as a patrtition is found (left), the algoritm augments the par-
tition's spacetree. First, it adds elements to have &-spacetree again
(middle). Then, it embeds the whole spacetree intk® elements (right).

The de nition of a k-spacetree comprises the completeness of each level, i.e. each
re ned element holdsk? children. To make the integrated spacetree t to this
de nition|this avoids a modi cation of the underlying trav ersal algorithm|the
spacetree is augmented with the missing geometric elements arattices. The ad-
ditional records are set to outside, and, hence, the node doest perform any op-
eration on then?. Such an augmentation is common for many approaches (see [54]
and papers cited therein). The induced memory overhead is slied in a moment.

Boundary vertices in the Peano implementation are stored p&stently according
to Section 2.7. For the parallel realisation, an additional@d@antage of this convention
becomes apparent: A-spacetree representing a subtree also might have \boundary"
vertices that are inside the domain, and, thus, persistent. Theattributes have to
be available in each iteration. Hence, the parallel Peano spree is also embedded
into a coarser grid. As a result, all parallel domain boundary vidces are held
persistently on the input and output streams, if a stack-based trarsal is chosen.
Vertices stemming from the data structure augmentation are seb outer if they are
not adjacent to any element assigned to the local rank.

2the inside/outside de nitions in Section 2.7 have to be altered accordingly.
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Figure 5.7: Memory overhead resulting from the two-step augmtation of the indi-
vidual node'sk-spacetrees. The gures result from @ = 2 experiment
with a regular grid for a square domain and ®9 10 vertices in the
sequential code.

The two-step augmentation of the spacetree (Figure 5.6) entaia memory over-
head. This overhead is bounded, as, rst, the partition's boudary is a submanifold
with a reduced dimension, and, second, the surrounding grid ibasen as coarse as
possible|outer vertices are never re ned. The measurements irFigure 5.7 give a
worst case estimate of this overhead for a strong scaling, i.e. theblem size is xed
and the number of computing nodes is increased. Although theenhead appears to
be impressive (more than a factor of three for around 8000 nodges)is overhead has
to be broken down to the individual processes, i.e. the overheaér process equals
the overall overhead divided by the number of ranks. In the fldwing discussion, |
hence neglect it.

5.2.3 Vertex Data Exchange

The domain decomposition has to exchange the boundaries oetimdividual parti-
tions: If a vertex is adjacent to elements belonging to di enet nodes, this vertex
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5.2 Partitions Induced by Space-Filling Curves

is held on each node locally. Some of its data such as re nemeags have to be
exchanged to enable the individual subspacetrees to keep thedg and the corre-
sponding data consistent. In the following, | use the terms verteand the exchanged
data as synonyms.

exchange vertices after
traversal

Figure 5.8: There is no need to resort the exchanged verticeshdk-spacetree aug-
mentation and the space- lling curve ensure that the verticeare ex-
changed in the right order, i.e. the send order equals the outpstream's
order.

All actions of the parallel traversal split up into operations felonging to a compu-
tational phase followed by a communication phase comprisingg¢lremaining actions.
The latter phase exchanges boundary data with all neighboung nodes: Each vertex
belonging to the subdomain's boundary is sent to all the node®hling a copy of the
vertex. Afterwards, the copy sent by all the communication parters is received and
merged into the local copy. The computation phase works exsiwely on the local
copy. According to the idea of the communication running in te background of the
computation, both communication and computation phase are erged. A vertex is
sent away as soon as it is written to the output stream (g-and-forget semantics).
Its remote contributions have to be received when the verteis again loaded from
the input stream, but there is no need to have a vertex's data mdady available when
the subsequent iteration starts.

With a given patrtitioning for two computing nodes, the vertexexchange pattern
resembles an X-pattern: Both nodes traverse their subspacetreedasend data to the
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\
queue with
received vertices ?f:'r;ife:) V::gt;/ ertex copy
= —/
xnerge data /
in Peano out
vertices —— E—— stack automaton —> —> ‘vertices'

belongs to domain
partition?

Figure 5.9: For each vertex loaded from the input stream, thelgorithm checks
whether this vertex belongs to the partition's domain. If ths is the case,
the vertex is the rst vertex in the incoming vertex queue beloging to
the communication partner. Throughout the vertex store proess, copies
are sent to the neighbours.

neighbour. The next traversal then combines the local vertéxstate and the received
data (Figure 5.8, 5.9, and 5.12). Such an exchange pattern pmses a restriction
on the information speed: If a vertex's state is altered, this ate transition is not

available at remote nodes before the next iteration. This ¢ to the discussion in
Section 2.6, where the re nement and coarsening are adopted the information

speed restriction. No additional e ort thus is to be spent on the prallel data

consistency management.

Each node receives data and has to merge the received infotim@ into the local
vertex input stream. If, for example, a received vertex holdsthe ag
refinement-triggered , this ag of the local vertex copy has to be set before it
Is passed to the grid traversal. A naive implementation of this erge either takes
the received vertex and searches for the corresponding vertexthe input stream.
Or it searches within the queue of received vertices as soon asaundary vertex is
to be loaded from the input stream. Without loss of generalitysuch a search has
O(s logs) complexity with s representing the partition boundary's size.

Here, this sorting overhead however disappears completely doethe space- lling
curve and thek-spacetree augmentation (Figure 5.8 and Figure 5.9): All noddra-
verse theirk-spacetree simultaneously in accordance with the global Peaiterate.
Although the individual iterates and the subdomains do not caar each other, the
order of the boundary vertices on the output stream is globallunique: Each node
has an input and output stream of its own. They are di erent on ach node. How-
ever, if a boundary vertexa is stored to the output stream before a boundary vertex
bis stored, this relation holds on all nodes holding both and b.

Received messages are stored in one queue per communicatiotngar The queue
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Is treated as stack: At the end of an iteration, the queue waitsntil its size equals the
number of sent messages. Afterwards, it deploys the messages startinity the last
message received, i.e. whenever the traversal reads a vert@afithe input stream,
it analyses whether this vertex belongs to the parallel subdam's boundary. If this
is the case, there are ¥ n 29 1 remote nodes holding this vertex, too. For each
node, there is a receive queue. Their copy of the vertex is theessage lying on top
of this queue. Whenever the grid traversal writes a vertex tawe output stream, the
stack management analyses whether this vertex belongs to tharpllel subdomain's
boundary. If this is the case, there are k n  2¢ 1 remote nodes waiting for
a copy in the next iteration. The local node copies the verter times and sends
all the copies to the remote nodes. Afterwards, the vertex is std on the output
stream.

A straightforward re-and-forget realisation|the outgoing vertices are sent
individually|often leads to performance breakdowns, as eal send entails a certain
overhead resulting from network latencies, e.g. To tackle thiissue, the implemen-
tation uses an additional bu er per communication partner. The outgoing messages
are stored within this bu er, and its content is sent away as ondiuge message as
soon as the bu er is full or the traversal terminates. The recee/process also receives
the messages in blocks. As the receiving node does not read theresl data before
the subsequent iteration, the bu ering strategy is hidden fromthe exchange pro-
cess and does not impose any restriction or imply any modi catioof the exchange
pattern.

5.2.4 Parallel Boundary Vertex Realisation

The preceding section de nes the vertex exchange pattern. tyet lacks a concrete
realisation, and, in particular, it does not de ne how to idetify whether a vertex be-
longs to the partition's boundary, which ranks' partitions ae adjacent, and how this
adjacency information is altered whenever the colouring tifie k-spacetree changes.
Due to the element-wise traversal, the automaton holds only a sih number of ge-
ometric elements at a time, and it can not derive adjacency formation from the
elements|particularly, elements being neighbours but not sblings are never avail-
able at the same time, i.e. a partition border in-between sucHesments can not be
detected. The boundary information thus is stored within thevertices.

Domain Adjacency Lists

Each vertex holds two domain adjacency lists

thisLevel : V1 f 0;:::;2¢9 1g 7! No[f?g and
subLevel: V; f 0;:::;2¢9 1g 7! No[f?g
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4 ; 7 .
thisLevel: [ 4,9, 1, 7 ]

subLevel: [ 4,9, 3, 7 ]

Figure 5.10: For each vertex (marked)thisLevel holds the ranks of the nodes re-
sponsible for the adjacent geometric elements (top)subLevel holds
this information for the subsequent level (bottom).

thisLevel stores the rank of the nodes responsible for the! Zlements that are
adjacent to the vertex. Its entries are lexicographically mimerated. An entry
? denotes that the rank is unknown or unimportant. subLevel holds the same
information for the vertex at the same position on the subsequetgvel: if a vertex
becomes re nedsubLevelgives the new vertex'shisLevel mapping. Consequently,
both lists are related yet not equal if any adjacent element ige ned and holds a
child assigned to a di erent rank.

Let rank denote the number (rank) of a computing node processing a vexteThe
following facts either derive from the semantics of the two npgings or t naturally
into the concept:

v 2 Hy implies that the vertex does not hold information. Ergo, thee is
also no adjacency information stored8i 2 f 0;:::;2¢ 1g: thisLevel(v;i) =

8i2f0;:::;2¢ 1g:thisLevel(v;i) = rank implies that the vertexv is located
within the partition, i.e. it is surrounded by elements assigngto rank. It does
thus not belong to the partition's boundary.

9i2f0;:::;2¢ 1g:thisLevel(v;i) & rank ” thisLevel(v;i) 6 ? implies that
the vertex v belongs to the partition boundary, i.e. wheneverank stores the
vertex on the output stream, it has to send a copy to nodéhisLevel (v;i).
In turn, whenever the stack delivers the vertex, there's also eopy from node
thisLevel (i) available in the message queue.

8i2f0;:::;2¢ 1g: thisLevel(v;i) & rank implies that vertex v is not an
element ofrank's domain. Thus, the algorithm converts the vertex's list into
thisLevel(v;i) 7! (?;7?;:::), and subLevel7! (?;7?;::2).
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The invariant

8 2f0;:::;2¢ 1g: thisLevel(vi;2¢ 1 i)=rank _
thisLevel(vi;2¢ 1 i)= ? (5.6)

holds for all the 2! non-hanging vertices of an elemenrg processed by nodeank.
I here enumerates the element's vertices lexicographicalhenever an element is
deployed to a new workerankorer, all its entries update according to

8 2f0;:::;29 1g:subLevel(vi;2? 1 ) ranKworker;

and the vertices of the ner levels follow the inheritance Algrithm 5.3. For vertices
inside a partition, thisLevel and subLevelhave the same content.

Vertex Merge

The de nition of the adjacency lists nally allows to formalise the merge process
(Algorithm 5.5). The merge of local vertices and data from repte nodes consists
of three steps:

1. If a neighbouring node has booked a new worker, or if the ghbour has
merged with its master, the local node has to update the localdmcency
lists, as the tree colouring has changed. Otherwise, the locadde would send
the vertex to the old, invalid neighbouring process at the endf the iteration.
Entries of the adjacency list may di er from the local entriesf and only if they
hold the remote node's rank, i.e. each node is responsible fais\ adjacency
entries. If entries in the receive queue dier from the localréries, the local
node updates its vertices.

2. If the remote vertex has triggered a re nement, the re nerant has to be
triggered on the local node, too. As a result, the stateefinement-triggered
is set, and the grid structure's consistency is preserved. For tlfemarsening,
the same arguing holds.

3. Finally, the merge process has to merge the PDE-speci ¢ dat&Chapter 5.5
for example elaborates this part of the merge process for theiBson multigrid
algorithm.

With the realisation details written down, Peano can handle @dtributed space-
trees. The boundary exchange and data synchronisation t smodthinto the stack
concept proposed in Chapter 3, and it is clear that Peano's spetcees represent
quasi-optimal partitions if the workload is balanced. Balaoing thus is the missing
link addressed by the upcoming section.
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Algorithm 5.3 A new vertex's adjacency information derives from the coarse
level's vertices (Figure 5.10). vertices holds the coarse element's vertices, and
coordinates de nes the new vertex's position within ak® patch. The operation
relies on a recursive operation with the same name and an extewdsignature.

derive: V¥ f 0::i;k 1g® V¢ 70 Vi

1: procedure derive(vertices; coordinates; result)

2 thisLevel(result)  derive(vertices; coordinates;result;d 1)
3 subLevelresult) derive(vertices; coordinates;result;d 1)
4. end procedure

5. procedure derive(vertices; coordinates; result; dim)

6 if dim = 1then

7 coarseCoord (0;0;:::)

8 forall i 2f0;d 1g” coordinates = k 1do

9

: coarseCoorg i
10: end for
11: return subList(vertices;)
12: end if
13: if coordinates;m =0 _ coordinatesim = k  1then
14: return derive(vertices; coordinates; result;dim 1)
15: end if

16: smallCoord coordinates” bigCoord coordinates

17: smallCoordgim 0" bigCoordiim k 1

18: smallList derive(vertices; smallCoord; result;dim 1)

19: bigList  derive(vertices; bigCoord; result;dim 1)

20: return mergeT wolists(smallList; bigList; dim ) . see Algorithm 5.4
21: end procedure
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Algorithm 5.4  Helper for Algorithm 5.3.

mergeTwoLists: A A f 0;::::d 1g 7! (No[? )?
A:=f0:::;29 1g 7' No[f?g

i 2 N3
1: procedure mergeT wolLists(smaller; bigger; axis)
2 result  (?;7?;::2))
3 forall i2f(0;0;:::);(1;1;::)9" iaxis =0 do
4: iOpposed i
5: IOpposedyis 1
6: tmp  smalleriopposed
7 if smalleriopposed & bigger then . Invariant (5.6) for coarser element
8 if smalleriopposed = ? then
9: tmp  biggek
10: end if
11: if bigger = ? then
12: tmp  smalleriopposed
13: end if
14: end if
15: result;  tmp " resultiopposed  tMP

16: end for
17: return result
18: end procedure

5.3 Work Partitioning and Load Balancing

The preceding pages take a colouring xing the partitions aothe k-spacetree, make
the partitions t again to the k-spacetree idea, introduce the concept of cuts along
the Peano space- lling curve, and discuss the realisation of tivertex exchange. Yet,
they do not argue how to determine the tree decomposition. Téisection derives a
splitting algorithm that ts to the level-wise depth- rst trav ersal and balances the
workload among the computing nodes.

Classical load balancing algorithms focus on a homogeneouadadistribution,
i.e. they try to assign all nodes of a parallel machine the same sktwad: Then,
no node is a bottleneck and the parallel speedup is maximisedhd& approach here
is twofold and adds an additional reasoning: On the one handt balances the
workload. On the other hand, external factors such as the gristructure, the load
distribution overhead, and so forth often determine how many ades can be em-
ployed economically, i.e. using more nodes does not improveetperformance. In
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Algorithm 5.5 If a remote vertex and a local vertex are merged, the adjacenc
lists and the re nement ags have to be updated. Thereby, eachode is allowed to
modify its own partition.

mergeWithNeighbour:Vt nHy  VynHy No 7! VinHt

1: procedure mergeW ithNeighbour(local; neighbour; rankOfN eighbour)
2 forall i 2f0;2¢ 1gdo

3 if thisLevel(i) = rankOfNeighbour then

4 thisLevel(local;i)  thisLevel (neighbour; i)
5: subLevellocal;i)  subLevelneighbour;i)

6 end if

7 end for

8 if P rened (local) * P e nement triggerea (N€Ighbour) then
9: Pre nement triggered (Iocal)

10: end if

11: if Prened (Iocal) * P coarsening triggered (N€Ighbour) then
12: I:)coarsening triggered (|OC3.|)

13: end if

14: return local
15: end procedure

such a case, the concept here tries to use as few nodes as poss#letpthe remain-
ing nodes idle. The rationale is that the grid changes throdmput the computation,
i.e. the load balancing has to be redone permanently. Havinglé nodes at hand
simpli es this rebalancing.

The non-functional properties of the algorithms are twofal, too: As the grid
changes permanently, the algorithm implements an on-they load balancing, i.e. the
grid is permanently rebalanced. Alternative algorithms stoghe computation from
time to time and redistribute the complete workload. Consequmtly, they require a
heuristic or a rule-of-thumb when it is worth to stop the simulaion. My approach
gets along without stopping the computation. Next, as the tragrsal and multigrid
algorithm never set up global data structures, the distributioralgorithm also refrains
from a global data structure. Instead, the whole load balanciis integrated into
the element-wise traversal, and the decisions are made locallg. the load balancing
runs in parallel, too.

The balancing's design follows a greedy paradigm:

It assumes that a goodk-spacetree decomposition is already available for a
given, static k-spacetree. If the spacetree consists of only one element, such a
decomposition is trivial, as it employs only one node.
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It assumes that (enough) idle nodes are available.

Whenever an algorithm on a node triggers a re nement somewtgein the
grid, the algorithm analyses whether this re nement introdees a new global
bottleneck, i.e. whether the re nement slows down the travesal. If this is the
case, it takes an idle node and adds it as new worker to the remg node. As a
result, the bottleneck is eliminated a priori, before the gd is actually re ned.

Whenever a master-worker relationship in the tree decomposti could be
removed without making the master slow down the overall traveal, the mas-
ter and the worker a merged. Thus, the merged worker becomedeicnd is
available for further decompositions.

5.3.1 Weight Attribute

The balancing requires a cost model. Before a redistributioroncept is elaborated,
the algorithm has to be able to measure the time spent on the travsal. It is
a straightforward idea to assign each geometric element a welglpresenting an
abstract cost function. This weight mirrors the element-wiseriversal and a linear
time assumption: If the number of geometric elements is doublethe time per
traversal doubles, too. This linear cost model in turn is validad by the (almost)
constant time per vertex in Section 3.6.

De nition 5.2. The weight of a geometric element represents the time the traversal
spends in this element and all the descendants of the element

Let w: Er 7! N§ denote the weight with

CWeight = 1; (5.7)
w(e) = Cueignn 8e2 Er;eis aleaf, i.e.:P reneq (€): (5.8)
- CWeight + Wremote(p) if Pwait(p) .

= : : 5.9

W(p) CWeigh'[ + Wlocal(p) if :P wait(p) ( )
Wremote(p) = o h-mng'a;%(remotef W(C)g; (510)
Wigcal(P) = w(c); and (5.11)

CV chid P; € not remote
Puwait (B) =  Wremote(P)  Wiocal(P): (5.12)

The weight model is homogeneous, i.e. the computational costgeometric element
are constant (5.7). If this assumption is not valid anymore, theonstant Cyeigr: has
to be replaced by a function modelling the computational laa A leaf's weight is
prescribed (5.8), whereas a re ned element's weight resultom the computational
load of the element itself and all the descendants (5.9): Firsket wi,ca denote the
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P
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Figure 5.11: The weight and the attribute on a k-spacetree split up into four parts.

time spent in all the descendant (5.11). Secong; denotes for each remote node the
weight, i.e. the time the worker spends in this elemeft As all the workers' traversals
run in parallel, the remote time equals the maximum of the rewte runtimes (5.10).
Third, a node either needs longer than all the remote nodes farocess its own
subelements, or it has to wait for a remote node. In the latter c®, predicateP i
in (5.12) holds. Finally, the weight of a re ned element with emote subelements
either is dominated by the workers' runtime P, holds) or by the local traversal
(Pwait does not hold). Whenever a node is responsible for all the chiégsh of a
re ned element, the element's weightv equals the sum of the runtime spent within
the children added one cost unit for the node itself (5.11). Thattribute w can be
evaluated within the traversal's bottom-up steps. It is synthesied.

5.3.2 Attribute

Load balancing is a discrete optimisation problem. This thesisllows a local greedy
algorithm: it improves the load distribution on each node loally, since it evaluates
for each node permanently whether it is a bottleneck or whe#h it is allowed to do
more work without becoming a bottleneck. The weight attribte gives the compu-
tational load per subtree, while the wait predicate identi es bottlenecks: If the wait
predicate holds, a worker thwarts its master. Yet, the weightdcks the information
how much additional work could be added without slowing downhie algorithmlit

3If several remote spacetrees are assigned to one node has to be modi ed accordingly.
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5.3 Work Partitioning and Load Balancing

supports a bottleneck analysis, but does not identify bottlereks in advance. If an
element re nes, additional work is added, and it is importanto know whether this
additional work would slow down the application.

De nition 5.3.  The attribute for a geometric element identi es how many addi-
tional work units can be spent on the element and all its sussers without making
the corresponding traversal a bottleneck.

Let : Et 7! Z give a runtime di erence for each node. It de nes how many
additional cost units (geometric elements) could be spent on ¢helement and its
successors without making the worker responsible for the elemenbottieneck for
its master. If < 0O, the worker is already a bottleneck. If = n > 0 holds, the
worker will not become a bottleneck, if up ton elements are added to the subtree
identi ed by the node. is an inherited attribute. It is computed throughout the
top{down steps and uses the weight attributen of the preceding traversal:

(&) = 1, for the spacetree's root, and (5.13)

g (p)+ w(p) w(c) 1 candp processed on
di erent nodes

2 (P+w(p) w() 1 same node"P i (p)

" (p) same node”™:P it (P):

8C;p2 Er; CVchilg P:
(0=

Attribute  tells the algorithm where a fork would improve the overall ratime of
the traversal, as the root node is assigned a negativan (5.13). Whenever a child
and its parent are handled on the same node, and the parent dosst have to wait
for another remote node, the child has the sameas the parent: If the parent may
spendn additional work units on the grid, the child is also allowed todo so|the
parent is already re ned and can not get additional work. If he parent is too slow by
n work units and slows down the whole application, the traversain the subtree has
to speed up. The parent itself can not speed up, as it h&8 children to be processed.
Thus, it delegates the speed up requirement to its children. Viémever a child and
its parent are handled on the same node, and the parent has to itvéor another
remote node, the child node can gain weight without slowing dm the traversal.
Whenever a child and its parent are handled on di erent nodeshe child's node is
a worker of the parent's node. In both of the latter cases, the drence between
the parent's weight and the child's weight equals the additinal cost the traversal
could spend on the child. The decrement eliminates the weigbf the parent node
from the calculation. A combination of both attributes now enables &h node to
decide recursively whether it would or does bene t from addibnal workers handling
subtrees. This strategy is elaborated in the following two sedcins.
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5.3.3 Fork Predicate and the Node Pool

My implementation makes use of a worker pool. At the beginningll the computing
nodes except the initial one processing the spacetree's roog adle workers assigned
to the worker pool. Whenever a computing node wants to deleigawork, it tries to
book a worker from the worker pool.
If a leaf I;1 v chig P, is to be re ned due to arefinement-triggered ag and

(MH=n k¢ holds, the re nement would slow down the overall computation.
Throughout the descends, the traversal then determines in elemt p how many of
p's leaves would re ne. Afterwards, it tries to book up tok® 1 workers from the
node pool in order to distribute those leaves among the new weiis along the Peano
iterate. If the worker pool is empty, the computing node hasa do the work for the
new leaf itself.

Example 5.4. Let d = 3;k = 2. Six out of eight children of a re ned element
want to re ne, and the re ned element's -attribute is negative. The re ned element
Is already a bottleneck of the overall computation, and thelditional re nements

would worsen this bottleneck. The responsible node thugsrito book ve additional
workers|deploying all re ned elements to workers would makehe node holding
the re ned element an idle node, as it has to wait for its worke Instead of ve

workers, the node pool delivers only three workers. The rstorker is assigned the
rst two re ning leaves along the Peano iterate, the second awker is assigned the
leaves three and four along the Peano iterate, the third werkis assigned the fth
element, and the master itself handles the remaining sixte med element.

Since the worker deploys exclusively the re ning elementsag the Peano curve,
the resulting remote partitions may be disconnected: If the mere ning elements are
re ned later throughout the computation, for example due toan a posteriori error
estimator, the domain decomposition ends up with disconnectede grid partitions.
While one can avoid this by deploying solely connected re neelements, | prefer a
balanced to a connected partitioning in the experiments.

De nition 5.4.  The fork predicate for a spacetree leaf holds, if a re nememf the
leaf would make the corresponding node a bottleneck.

The predicate is given as

> if :P reneda (€) " (€) kd .

8e?2 ET : Pfork(e) = ) else

As it depends only on , the algorithm computes the predicate on-demand.

While an application's performance typically motivates tle parallelisation, many
applications also su er from hard memory restrictions. In such aase, the fork
predicate should also evaluate an upper memory bound, i.e. ta process would
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5.3 Work Partitioning and Load Balancing

exceed a given memory threshold, the fork predicate holds, toSuch an augmented
fork predicate makes the load distribution t to the memory awilable on the indi-
vidual nodes, i.e. a node never exceeds the main memory due tceanement, and
it improves the applicability and stability for long-running, real-world simulations.
A similar argumentation though is found seldom in literature yet [43], e.g., picks it

up).

5.3.4 Join Predicate

The fork predicate makes the parallel traversal as fast as pod&b In addition, the
balancing shall use as few nodes as possible. Such a property isvaloe of its
own: On the one hand, it reduces the exchanged data per itera. On the other
hand, it ensures that the node pool always holds as many idle aes as possible.
The following pages elaborate when nodes can be freed withbarming the parallel
performance.

Let there be a join predicate: If a node has delegated the work of a chilé and,
thus, a complete subtree to a worker, it is the master of this woek. If Pjuin (p; €
holds, it is a lazy master i.e. it could take over the job of the worker without
becoming a bottleneck for its master itself.

8
> p; c processed on di erent node$
% I:)Wait A
8p;C2 ET;CVchig P Wiocal(P) + W(C) <w (p) + (p)

Pjoin (P; O = > p; c processed on di erent node$

% P wait(p) N
Wiocal(P) + W(C) <w (p) w(c)+ (p)

2 else.

De nition 5.5. A lazy masteris a node that delegates work to workers but could
do this work without becoming a bottleneck. For the root nalef workers working
for a lazy master, thejoin predicate holds.

As Pjsin depends on the tree attributesv and , the algorithm computes it on-
demand.w and are always kept up-to-date. Whenever a node is re ned, thero
condition is evaluated, and, thus, new workers might come iotplay. Whenever the
join predicate holds for a node, the two corresponding spaceés are merged, and
the decruited computing node is reassigned to the worker pool.

If a k-spacetree's data is moved from a node to another node, it isvalys only from
worker to master. This simple data movement paradigm preservése tree topology
on the computing nodes, and only complete subtrees are exchadg The algorithm
here does not allot the rebalancing of work packages smallbah a complete subtree.

While the join predicate evaluates the runtime behaviour, mmory also can a ect
join decisions in several ways: It is not reasonable to join a wakwith its master, if
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the master would run out of memory because of this join. A join gdicate evaluating
the memory requirements besides the runtime behaviour is tleeunterpart of a fork

predicate splitting up processes because of limited memory. Thze of the worker
also determines the amount of data required to join two partibns. As subdomains
have to be moved from the worker to the master, a join can slow dovithe overall

iteration due to bandwidth restrictions. In such a case, it is resonable to restrict
the number of joins to a xed, small number|either globally or per master.

Although the fork and join predicate balance the spacetree amaling to the an-
alytical model, the per-iteration evaluation of the prediates can introduce lots of
forks and joins that nally prove to be unnecessary. For a less ggessive balancing,
the experiments on the one hand make the join predicate evali¢ the re nement
state of the worker: If a worker re nes any of its leaves, it is ner merged into its
master's partition. As a result, joins occur exclusively for inariant subtrees. On the
other hand, the join predicates' left hand side is increased by xed constant, i.e. the
join is performed if and only if the join would not introduce abottleneck, even if
the subdomain were bigger by this constant. The penalty constamirrors the over-
head introduced by a join and prohibits some joins that would &come unfortunate
because of the worker's tree changing later throughout the putation.

Although the domain splittings follow the Peano space- lling arve in this thesis,
partitions assigned to one computing node can be disconnecte@n page 182, |
explain this fact with the interplay of the fork process and a gnamic re nement
criterion. The merge process can also introduce disconnectedttftions, as the join
predicate does not check if the worker's and the master's nerig partitions are
connected. While one can incorporate such a check into thenopredicate, | prefer
an aggressive join behaviour to have as many idle workers as pbksiand, hence,
accept disconnected partitions.

5.3.5 Join Process

The vertex merge rules in Section 5.2.4 exhibit how the veces' adjacency lists and
re nement ags are updated whenever the grid structure or thespacetree decom-
position change. Yet, the rules do not work for partition joirs: If a master and a
worker partition join, their boundary vertices are given the new (master's) adjacency
information. At the same time, the neighbours though send veides to the merging
worker.

To resolve this issue, the join is a two-step process (Figure 5.12)n the rst
traversal, the adjacency information of the worker's partiion boundary is updated,
and the algorithm sends away the updated vertices. In the seconhversal, the
worker receives the neighbour's data, merges it into the lakspacetree, and, nally,
sends its records to its master. Meanwhile, the neighbours ugie their adjacency
lists and send their data to the master instead of the merged wonke
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Figure 5.12: Vertex exchange pattern. Each join lasts two itations.

5.4 Node Pool Realisation

A decentral load balancing as proposed in the preceding chapthas many advan-
tages: As there is no central load balancing instance, this instee can not become a
bottleneck. Furthermore, the load balancing exhibits exdly the overall algorithm's
scaling. The only precondition is that the node pool answers gqaests for work-
ers immediately, i.e. the node pool may not slow down the appétion. Thus, my
implementation deploys the node pool administration to a proess of its own.

Yet, the worker booking process remains a competition amondpe individual
nodes, and the greedy fork often leads to unbalanced partitis': Whenever the
traversal comes acros® re ning leaves introducing a bottleneck, it tries books
n k% 1 workers. It does not make sense to bod¥€ workers, as the traversal
has to wait for the workers throughout the ascends anyway. Tk the node handles
at least one re ned element himself. Since the nal grid layouis not known a
priori|it might in fact change all the time|the algorithm do  es not yield an optimal
partition, but permanently rebalances the partitions andwithout loss of generality,
never nds the optimal partitioning. This drawback holds fa any greedy algorithm.
Yet, an additional problem arises from the approach: If the mibe pool processes the
worker requests on a rst-come rst-served (FCFS) basis, nodes wita slow network

4With number of nodes going to in nity, this drawback disappears, as each request caie ful lled.

185



5 Parallelisation

connection or a worker request that occurs late throughout #htraversal are inferior.
A more sophisticated node pool with dair answering strategythus waits,

until a certain time has elapsed (timeout),
until each working node has posted a request, or
until no further idle nodes are available.

It then permutes the worker requests and favours nodes that %an't booked workers
before. In my implementation, a simple history holds the sequea of preceding
requests, and the node pool sorts the request queue accordingly.

The timeout ensures that all nodes have a chance to post theirqeests, i.e. the
race among the individual nodes is softened. Yet, the node pastarts to answer
immediately, if the request queue's size equals the number obrking nodes, or if
there are no idle nodes left. In the latter case, it does not maksense to make any
node wait, since the request will be answered negatively anywdyfthe queue's size
equalsp, all the workers already wait for a request, i.e. no additiolaequests are
on the way.

Besides the tailoring of the worker delivery, the strategy alsallows to implement
architecture-speci ¢ knowledge (also suggested in [43]): As thmede pool nally
decides whether a fork happens or not|it can always tell a noé that there are
no idle workers left|it can prohibit new master-worker relat ionships introducing
runtime drawbacks. Furthermore, the node pool decides whictew worker to deliver
if there are several workers idle. Knowledge about the conteehardware topology
and the global logical topology typically in uence both aspets.

5.5 Parallel Iterations and HTMG

The parallel algorithm exchanges the partitions' boundarie after each traversal.
For the multigrid solver, this communication pattern entaik some modi cations.

While the element-wise evaluation remains unaltered, resslof the individual sten-

cils are not always available throughouttouchVertexLastTime events: Boundary

vertices are adjacent tok < 29 (local) geometric elements. The contributions of
the 2k additional elements is available not until the remote verties have been
received, i.e. they are available throughout théouchV ertexFirstTime event of the

subsequent traversal.

The parallelisation thus entails the following algorithm uplates:

1. Temporary results such as the residual become persistent auites. They are
not discarded after the traversal.
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2. Each accumulated value is exchanged. The vertex excharggnce comprises
for example the residual in addition to the vertex re nement stucture.

3. For each accumulated value, the boundary vertex's remotmntributions are
added to the local representation as soon as the vertex is readrh the input
stream. The boundary vertex merge process from page 170 herscaigmented
by the accumulation statements.

4. In the parallel code, operations former triggered bpuchV ertexLastT ime are
triggered by touchV ertexFirstTime, as the underlying data is not available
before the merge process ensures that all elements' contritoris have been
added to a vertex.

The enumeration reveals that the changes for the parallel sel are straightfor-
ward. Nevertheless, the latter issue also reveals that the pardlkolver needs half
an iteration more for a Jacobi step than the sequential code: Ehsequential code
starts the Jacobi step throughout the rst read (it clears the raidual), and nishes
the Jacobi step throughout the last write (it updates the valug The parallel code
needs an additionaltouchV ertexFirstT ime to update the vertex's value.

As the additional traversal results from the boundary exchanggattern, this argu-
ing holds for all the other multigrid ingredients such as restction and the subsequent
coarse grid smoothing, too. The events are \shifted" on the timscale (Table 5.1)
and arise \delayed" compared to the sequential code. Furthemne, the solver needs
an additional state firstSmoothingStepOnCoarserGrid . In this state, it completes
the restriction started in the preceding iteration besides therst smoothing step on
the coarser grid. Because of the modi ed event mapping, the hipontal tree cuts
also are delayed by one iteration: After a multigrid ascend, thé&raversal has to
access the former active level,ive + 1 Once more to restrict the right-hand side,
l.e. the tree cuts may not yet store these values on a backup streaet.

5.6 Experiments

The following experiments analyse the parallelisation and dal balancing with three
test setups elaborating algorithmic properties. They refrairfrom a real-world use
case and have arti cial character, and they do not apply any athmetics, i.e. the
Peano instances create the grid, traverse this grid, and trigg events. These events
however are|besides the geometry analysis|mapped to empty opeations, i.e. they
deteriorate.

First, | study the impact of the message size on the overall perfoance, i.e. | de-
termine appropriate, hardware-speci ¢ parameters for the fisequent experiments,
and, thus, reduce the architecture's in uence on the experiental results. Second,
| study the parallel speedup for regular grids. Any parallelisatin scheme has to

187



5 Parallelisation

Table 5.1: Interplay of the traversal events, the solver statesnd the multi-

grid operations for the parallel
a simultaneous coarse grid smoothing. FirstCoarse

code. The rule set employs

abbreviates

FirstSmoothingStepOnCoarserGrid .

Solver State

Traversal Event

Description and Operations

Smooth createT emporaryV ertex(v) | level(v) acive ) Iinterpolate coarse grid value.
touchV ertexFirstTime (v) level(v) = "aciive ) apply Jacobi update step and
rv O (clear residual) afterwards.
level(v) < " active P renea (V) ) apply Jacobi
update step andr, 0 (clear residual) after-
wards.
enterElement (e) level(e) = “acive ) apply stencil.
|eve|(e) <’ active P unre ned v(e) ) apply stencil.
touchV ertexLastTime (v) no operation.
Ascend createT emporaryV ertex(v) | level(v) = "aeive ) vV 0, and
level(v) < acive ) interpolate coarse grid value.
touchV ertexFirstTime (v) level(vV) = “aive ) apply Jacobi update step,

enterElement (e)

touchV ertexLastTime (v)

clear residual, and compute hierarchical trans-
form.

level(v) < " active " :P rened (V) ) apply Jacobi
update step andr, 0 (clear residual) after-
wards.

level(€) = “acive ) apply stencil.
|eVe|(e) < ’ active AP unre ned v(e) ) app|y StenCil.
no operation.

FirstCoarse

createT emporaryV ertex(v)
touchV ertexFirstTime (v)

enterElement (e)

touchV ertexLastTime (v)

level(v) active ) interpolate coarse grid value.
level(V) = "active +1 ) restrict £, with 4, stored
in variable r,.

level(v) = active “:P rened (V) ) apply Jacobi
update step andr, 0 (clear residual) after-
wards.

level(v) = “active “Prened (V)) by 0.

level(e) = “active ) apply stencil.

level(e) < active “P unrened v(€) ) apply stencil.
no operation.

Descend

createT emporaryV ertex(v)
touchV ertexFirstTime (v)

enterElement (e)
touchV ertexLastTime (v)

level(v) aciive ) interpolate coarse grid value.
level(v) < " active P renea (V) ) apply Jacobi
update step andr, 0 (clear residual) after-
wards.

level(v) = “acve 1"Prenea (V) ) apply Jacobi
update step andr, 0 (clear residual) after-
wards.

level(v) = “aive ) cCOmpute inverse hierarchical
transform.

level(e) = “acive ) apply stencil.

no operation.
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yield a satisfying parallel performance for such a setup, befoiteswitches to more
complicated experiments. Third, | study the parallel speedupof an adaptive grid
resolving a singularity. To parallelise such a grid is challengy, as the underlying
k-spacetree is extremely unbalanced, i.e. it is di cult for a @main decomposition
to result in a parallel speedup at all. Furthermore, the grid castruction process
entails a permanent rebalancing, as the decomposition is nmtare of the singularity
in advance.

5.6.1 Message Size
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Figure 5.13: In uence of the message size on the runtime per vextfor three di er-
ent architectures.

According to Section 5.2.3, several vertices are bundled inttne big message
bundle throughout the partition boundary exchange. This buadle's size depends
on the attributes exchanged per vertex, on the bundle's cairhlity, and on the
data alignment. Albeit | study the correlation of size and perfomance, this section
neither derives a global optimum size nor does it give a reasogifor the runtime
behaviour. It just shows that such a performance study is critidpt anyway has
to be done for each PDE individually|and derives reasonable s¢ings for the grid
records in the subsequent experiments.
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For the measurements in Figure 5.13, a regular Cartesian grid divided into
equally sized subpartitions fok® nodes. The parallelisation paradigm incorporates a
hidden communication, since the vertex exchange follows ae+and-forget semantics,
i.e. the actual data exchange runs in the background of thedversal. Consequently,
the runtime per vertex should be independent of the bundle'szs. Nevertheless,
the results reveal that the message size can in uence the applica's performance.

On the In nicluster, a su ciently big number of messages per bunék has to be
chosen. Otherwise, the message exchange slows down the appbtioa{see one or
two messages per bundle, e.g.). This e ect is either a result dfe network'’s latency,
or it results from the overhead required to set up a data exchaag Choosing a too
big message size fail = 3 also reduces the application's speed. As the e ect does
not occur ford = 2, and as the \three-dimensional" messages are bigger than the
messages in two dimensions due to the cardinality of the adjaagnlists depending
on d, this is either a bandwidth restriction, or the In nicluster's hardware fails to
exchange very big messages in the background. | have no exptamafor the peak
for d = 2 and 1024 messages per bundle.

On the HLRB II, the results are two-faced: The performance is @dependent of
the message size fal = 2. Yet, it is very sensitive to the cardinality for d = 3.
This e ect requires for further attention, but it is beyond the scope of this thesis.
On Jugene, a BlueGene/P system, it is important to have a su cietly big number
of messages per bundle. The latter architecture is furtherm@rknown to be very
sensitive to data alignment [37], but the alignment's in uene is not captured by
the experiments at all.

5.6.2 Regular Cartesian Grids

A regular Cartesian grid corresponds to a balancekl-spacetree, i.e. each re ned
spacetree element of one level has the same number of descerddamecause of
the simple, regular structure, the load balancing's behaviowan be reconstructed
manually: The k9 elements on the level one are distributed among the cluster, s
the root element holds = 1 (the experiments of Figure 5.4 study the speedup for
less thank® computing nodes). Each of th&¢ level-one elements holds= 1, too,
l.e. they try to re-fork immediately. If the number of remainng nodes is a multiple
of k9 or bigger than k¢ d, each subtree forks the same number of times. Otherwise,
the subtree with the smallest number of forks determines the ol runtime (Table
5.2).

Each of thek® nodes responsible for the level-one elements tries to book aitdal
workers. Because of this greedy approach, they compete for éabohal workers, and
a rstcome rst served (FCFS) node pool strategy might introducea load imbalance
non-deterministically, since it favours nodes with the best emection to the node
pool. The fair strategy in Section 5.4 tackles this challenge
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Table 5.2: Forks accompany the grid creation for a regular igi, d = 2, di erent
numbers of computing nodes, and one dedicated node pool (rabkim-
plementing a fair answering strategy. Bold ranks are the glob&ottle-

necks.
Nodes | Iteration | Vertices Forks (master 7! f masters and workerg))
9 0]6:80 10* | 07! 2;4;1;8;3;9;5;7;69
7 | 487 10
17 0]6:80 10" | 07!f8;4;2;16;1;13;9;12;5¢g
1|644 10° | 17'f2;179,27!F2;69, 47! f 4,159, 57! f 5;3g, 87! f 8; 14,
97!f910g, 127! f 12,119, 137! f 13,79, 167! f 169
7 | 489 10
19 0]6:80 10t [ 07! 4;16;2;1;8;3;6;5;12g
1]6:44 10° | 17'f1;17,11g, 27! f 2;15g, 37! f 3;14g, 47! f 4,10g,
57'f5;19g,67!f 6;7g,87!f 8;9g, 127! f 12,130,
167! f 16,189
7 | 489 10
24 0]680 10" [ 07!f16;1;4;9;8;2;5;17; 79
1]6:44 107 | 17! 1;236g,27!f2;21;129, 47! f 4,39, 57! f 5;11; 10g,
77'f7,15,229, 87! f 8;13,149, 97! f 9; 18,
167! f 16,209, 177! f 17,19g
7| 490 10

The experiments for the regular grid were at rst conducted orthe In nicluster
(Figure 5.14). For bigger node cardinalities, | switched to ta HLRB Il (Figure 5.15).
All measurements illustrate a weak speedup|the grid size, i.e. spzetree depth, is
scaled with the number of computing nodes|starting with 6:09 10* (d = 2) or
6:72 1 (d = 3), respectively, vertices on a single node, and both the HLRB
Il and the Jugene exhibited a similar speedup pattern besides sermeasurement
inaccuracies.

The fork analysis above explains the step layout in Figure 5.1 it applies recur-
sively to all grid levels. This step pattern resembles the steps Kigure 5.4 scaled up
to a bigger number of nodes. Furthermore, it becomes obvioudlyat the fair node
pool strategy delivers a more robust parallel decomposition mpared to a FCFS
implementation. | use the fair strategy throughout subsequentgeriments.

The bigger the number of computing nodes and the bigger the g dimension
d, the more additional nodes are needed to reach the next spepdevel (Figure
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Figure 5.14: Weak speedup for a regular Cartesian grid on the micluster.

5.15), since the work is distributed top-down and the number afiodes within the
spacetree grows exponentially witkk'®;i 2 No. If the number of computing nodes
ts to the tree structure, the speedup for the regular grid is aleady promising. For
the other cases, three remarks are important.

First, few applications yield that regular meshes due to moreomplicated bound-
aries or due to a more complicated solution behaviour. If onateacts the nest reg-
ular grid from such a mesh'k-spacetree, this grid's elements will hold non-uniform
weights: Elements covering regions with a ner resolution hava greater weight than
elements covering regions with a rather coarse mesh. Furthesme, Elements dis-
tributing work to additional nodes will have a smaller weighthan elements doing all
the work alone. The actual speedup curve pattern then adopt® tthe non-uniform
weight distribution. Consequently, each application scenariwill exhibit a di erent
step pattern. A fair runtime comparison consequently has to avage the speedup
curves for di erent comparable scenarios to yield a reason&bpeedup curve and
to eliminate the in uence of the nondeterministic worker assigment. The worst
case steps from the measurement here then disappear, while thestbmase speedup
results become worse.

Second, the measurements here apply a one-to-one mapping eaRo instances
to computing nodes. In the outlook a modi cation and extensiorf this mapping is
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Figure 5.15: Weak speedup for a regular Cartesian grid on the HBRII. The
speedups of several runs are averaged, and the node pool im@ets a
fair load distribution strategy.
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discussed that should smooth out the speedup curve presented in thgures here.

Finally, the experiments employ Peano without a PDE solver. fie computational
work thus is exclusively determined by the grid management epations. If a PDE
is solved, the additional oating point operations codeterrme the runtime, and the
poor slope for the three-dimensional problem should improvef this is not the case,
d = 3 has to be paid further attention in the future.

5.6.3 Singularities

Figure 5.16: Grid resolving a singularity.

The last experiment resolves a point singularity ako = (1;1;:::)T 2 RY on the
unit square or cube, respectively: In eack-spacetree level, exclusively the vertices
of the geometric element holding, are re ned (Figure 5.16). An optimal Peano
traversal's runtime for such a spacetree scales wit being the spacetree’s height,
while the sequential runtime is h 2¢ k¢ the traversal has to step down into the
nest elements once, while it can, on each level, deploy workrfelements adjacent
to the one element coveringy to remote nodes. If the runtime scales linearly in
the number of elements to be traversed, they will always nish éfore their master
starts to ascend again.

Again, it is straightforward to reconstruct the load balancings behaviour: All
elements coveringxg have = 1, i.e. their fork predicate holds. With each re-
nement, the corresponding node books additional workers. Tavdi erent patterns
of load distributions then can occur: If the node deploys alllements besides the
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Figure 5.17: Grid resolving a singularity (top, left). The glal master tries to deploy
all work for re ned elements to remote nodes, while it adminisates the

node pool itself (top, right). Below, in lexicographical ordr: Domain
decompositions for 56; 7 and 10 nodes.

195



5 Parallelisation

Table 5.3: Forks and merges accompany the grid constructiomfrigure 5.16 @ = 2).
The rank holding the ne grid element coveringx, is marked bold, and
the transitions denote forks and joins.

Iteration | Vertices | Idle Nodes Forks/Joins
0| 6:80 10 8| 07!'f0;6;8;5;3g
1| 2:37 17 5|37'f3;4;12,10g
2 | 406 107 2|147'14;1;11,9
3| 575 107 11471479
4| 679 107 0|77f7;29
5| 783 17 0
6 | 8:47 107 1|f3;1097'3
7 | 886 107 0| 77'f7,10¢g
8| 990 17 1| 312973
9| 103 10° 0| 10 7! f 10,129
10 | 1:13 10° 0

element coveringxy to workers, it remains the overall bottleneck: Throughout tle
steps down, it triggers the workers to startup their traversal.As they are re ned
only once, they always have nished their work before the magteeturns to step
up. In a second case, the node deploys the element coveriigto a worker wo.
Then, wy, becomes a bottleneck throughout the subsequent grid re nemisn and
the master will become a lazy master|it could take the workload of all workers
besidesw, without becoming a global bottleneck. Therefore, it trigges joins, and
the freed workers are reemployed on a ner grid.

The corresponding experiments were conducted on the In nicster and showed a
asymptotic maximum runtime improvement of 2 k¢ if the number of comput-
ing nodes is su ciently large. Although the fork and join behavour are non-
deterministic, the structure of all operation traces is alway the same. One example
is given in Table 5.3. It agrees with the analysis above.

If Peano runs out of idle nodes throughout the grid construabin, the runtime
improvement breaks down (Figure 5.17 illustrates several exgles): The applica-
tion distributes the spacetree further and further until no nales are idle anymore.
The node being the global bottleneck is also responsible for thEement coveringx,.
This element re nes further. As the node is already the slowestapticipant in the
cluster, it never becomes a lazy master. No further joins are ggered by this lazy
master, and the overall tree partitioning does not change it&yout anymore.

An unbalanced tree such as the spacetree in Figure 5.16 is the stocase for
any tree traversal algorithm. Many PDE solvers never yield suctiscretisations|
our group's computational uid dynamics code for example atays delivers rather
regular grids|besides for complicated domains. Having such a betviour, the prac-
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tical use of the experiments above is rather low regarding threntime spent on the
PDE's inner domain. It is however important that Peano booksadditional workers
for grid singularities aggressively. In combination with speegb curves for regular
grids (Section 5.6.2) this observation states that Peano'sdd balancing tackles re-
gions with an adaptive, irregular structure aggressively witimany computing nodes,
and, hence, it diminishes runtime defects due to these regions.

5.7 Outlook

This closing section addresses some improvements of the pare&lon, while it
leaves the fact aside that the implementation obviously needslditional attention,
pro ling, and tuning for d 3. First, parameter studies and a subsequent tuning
of the algorithm's magic constants within the predicate de itions adopt the par-
allelisation to a concrete hardware or a concrete PDE. The paltelisation yields
nice speedups whenever the grid structure ts to both the trawsal concept, the
hardware topology, and the number of nodes available. To makhe parallelisa-
tion robust with respect to these factors is, second, an importarand outstanding
challenge. Finally, the parallelisation concept here proges a vast set of links for
methodological improvements.

Among the most important magic constants in the algorithm are tB message
gueue size, the threshold constants in the fork and join predigade nitions, and
the weight function. In Figure 5.13, the impact of the actualmessage size on the
application's performance is illustrated. An optimal messagezg depends on both
the cluster's hardware and the PDE's degree of freedom modek the number of
unknowns per vertex codetermines the size of one message andsttthe number
of bytes to be spent on a block of messages. It is laborious to detéme a tting
message block size for each PDE model individually. Runtime meld incorporating
the network's latency, bandwidth, memory alignment, and socdith can select a
message block size automatically and disburden the user from tladorious studies.

The constants in the predicate de nitions also depend on the hdware used.
Triggering a remote traversal for example entails a commuraton overhead. As a
result, it sometimes is reasonable to merge two partitions alttugh the master is
not a lazy master. If the times spent on the additional local widoad falls below
the communication overhead, the overall runtime neverthess improves, and an
additional free worker becomes available. Such rationaldecisions, and experiences
can be modeled by additional magic constants within the de mion of the fork and
join predicates.

k-spacetree leaves have a uniform cost model in this thesis, asithgeight is
xed. For complicated PDEs, this concept has one shortcominglf sophisticated
convection operators are to be evaluated within a cell, if auftiphysics or multiscale
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model is implemented on the spacetree, or if the number of op#ions per element
changes throughout the simulation, the weight attribute diers from leaf to leaf. In
[23], the weights also depend on the surrounding elements: theora regular the
environment, the smaller the workload becomes. An intelligentveight de nition
incorporates such facts.

It is cumbersome that the speedup exhibits a step pattern for re¢ar grids. An
improved parallelisation has to yield a smoothed-out speeduprwve close to the
linear speedup that is (almost) independent of the actual nundy of computing
nodes. First studies working with overloading, i.e. several ptesses are started on
each (multicore) computing node, yield promising results. In s experiments,
I work with a logical number of computing nodes exceeding theghysical number
of nodes. Modern programming environments such as MPI 2 proeich dynamic
process model, i.e. one can adopt the logical cardinality ttvé¢ application's needs.
With a reasonable extended number of logical computing nodeblge load balancing
can search for a big, e cient number of nodes. Afterwards, it shriks back the set
of nodes to this e cient number.

With massive overloading, a sophisticated node pool realisatioa essential. In
the situation sketched above, a node pool tracking the relatiship of logical and
physical nodes helps to speed up the computation: It is absurd toake one cluster
node hold several logical program instances, while other nodasploy only a single
instance. The node pool is responsible to deliver the workers buthat the load
on the physical nodes is balanced. It can for example track thimber of non-idle
instances per physical node.

A sophisticated node pool furthermore takes the physical topadyy into account.
If a cluster consists for example of several blades with severabpessing units per
blade, some design decisions for such a sophisticated node pooltsga might be
as follows:

As Peano's logical topology equals a tree, it is reasonable thioaate workers
for a node on the same blade: If a computing node tries to book afker, the
node pool searches whether a processor on the same blade is idid,delivers
this process, as this process can communicate with its new masteithout

accessing the inter-blade connection typically being slower.

On the other hand, it might, for the same reason, be reasonable balance the
working processes among the individual blades. Processors on blagle typ-
ically share network devices. If as few as possible processes oh etade are
active, as few as possible processes have to share one piece of comation
hardware.

These two examples highlight the interplay of the topologiesMore sophisticated
node pool strategies also take the partition boundaries andmections into account,
as data are exchanged along the partition boundaries.
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The parallelisation concept orbits around the load balancm problem. In the
best case, it moreover considers memory considerations and tlmgy issues. Long-
running, massive parallel simulations nowadays have to face auom broader set
of challenges: Reliability for example is a topic becoming m® and more impor-
tant since computational resources are limited and expensivieg. hardware failures,
power blackouts, and breaks for high-priority jobs may not han a simulation's re-
sult. Backup strategies and checkpointing algorithms face ith challenge but are
beyond the scope of this work. Yet, the interplay of stacks and ape- lling curves
yields an e cient serialisation of the partitions, and | am sure hat checkpointing can
bene t from them. Besides reliability, this work has not spenta single thought on
e cient inter-program communication through standardised nterfaces. The whole
thematic block of simulation interaction paradigms for masse parallel codes o ers
a vast eld of questions to be answered. Here, the inherent mulsieale character of
this thesis is a promising link.
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6 Numerical Experiments

In three (almost) othogonal chapters, this thesis addresses drent challenges of
high performance computing. Each chapter proposes algonitts, and each chapter
also comprises an experiments section studying the e ects andoperties of these
algorithms. Although the chapters are presented independent each other, the idea
of k-spacetrees underscores all of them. Because of this \leitmdtian application
plugging the di erent thesis parts together should inherit dl the nice individual
properties directly: a fact to be validated. The following éxt studies such an
application: a parallel, multigrid solver on adaptive Cartsian grids for the Poisson
equation based upon Peano spacetrees, i.k.X 3)-spacetrees. All the experiments
were conducted on the HLRB II.

6.1 Memory Requirements

A unique selling point of all spacetree codes is the low memomquirements to store
a discretisation. As Peano's multigrid realises a matrix-free ber, i.e. it does not
add an additional data structure for the matrices, e.g., this @dcretisation memory
also governs the overall memory demands. One expects Peanonduice with very
low memory requirements.

Three classes of properties at this determine the record size edch grid con-
stituent: grid management data, solver- and PDE-speci ¢ dataand parallelisation
entries. The grid management data comprises re nement inforation, spatial in-
formation, and state ags. It is discussed in Chapter 3. The PDE-spec data
comprises current solution, PDE parameters such as the equatis right-hand side,
error estimator, and helper variables. It is discussed in Chaptet. The parallel
data nally comprises domain partition information as well & load balancing, fork
and join data. It is discussed in Chapter 5. Besides the grid constents, it is also
interesting to study the memory requirements of the traversali@domaton. As Peano
follows a recursive formulation, this automaton's memory faprint codetermines,
in combination with the maximum k-spacetree height, the size of the call stack.

Peano's implementation comes along with a small number of lBa (Table 6.1). In
comparison, out-of-the-box solvers supporting dynamic re meent, too, frequently
require several hundred bytes per record. Furthermore, Peals memory footprint is
architecture independent, as | switched o any system-speci c Bmory alignment.

201



6 Numerical Experiments

Table 6.1: Memory requirements of the multigrid solver in byas.

Sequential Parallel
d=2 d=3 |d=2 d=3
Traversal automaton 40 56 40 56
Vertex 56 56 65 81
Geometric element 32 36 48 56
Vertex on output stream 20 20 52 68
Geometric element on output stream 10 14 34 42

Such an alignment speeds up the data access on current compudeehitectures. In
the implementation, | thus use memory alignment for the intemal data structures
and the temporary data containers. For the input and output staks, | disable the
feature.

Records in the parallel mode exhibit an increased size. The gastric element
then comprises additional load balancing data such as weighh@ attribute. The
vertex comprises additional adjacency information, i.e. ibhas to track whether it is
adjacent to remote spacetrees. If the latter holds, a vertex al$@s to hold the ranks
of the associated processors, and this information is encoded kyotadjacency lists
with cardinality 29.

The precompiler DaStGen transforms all of Peano's records tin a
memory-optimised representation [13, 14] before they are pagge the compiler.
This optimised representation uses for example one byte to ho#d the individual
bits and bit sequences encoding the re nement structure and rex states. Never-
theless, it does not yet exploit the knowledge that most of the iagers assigned to a
vertex or cell have a bounded range. Integer numbers with a bladed range can also
be compressed by DaStGen, and such a tuning reduces the memorgstonptions
further.

Even without the additional compression, Peano comes alongtivivery modest
memory requirements in both sequential and parallel mode &lbugh it supports
arbitrary adaptivity. The Poisson solver inherits the memory poperties already
studied in Section 3.6.

6.2 Horizontal Tree Cuts

In Section 3.5.2, | introduce the concept of horizontal treeuts swapping a part
of the k-spacetree to a background bu er while the traversal continigeto traverse
the remaining, coarser spacetree levels. The multigridé-cycle in Chapter 4 then
establishes a concrete application of this tree cut mechanismAs soon as the cycle
has updated a ne grid level and has restricted the ne grid camibutions to a coarser
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grid, the multigrid's state machine reduces the active leveland all the events on
the old ne grid level reduce to no operation. It is thus reasaable to swap this ne
grid level to a background bu er until the V-cycle descends again into the level of
interest. One expects Peano's multigrid solver to pro t from he horizontal tree cuts
in terms of runtime.

The experiments studying the tree cuts compared the runtimef @0V (2; 2)-cycles
for both a regular grid for problem (4.30) and a grid resolvin@g singularity. The
latter resulted from the homogeneous Poisson equation on theiusquare with a
right-hand side given by the Dirac distribution in the coordirate system's origin.
This grid was extremely re ned around the singularity, i.e. i re ned solely the
vertex at x =0 2 RY on each level.

Table 6.2: Speedup due to horizontal tree cuts.

Minimal
mesh width | Depth  Vertices Speedup
regular, d =2 1:0 101 4 129 10° 1.00
1.0 10 ? 6 702 10 3.27
1.0 10 3 8 541 1¢° 4.62
adaptive,d=2 1:0 10 10 499 107 1.00
1.0 10 8 18 939 107 1.67
1.0 10 12 27 173 1¢° 2.00
regular,d=3  1:0 10 ‘! 4 360 10° 1.87
2.0 10 ? 5 159 10 4.52
adaptive, d=3 1:0 10 3 8 340 1¢° 1.38
1.0 10 ¢ 10 437 10° 1.38
1:0 10 8 18 825 10° 151
1.0 10 12 27 268 10 3.07

The results in Table 6.2 prove the tree cut mechanism to be robyste. the cuts
never introduce a runtime penalty, and the speedup is alwaygeater than one.
Furthermore, the ner the grid becomes and the greater the maber of vertices, the
better the speedup due to the tree cuts. Consequently, the runtie improvement
per grid hierarchy also scales with the spatial dimensioth

A comparison of the adaptive grids with the regular re ned mests reveals that
the speedup per additional spacetree level depends on the ragiy of the under-
lying grid, i.e. rather regular grids bene t more signi cantly from the feature than
adaptive grids. This insight is not surprising, as the number ofdditional spacetree
nodes per additional level increases by a factor &f for the regular grid. For the
adaptive mesh resolving a singularity, the number of additiodageometric elements
or vertices, respectively, per additional level is xed (see s Figure 5.16). Having
a more exible, local tree cut mechanism as discussed in the outk of Chapter 3
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(see Figure 3.21), the improvement for adaptive grids mighhcrease, too.

As the tree cuts are robust with respect to runtime, there is notgason to switch
this feature o anytime. Furthermore, the experiments revaled exactly the insights
expected for aV-cycle.

6.3 Simultaneous Coarse Grid Smoothing

In Section 4.5.1, | introduce the simultaneous coarse grid sntbimg extending the
standard Jacobi smoother to a Jacobi smoother for adaptive Casian grids. The
rationale behind this extension is that the Peano traversal jpcesses ak-spacetree
elements anyway. The experiments in Chapter 4 prove that theumber of iterations
reduces due to the additional coarse grid smoothing if the grid adaptive. They
nevertheless lack runtime measurement. If the additional smttwng operations
on the coarse grid slowed down the individual steps of thé-cycles signi cantly,
the simultaneous coarse grid smoothing could slow down the ovitreomputation
although it reduces the number of cycles. Hence, the runtime h&viour has to be
studied carefully.

The experiments solved problem (4.33) on the unit square with ee nement
criterion based upon the full stencil (4.22). The re nement tiheshold was reduced
step by step, and | compared arfF (2; 2)-cycle with the simultaneous coarse grid
smoothing with a plainF (2; 2)-cycle working exclusively on one grid level a time. As
the coarse grid smoothing's e ect on the convergence rate hdseady been studied,
each solver performed a xed number of 20 cycles, and | conceated on the pure
execution time measured by hardware counters. Since the simarieous coarse grid
smoothing alters the numerics, both approaches yielded sligyhdi erent re nement
patterns. | neglected these di erences here.

Table 6.3: Runtime of the simultaneous coarse grid smoothing. Nes denotes
whether the solver smooths grids coarser than the active leveébo. h
gives the spacetree's height.

d=2 d=3
Threshold | h  Vertices No Yes h  Vertices No Yes
1.0 10 ¢ 6 607 1C° 2.83s 296s| 7 722 10° 660.35s 695.03s
1:0 10 ° 7 444 10¢ 18.67s 19.509 8 1:45 10" 12772.72s 13791.57s
1.0 10 6 9 532 10° 261.51s 278.65
1.0 10 © | 10 574 10° 2575.86s 2763.99%
1.0 10 8 11 574 10° 22937.93s 24510.41s

The additional operations on the coarser grids increase thenmime per cycle by
approximately ten percent (Table 6.3). This performance pwlty factor is indepen-
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dent of the problem size. It is thus reasonable to use the coarsadgsmoothing
all the time: for a given accuracy to be obtained, the solver Wiout coarse grid
smoothing always needs more than 110% of the cycles of the solvéh the coarse
grid smoothing.

6.4 MFlops on Regular Grids

Section 3.6 states an almost constant runtime per vertex for theure grid manage-
ment. One expects Peano's multigrid solver to come along wittobnstant cost per
vertex ratio, too.

The percentage of the peak performance achieved is one intpat quality metric
for the quality of the implementation of a scienti ¢ software,as it measures how good
an implementation ts to a given hardware. Besides time per vé&X, this section
thus also expresses the cost per vertex in terms of MFlops. A big séttoning and
optimisation strategies improving the MFlop rate exists. To seld the right one, it
Is important to know in advance which e ect prohibits the pracessing unit to display
its full power. Cache e ects are a popular rst guess for such a ndidate. Section 3.4
postulates that Peano's cache behaviour though is by constiimn asymptotically
optimal, and the experiments afterwards prove this statemérfor the pure grid
management. However, such a statement has to be veri ed for a teslver, too:
One expects Peano's multigrid solver to be cache-oblivious.

One of Peano's unique selling points is the support for arbitrg dynamic, adaptive
grids without memory drawbacks. However, it is also importantd quantify how
such a exible solver performs for a regular mesh in terms of rumbe and memory.
The memory issue is already tackled by Section 6.1, and the nextperiments thus
concentrate on measurements for regularly re ned spacetree$hey compare the
runtime of V(2; 2)-cycles toF (2; 2)-cycles for the experiment (4.32) on the L-shape.

In the experiments, | sampled hardware counters fov (2; 2)-cycles andF (2; 2)-
cycles. Besides the pure MFlop rates, the counters also trackdetthumber of L2 and
L3 cache misses. As the counters' values were averaged over themete runtime,
the gures can not distinguish between grid setup and computatn phase for the
V (2; 2)-cycle. Nevertheless, with 20 iterations conducted per exjraents, the grid
setup phase was assumed to be insigni cant.

With the Itanium system and its 31 10 2 Flop per cycle yielding approximately
50 MFlops, the measurements reveal the following insights: Inéhtwo-dimensional
experiment, the MFlop rate raises to something around 70 MFIgpwith increasing
problem size. Level two cache hit misses almost disappear throagih the mea-
surements, while the level three cache hit rate drops with a rmeresolution. The
time spent on a vertex is almost constant for the/-cycle, and it exhibits a decline
towards a lower bound of something around:2 10 “ for the F-cycle. In the three-
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Table 6.4: Hardware counter measurements for regular re nddspacetree grids on

L-shape.
Vertices CFy"C’,‘; L2 hitrate L3 hitrate | poot—
V(2;2);d=2 | 1:19 10° | 27.04 10 3 99.98% 68.12% 10 4
7:21 10° | 35:88 10 3 99.96% 97.02% 10 4
5:48 10* | 41:24 10 3 99.95% 96.71% 3:87 10 *
4:63 10° | 4279 10 3 99.95% 55.58%| 3:77 10 4
4:08 10° | 4332 10 3 99.95% 59.16%| 3:78 10 4
F(2;2:d=2 | 1:19 10® | 27:15 10 3 99.98% 60.38% 10 4
7:21 10° | 36:25 10 3 99.96% 94.72% 10 4
5:48 10* | 41:79 10 3 99.95% 96.41%| 2:98 10 *
4:63 10° | 4348 10 3 99.95% 55.88%| 2:81 10 4
4:08 10° | 4272 10 3 99.95% 40.53% 2:71 10 4
3:66 10’ | 4297 10 3 99.95% 36.96%| 2:52 10 4
V(2;2);d=3 | 3:50 10" | 6628 10 ° 99.96% 97.76%| 5:60 10 4
6:20 10° | 8852 10 3 99.96% 59.34%| 5:90 10 4
1:42 10’ | 97:55 10 3 99.97% 51.98%| 4:03 10 4
F(2;2):d=3 | 350 10* | 66:61 10 3 99.96% 97.03%| 5:08 10 4
6:20 10° | 8920 10 3 99.96% 59.18%| 5:01 10 4
142 10’ | 97:73 10 3 99.97% 51.50%| 4:92 10 4

dimensional experiment, the MFlop rate raises to something anad 160 MFlops,
i.e. the MFlop rate of the two-dimensional experiment is moréhan doubled. The
L2 and L3 cache behaviour of the two-dimensional experimenits preserved, while
the cost per vertex is|besides the lastV-cycle experiment|almost constant.

Peano's multigrid solver preserves a constant time per vertex adel for both
dimensions, and the multigrid solver preserves the grid traverkacache characteris-
tics. Hence, the statements from Chapter 3 also hold for the Poissealver, and the
multigrid code is cache-oblivious. Latter observation impdis that techniques such
as the le stack swapping can be directly applied to the Poisson selr, too.

The framework achieves less than 2.5 percent of the theoreticpeak perfor-
mance of one core of the HLRB IlI, while the switch from two to thre dimen-
sions just doubles the runtime per vertex. Studying solely theumber of oating
point operations|they are given by the local matrix sizes assiged to the elements'
events|in terms of d, this increase appears to be small. Both properties deserve an
explanation.

First, | spent no e ort on a exhaustive source code optimisation ofhe Peano
framework. This fact takes its toll.

Second, the partial di erential equation and nite elementmethod employed here
are unsuited to achieve good MFlop rates. The grid traversal pcesses one element
a time. Due to the checks from which stack to take the verticesdm, due to the
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checks whether the element and the vertices have to perforntransition, and due
to the checks which events have to be triggered for which elent constituents, each
element processing comes along with a big number of case distios and integer
arithmetics. The number of oating point operations per evehthough is small.
A more complicated (system of) di erential equations or a higér order method
increase the computational load per element and, thus, lead tamatically to a
better mega op rate due to a better usage of the superscalar contmng facilities of
the processor. For the Navier-Stokes equations, e.g., exacthetsame code delivers
four up to ve times better rates [59], and the linear increasen computing time per
vertex throughout the switch fromd =2 to d = 3 con rms this statement. It would
not hold, if the caches or the memory system were the bottleneck

Finally, the results show how important the elimination of allthe integer arith-
metics and case distinctions is. While the arbitrary adaptivig and hierarchical data
structure is convenient for sophisticated mathematical algghms, current computer
architectures perform best, if the oating point data is sequetially lled without
intermission into the oating point units. For regular grids studied here, such a
streaming is theoretically possible|there is no need for re nement checks or the sup-
port of adaptive re nement|although it does not t to Peano' s traversal paradigm.
First studies with a modi ed Peano implementation treating whole regular subgrids
(patches) as one big stream, loading them en bloc without casestiinctions, and
passing them back to the output stream en bloc consequently exftilan improved
MFlop rate [23].

6.5 MFlops on Adaptive Grids

The previous section extensively discusses the interplay of cachit rates, MFlop
rates, and upcoming optimisations for regularly re ned grids.This section studies
the same solver properties for adaptive Cartesian grids. SectiB.6.1 suggests that
the runtime cost per vertex remains the same besides a small, xederhead. To
validate this assumption, the computational load per hangingertex and the com-
putational load to evaluate the re nement criterion have tobe bounded, too: One
expects Peano to exhibit constant runtime cost per vertex fordaptive grids.

Again, the experiments measured the hardware counters for eeqiment (4.33)
solved by anF (2; 2)-cycle. In accordance with the results of Section 6.3, | swited
on the simultaneous coarse grid smoothing throughout all the pgriments. All
the setups started from a coarse grid with four degrees of freeapi.e. four inner
vertices. The re nement criterion (4.22) then re ned the tree until the linear surplus
fell below a given threshold.

With such a setup, the following measurements and insights (Tadl6.5) arise:
In the two-dimensional case, the Flop per cycle ratio of the egpiments with the
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Table 6.5: Hardware counters for- (2; 2)-cycle on adaptive grid with dynamic re-
nement criterion.

Threshold h  Vertices gy"c’l‘; L2 hit rate L3 hit rate Toeices
d=2 10 10 % 6 607 10° 36:85 10 3 99.96% 95.35%]| 4:94 10
1.0 10 ® 7 443 10* 42:09 10 3 99.95% 97.84%| 4:41 10 *
1.0 10 © 9 532 10° 4295 10 3 99.95% 53.29%] 5:23 10 *
1.0 10 10 574 1C° 4221 10 8 99.95% 38.94% 4:81 10 4
1.0 10 8 11 575 10’ 4256 10 3 99.95% 37.24%| 4:26 10 4
d=3 |10 10 ¢ 7 713 10° 9503 10 3 99.97% 57.31%| 9:75 10 “
1.0 10 ® 8 145 10’ | 10466 10 3 99.97% 49.25% 9:52 10 *

regular grid is preserved. In the three-dimensional case, thiate even jumps over
10466 10 3%. The cache hit rates of both test setups preserves the, meanvehil
familiar, pattern already discussed in Section 3.6. Albeit the IBp rates do not

change, the cost per vertex approximately double.

As the Flop rate remains roughly the same, the creation of the hging vertices,
the additional interpolations arising for them, and the re nement criterion evalua-
tion do not stall the oating point pipeline. Nevertheless, theyimpose an additional
overhead in terms of oating point operations. Consequentlythe Flop rate is pre-
served, but the time per vertex increases.

As this increase is bounded by a factor of two, and as this expeent already
exhibits real-world characterl|it is not an arti cial grid o r a grid resolving solely a
singularity|Peano's cost per vertex are invariant for adaptive grids, too.

6.6 Outlook

The preceding sections study Peano's characteristics in ddtaiThroughout these
studies, two properties become apparent: Due to the framewodpproach, charac-
teristics demonstrated for the grid management apply directlto the matrix-free
solver implemented on top of Peano. Due to the orthogonalityfdhe individual
chapters, the individual characteristics do not con ict with each other. Measur-
ing the cache hit rate for the grid management, e.g., provech¢ framework to be
cache-oblivious. The cache hit rate of the Poisson solver mirsothis characteristics.
Furthermore, the Poisson solver's dynamic adaptivity critea did not alter the cache
behaviour: it is orthogonal to this property.

Besides the memory table on page 202, the experiments befdneugh ignore the
parallel version of Peano and concentrate solely on the sequahtode. The orthog-
onality of the characteristics and the framework paradigm jstify such a procedure,
and it can be assumed that the parallelisation plugs seamlessly anthe Poisson
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6.6 Outlook

solver. Nevertheless, a validation of this arguing is desireablEurthermore, several
properties of the parallelisation appraoch such as the dynamioad balancing show
to advantage only within the context of a reasonable PDE. For &ck of time, | have
to postpone such studies to further work.
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7 Conclusion

In this thesis, | introduce the framework Peano for grid-based b@rs of partial
di erential equations. Any such endeavour has to face one pactilar question:
is it worth launching yet another framework? In my opinion, Rano derives its
right to exist from a combination of advantageous charactestics shaping any solver
programmed on top of the framework:

First, the solvers' grid management requires a low amount of mery. Few bits
per vertex or geometric element, respectively, are su cient ge to the depth- rst
traversal with a corresponding tree encoding. While solvers ddartesian grids and
solvers using patches of Cartesian grids have a modest memory denh too, they
usually do not allow for an arbitrary, dynamic re nement of the grid.

Second, the framework supports meshes exceeding the avagablain memory
without a runtime penalty due to a stack-based persistence comtevhere the main
memory acts as cache for the hard disk. While alternative hardisk swapping
strategies might provide a similar runtime behaviour, they usally pose restrictions
on the grid layout whereas the swapping here is completely epsulated.

Third, the solvers' grid management supports a multiscale geomnie representa-
tion of the domain due to thek-spacetrees. While alternative multiscale discretisa-
tions provide such data by de nition as well, few allow the useto re ne and coarse
the grid arbitrarily without changing the data topology underlying the grid storage.

Fourth, the solvers exhibit constant runtime cost per record ash these are inde-
pendent of the actual grid resolution and layout due to a cachawvare or memory-
hierarchy-aware, respectively, grid traversal bene ting sm the interplay of stacks
with space- lling curves. While many cache optimisations yiel a similar cache hit
rate, their memory behaviour usually breaks down if the gridleanges dynamically
or becomes adaptively re ned.

Fifth, the solver's grid management supports a domain decomsgition providing
domains with small surfaces compared to their volume due to spadling curves.
While many decomposition approaches exhibit nicely shaped sidmains and realise
the accompanying data exchange e ciently, these shapes ty@lly su er from dy-
namically changing discretisations. Furthermore, few domaidecompositions take
into account the grid hierarchy explicitly. Peano does.

Before | continue, one remark: Many papers promote space#lil curves enthu-
siastically. One often can not help but think that these curvesander all the paral-
lelisation challenges null and void, as they make the searclr f@ good partitioning
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7 Conclusion

simple|just cut the whole curve into equally sized pieces|and yi eld quasi-optimal
partitions on-the-y. | do not agree. Naive equally-sized cw of space- lling curves
do not take multiscale relations into account; adaptive grid and multiscale algo-
rithms with inter-level communication are not tracked, butneed a global represen-
tative of the whole domain; moving or relocating cuts alonghe curve is, on the one
hand, far from trivial due to the complex subdomain shapes andrsictures, as well
as, on the other hand, not for free because of the data to be exogad. Parallelism
remains hard work.

As nal characteristics, Peano's parallelisation incorporate a dynamic load bal-
ancing due to a simple tree attribute grammar. While many loadalancing algo-
rithms produce equivalent or even better workload distribubns, few work on-the-y,
in parallel, consider a multiscale representation of the dontgiand are near as sim-
ple.

As far as | know, no other framework provides all these featurés one package.
The key to obtain them is the mixture of spacetrees, space- llgy curves, and a
re nement-invariant, stack-based|the number of stacks is linear in d and indepen-
dent of grid structure and re nement depth|grid storage scheme

Besides functional properties, the handling of complexity, aintainability, and
extendability accompanies any discussions on software framekgand software ar-
chitectures. One technique for tackling these three aspects @ncapsulation to-
gether with separation-of-concerns. Frameworks hiding tecttal details and their
realisation from the code solving the actual problem t into ths dogma. In high
performance computing, the quality of a software however isetermined by two
di erent non-functional requirements: execution speed andgrallel scalability. As
functional decompositions often introduce runtime bottleacks, programmers of sim-
ulation codes often downgrade the separation of concerns asfpand interweave
grid- and cluster-speci c as well as PDE-speci ¢ code fragmest Peano tackles the
non-functional challenges with a rigorous object-orientearchitecture and a simple,
event-based coupling of PDE-speci ¢ parts with the grid and &versal management.
This event paradigm, on the one hand, enforces a separationRIDE-related tasks
from the well-structured framework. On the other hand, they Bable the framework
to schedule activities in-between any two PDE tasks, i.e. the padigm facilitates a
mixture of di erent activities.

Whether a framework ful lls a functional or non-functionalrequirement or whether
it is extendable to ful Il a requirement has to be studied by mans of concrete ap-
plications built atop the framework. Furthermore, the coléction of all these appli-
cations sheds light on the debate how valuable a framework isrfanswering and
addressing unsolved questions from science and engineering.hiefollowing, | hence

rst present a solver for computational uid dynamics (CFD) that is implemented
with Peano. While this solver exhibits the highest maturity ofany software im-
plemented with the framework, it does not yet exploit all thefunctional properties
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coming along with Peano. | thus continue with a list of intereshg properties and
features upcoming PDE solvers could or will provide|some e ots already started,
some not. From this discussion, | return to the non-functional agts. Running
software nearer and nearer at the (multicore) peak performan is of the essence of
high performance computing. | highlight one crucial extensh and evolution ansatz
that has already shown to be promising to tackle the runtime chignge. Having
functional and non-functional look-outs and extensions atdnd, | nally pick up
again a set of philosophical questions: What programming and sSefire strategy
is well-suited for future-generation multiphysics, multisca, massive parallel high
performance codes? Is a holistic top-down approach represehtsy frameworks or
is a component-based decomposition of the challenges the waygb? Elaborating a
recently prototyped integration concept for Peano, | comisie advantages from both
worlds and embed Peano into the whole simulation pipeline.

Computational Fluid Dynamics with Peano

A framework for PDE solvers is as good as the best PDE solver impiented with
the framework. Fortunately, Peano has a sophisticated compational uid dy-
namics code [60] built on top of it. This solver is actually a dlection of plugins
addressing the stationary and instationary, incompressible NaviStokes equations
via direct numerical simulation. The solver suite provides anxdaustive set of stan-
dard boundary conditions, and it also supports uid-structure nteraction scenarios
due to a separated approach, i.e. the CFD code can compute fescntroduced by
the uid at the domain's boundaries, and it can handle moving bundaries in return.
Multiple spatial discretisations of the equations facilitatea spatial discretisation of
higher order|which is an interesting fact for any PDE solver, as it follows the ap-
peal to increase the \science per FLOP" [44] or \science per redb as well as Flop
per event (Section 6.5)|and the suite provides several implid and explicit time
integration schemes.

The overall goal of the CFD plugins is to show that interestingrisights and
opportunities stem from the cross re of adaptive Cartesian grisland computational
uid dynamics. In this short outline, | concentrate on the CFD sdver's properties
that are interwoven with the framework, i.e. | neglect chareteristics that are not
directly related to Peano.

First, the simulation can resolve the computational domain vgraccurately due to
the low memory requirements of the Peano framework. Such aerresolution is for
example important if a simulation computes turbulent regims with direct numerical
simulation, i.e. without explicit turbulence models. Here, tle turbulent behaviour
on the scale of interest stems from ne scale in uences. Out-of¢hbox CFD codes
often can not a ord to resolve these ne scales and, hence, hawe apply turbulence
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Figure 7.1: Channel lled with gas (left) and uid circulating around cylinder
(right). lllustrations are due to Tobias Neckel [60] who reasied a com-
putational uid dynamics code within the Peano framework.

models to imitate the ne grid in uences. Peano's direct numgcal simulation can
validate these models and vice versa.

Second, the adaptive grids can resolve selected regions sigantly ner than the
overall domain due to the low memory requirements and the supg of arbitrary
adaptivity. Such an improved resolution is for example impdant if a simulation
computes ows with di erent characteristics such as boundarylayers where the
overall ow is turbulent whereas the ow along the boundaris is laminar (Figure
7.1). Here, interesting e ects arise from the interplay of thewo di erent types of
ow, and the need for ne grid resolutions is motivated by physts. Out-of-the-box
CFD codes often can not a ord to resolve the interesting regiawith a su cient
accuracy.

Third, the dynamic adaptivity can adapt the grid to a (changnhg) geometry due
to the support of dynamic re nement. Such a dynamic change ohe computational
grid is for example important in a uid-structure interaction problem, where the
structure, i.e. the computational domain, permanently chages its position or shape
and is not aligned with the coordinate system axes. Out-of-theex CFD codes
often can not adopt the grid arbitrarily and have to stop the similation after a
given number of time steps, have to remesh, and, nally, interdate from the old
grid to the new grid. Peano provides a homogeneous envirormhéo handle such
ows and computational domains where the mesh update accompias each single
time step.

Besides the three applications highlighted here, the implesntation of [60] empha-
sises several highlights not correlated directly with the fraework. Besides them, it
also adds for example a restart functionality to Peano's poof eatures. Restarts due
to regular snapshots are important for long running parallel @amputations, where
the malfunction of one single node would destroy the overall mgutation's result.
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Figure 7.2: Space-time grid with adaptive re nement in bothtime and space. lllus-
tration of simulation snapshot is due to Bernhard Gatzhammer wihuses
Peano's CFD realisation within a uid-structure interaction application
environment.

Furthermore, the snapshot mechanism enables the user to run a siation for a
given time. Afterwards, he can re-setup the application's pameters and conduct
several parameter studies on the same startup setting.

New Applications Using the Peano Framework

Computational uid dynamics is an active and an agile eld ofresearch. Many
fundamental questions in this eld are still open, and the comytational challenges
are far from being solved. Peano's CFD implementation is a prosing candidate
to become part of the active research. Nevertheless, the CFD irephentation does
not yet exploit all of Peano's unique selling points. In the teixunderneath, | hence
pick up two additional application areas and concentrate oadditional properties.
Peano allows a mathematical model to use an arbitrarg 2. While the CFD
code selectsl 2 f 2; 3g, searching for models with a bigger dimension constant yields
a vast number of possible applications: Parameter studies and paneter tting
and optimisation problems for example add additional paranter dimensions to
classical uid dynamics problems. Some problems from mathemeaél nances are
by construction based on a higher dimensional computational d@in. | concentrate
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on a di erent class of \high-dimensional" partial di erential equations.

Many parabolic equations are given on a computational donrawith dimension
three and an additional time dimension. Choosing = 4, Peano can solve such an
equation treating the time as just another parameter dimensioof the computational
domain (Figure 7.2). In rst experiments with simple setups forthe heat equation,
such a holistic approach with space-time discretisations bringdong at least three
interesting opportunities: First, problems with periodic soltions bene t from the
fourth simulation dimension. Starting with a rst guess on a (raher coarse) time
grid, the simulation successively improves the solution and adiggthe grid, the time
stepping, and the periodic boundary conditions in time. No adtional e ort is to
be spent on the treatment and persistence management of the iadiual time steps,
and the parallelisation falls seamlessly into place. Secondppiems with multiscale
temporal behaviour bene t from the fourth simulation dimenson. Many solutions
exhibit regions where the solution changes rapidly, while loér parts of the com-
putational domain remain almost invariant. Here, the solutionis very smooth in
time. A locking of the time steps leading to a global time steppg treats both types
of regions the same. Adaptive time stepping approaches, whergimns of interest
are tracked with smaller time steps, t to the four-dimensional dscretisation, as the
(d = 4)-spacetree simpli es the persistence management of the imitiual time steps
and the interpolation in time. Finally, simulations with strong pollution e ects in
time benet from the fourth simulation dimension. For parabolc simulations, er-
rors in one time step propagate to the subsequent time steps, spresmhtially, and
can break down the overall simulation accuracy. A prominentandidate for such
a misbehaviour is the preservation of mass in a uid-structure simation with in-
compressible uids: instationary boundaries introduce small n& inconsistencies
around moving geometries and these inconsistencies then spregéubally. The four-
dimensional grid simultaneously holds all time steps. Wheneveoltution is identi-
ed, it is thus possible to return to the time step causing the polition, re ne the
grid there locally, and update all subsequent time steps. The potion's source is
eliminated.

Besides the higher-dimensional formulations, the multiscalepresentation of the
domain deserves an additional remark. The Poisson equation sted in this thesis
and the CFD code introduced above rely on a holistic descriptioof all the physics
by a single partial di erential equation, i.e. the solution isdetermined by one equa-
tion valid for all spatial resolutions. A promising eld for new seenti c insights is
the coupling of di erent mathematical models for di erent spatial scales. It is for
example a common wisdom that the boundary conditions comingamg with clas-
sical uid dynamics codes are often an inappropriate descrijpin of the real world.
In such a case, boundary conditions arising from molecular dymgcs yield more
accurate global simulation results (Figure 7.3). Yet, nooneat a ord to compute
large-scale ows with a molecular dynamics code. Peano's ristale discretisation
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Figure 7.3: Boundary condition of sophisticated uid simulaton (top) results from
molecular dynamics code (bottom). lllustration of moleculadynamics
is due to Martin Buchholz.

makes it possible to embed di erent physical models and mathemieal descriptions
into one code, couple them strongly in regions of interest|ony regions of interest
are re ned such that the mulecular dynamics code comes intogyljland make both
simulations bene t from each other.

Framework Extensions

This chapter so far concentrates on use cases and extensions eamog di erent
functional properties of Peano from an application point o/iew. Besides a func-
tional evolution of Peano's plugins, emphasis has also to be pobh non-functional
properties, as the applicability and quality of a framework dpends to a great extend
on the maintainability, extendability, and performance ofthe code. The following
paragraphs refrain from a concrete application and conceate on technical exten-
sions and improvements reducing the software's runtime.

Performance considerations particularly gain weight with e new hardware ar-
chitectures arising: Future architectures consist of more anchore cores, while the
single-core performance remains almost constant. Code thenedanot anymore au-
tomatically benet from new architectures due to increased lock rates [71]. In
accordance, performance metrics also undergo a fundamergatadigm shift. They
incorporate both percentage of peak performance achieveddascalability with re-
spect to multicores.
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The tuning of Peano is beyond the scope of this thesis, and, besdbe cache dis-
cussion, no signi cant emphasis is put on the debate whether Pearts to and how
it performs on current computer architectures. As a result, Pe® is a framework
with constant cost per degree of freedom and a vast amount of feags. Yet, it per-
forms rather poor with respect to the theoretical peak perfonance of a processing
unit. This has to change with upcoming framework releases.

Methodologically, | consider recursion unrolling [65] as fulamental technique to
make Peano utilise current computer architectures. In rst casetudies [23], an
additional attribute grammar similar to the weight and attribute tracks which
subtrees of thek-spacetree are invariant and correspond to regular re ned subds.
On these subgrids or patches, respectively, the code switchesnirthe recursive
traversal to a at, sequential implementation holding the conplete subtree as one
sequence of plain Cartesian multiresolution grids.

Having whole Cartesian grids at hand allows for Peano to applyt &east three fun-
damental performance improvements. First, the regular, hongeneous data struc-
ture with a sequential processing ts to instruction level pardklisation as soon as
operations on these records exploit SSE and vector processingtst Second, the
regular, homogeneous data structure ts to a simple data decgosition cutting
it into equally sized continuous pieces. Multicore architeares with multiple cores
holding one shared block of data can then take over the responétip of subparts of
the patches. They share the computational workload. Finallythe regular, homoge-
neous data structure ts to block-wise numerical algorithms. Bck-wise red-black
Gau -Seidel algorithms for example are easy to realise on thelsiecks, but improve
the numerical performance, i.e. the convergence rate.

First experiments applying recursion unrolling yield promigig results for grids
with big regular subpatches, i.e. the convergence rate impres, the code scales on
several cores, and the MFlops raise. Whereever a (sub)grid chasgexhibits adap-
tive discretisations, or covers a domain partition's boundarythe application falls
back to the standard Peano implementation. With such a hypbridmplementation,
Peano's MFlop rates improve by an order of magnitude, whilehe code preserves all
the exibility and features introduced in this thesis.

Software Challenges

Deriving new algorithmic extensions and innovations is furand every enthusiastic
programmer appreciates the development of a system or a newaithmic feature
from scratch. A mere discussion of additional features arisingofin applications or
performance optimisations nevertheless misses one crucialpof software develop-
ment in high performance computing: Is the software's qualitsu ciently high, and
does the software remain maintainable, manageable for hungrand extendable?
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At the time this thesis is handed in, the Peano framework in cobination with the
computational uid dynamics plugin already comprises moreftan 850 classes dis-
tributed among 35 packages. It is hence reasonable, even indispable, to ask such
guestions.

First of all, using a framework does not weaken this challeng&ood component
decompositions provide a set of tools, represented by the compats, with well-
de ned interfaces. The user then selects suitable componentsdanombines them
to an application. A good component decomposition neither foes the user into a
dedicated programming and development style nor do the comipents in uence each
other directly|component decomposition does not coin the sdfvare development
process, and it exhibits a low acceptance threshold. Framewsrhy contrast, require
the user to make his or her programming approach and train of tught t to the
framework's paradigm, design, and philosophy. In turn, theitholistic approach
facilitates runtime and memory e cient implementations. A simple example: No
matter how sophisticated and fast a solver component for lineageation systems
and a component for the grid management are realised; if a distisation changes
permanently, and if the assembly of the linear equation system dh analyses the
grid is a complicated and long-running activity, the appliation can not bene t from
the elaborate components it relies on. A clever integratioand interweaving of
components circumnavigates such a problem a priorijupdatirg for example only
matrix entries related to changing grid elements|and frameworks are one way to
enforce this. For an easy adoption and a low acceptance thregholt is though
essential to design a framework's restrictions and paradigms akear, plain, and
straightforward as possible: It is unacceptable to force the pgrammer to read
through and understand several Ph.D. theses, each with 222 pagegsmore, before
programming starts.

Peano introduces the event concept to tackle this challender PDE solvers built
atop the framework. While the events hide the complete perseice management
and traversal realisation from the PDE programmer, the framewrk realisation it-
self follows a rigorous object-oriented design incorporagmmany best practices and
design patterns. Nevertheless, features such as parallelisatiorr@cursion unrolling
are that profound|a complete decoupling from the framework and its signatures
here is not possible anymore|that it has carefully to be studiedwhether a particular
realisation complicates the events' signature or semantics @Hevel-wise depth- rst
traversal for example falls into this class) and whether it in@ases the framework's
code complexity. Due to the clear functional decompositiori,consider the imple-
mentation at hand now to be maintainable, manageable, and &ndable. However,
preserving these properties becomes more complicated witlcledeature added.

In this context, the question arises whether an object-orieat language such as
C++ is the right choice for the implementation. Object-oriented languages have
been considered the magic bullet for a long time since their cgiruction enforces a
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rigorous encapsulation of details. For Peano, two drawbackkdugh appear: On the
one hand, breaking down a design into fragments with one pactilar responsibility

per type is not always possible: A grid vertex, e.g., combineDE-speci ¢ proper-

ties, the management of the grid's adaptivity, and operatios to exchange data in
a shared memory environment due to message passing. For such a tygeaspect
or feature oriented paradigm|the vertex is added technical functionalities such as
message exchange operations automatically, and its signataed appearance de-
pends on the component handling the record|are better suited Yet, there is a

lack of such tools for high performance computing. Peano erfbk the precompiler

DaStGen [13, 14] addressing the aspect oriented challenge. Wtsuch a tool is a
rst step, the complete tool chain, the feature oriented natue, and the underly-

ing programming paradigm is neither fully understood nor péected. On the other
hand, Peano's code blocks often are di cult to understand beause of the sophisti-
cated mathematical formulas and algorithms they are realisg. They consist of long
sequences of loops, matrix-vector products, and complicatecathematical expres-
sions. While C++'s generics due to expression templates attenteathis problem,

domain-speci ¢ languages such as computer algebra systems ortlsla lead to the

most compact, maintainable, and intuitive formulations of sah code blocks.

With a hand-written, tailored precompiler for aspect-orieted programming, a
rigorous encapsulation with object-oriented language comatts, and powerful ex-
pression templates, | consider the implementation at hand now toe maintainable,
manageable, and extendable. Though, understanding of the derlying principles
and overcoming (at least some of) these issues with something beydd++ for
high performance computing is highly desireable; in parti¢ar, when the software
becomes more complex with each feature and application adide

Peano as a Component

The preceding two paragraphs are a plea for frameworks for BEDsolvers, as they
make the problems design and implementation challenges ansithey explain them
with inadequate language support. Such an argumentation ira¥our of frame-
works is biased and falls short: A clear bottom-up component demposition with
well-de ned responsiblities and states has proven of great ved for many problems
throughout centuries, and it eliminates many software challges in advance as the
resulting code is focused and typically smaller. For the gridased solvers on dynam-
ically adaptive meshes, | quote the performance as crucial ahtage of an integrated
approach where everything is done in one place, i.e. withihe framework. As soon
as the performance argument is not overwhelming anymore, dfre is no reason to
dismiss a component architecture a priori in favour of a framewk approach; par-
ticularly, since the threshold of acceptance for component @hitectures is typically
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much lower due to smaller component size and complexity. Conseqtly, | suggest
a twofold approach: Whenever performance is crucial, a feae is realised within
Peano. Whenever performance is not crucial, a feature is deyed to an external
component of its own. Peano as a result runs as one big companamong several
others. It incorporates all the performance critical featugs, and interacts with other
components whenever | favour a clear separation of concerngioperformance.

The geometry management is one example for a component: Peangeometric
events reduce to a set of \is inside" and \is outside" queries aselV as a check
whether and which boundary has been intersected by a hyperabThe latter in-
formation is important for a PDE solver to set the appropriate ype of boundary
conditions. While Peano could comprise a geometry managemesith mesh 10
routines, surface management, and domain modi cators (for m-structure inter-
action, e.g.), | prefer the geometry events to belong to onaterface connected to
an external component. At our chair, the tool preCICE for exmple implements
such an interface. The resulting two-component architecturéas several advan-
tages: First, it follows a separation-of-concerns idea. Peamatready incorporates a
vast amount of ideas and technical details dealing with grid etage, grid traversal,
parallelisation, PDE solvers, and so forth. There is no need to dddditional com-
plexity. Second, a component architecture allows the user exchange the geometry
realisations. For my experiments, few hard-coded geometrieeau cient, whereas
the computational uid dynamics plugin bene ts from a geomé&y component that
can handle complicated computational domains from exterhanesh les. Finally, a
component interface provides a single-point-of-contact B C) for Peano's parallel
realisation: All the di erent Peano instances in a cluster contet one instance of the
geometry component on one computational node. Consequentlye geometry data
are always consistent and the dynamic parallelisation is hidderom the geometry
component. First experiments with preCICE yield promising rsults with respect
to separation-of-concerns, exchangability, and parallel einonments.

While the component interfaces at the moment are plain C++ sigatures coupled
at compile-time by direct function calls or MPI messages, such amponent inter-
pretation of Peano ts perfectly to the common component atutecture (CCA): To
translate the C++ signatures to SIDL is straightforward, and the resulting Peano
codes realising one or several PDE solvers can act as CCA compwméthin a bigger
problem solving environment. To have Peano's PDE solvers asngponents within
a greater simulation workbench is an ultimative goal bridgig the gap from codes
that study individual properties prototypically to codes that are used for real-world
problems on real-world data sets by application-domain exps.
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In the End

This thesis provides an enormous number of links for future wa The individual
chapters present improvements and extensions concerning timelividual features,
and this nal chapter gives several more complicated and lalbious improvements
and extensions that embed Peano into a bigger environment gi@n questions, exist-
ing software packages, and computational challenges. Subsugl these aspects
with a few nal sentences is impossible. | will pick up several isssighroughout
the upcoming years, as | believe Peano being a promising appbado obtain new,
interesting, and powerful PDE solvers. Although it has several shigomings|the
peak performance perhaps being the most important onelintralucing a lot of work
to invest, there is also a lot of insight to harvest. In the end, theonvenience of the
e ort will be measured by the understanding obtained with the dol|a statement
holding for the whole discipline of computational sciences drengineering. The
purpose is insight, not numbers.
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A Helper Algorithms

The following pages provide some algorithms swapped from theaginal text to the
appendix. They are moved to this chapter either due to theirgchnical character
or if they required for too much space and made the text fall it pieces. All the
algorithms are used by the grid persistence management and teaisal.

Usage Name
A.l Page 70 belongsT oT ouchedF ace
Page 71 belongsT oUntouchedF ace
A.2 Page 76 createSubStates
Page 84
A.3 Page 76 setExitM anifold
Page 84 setEntryManifold
Algorithm A.3
A.4 Page 76 removeF aceAccessNumber
Page 84
Algorithm A5
A5 Page 76 setFaceAccessNumber
Page 84
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A Helper Algorithms

Algorithm A.1  Determine for a vertex atposition whether any adjacent face is
touched, i.e. whether an element sharing a face with the cuntelement has read
this vertex before, or whether all adjacent faces are untobed, i.e. no element
sharing a face with the current element has written the vertebefore. The position
corresponds to a lexicographic vertex enumeration within aypercube.

belongsT oT ouchedF aceP 2 f 0;1g° 7! f> ;?g

touched

belongsT oUntouchedFaceP2 .4 f 0;1g% 7! > ;2g

1: procedure belongsToT ouchedF a¢®uched; position)
2 result ?

3 for i 2f0;:::;d 1gdo

4 face i

5: if position; =1 then

6: face face+ d

7 end if

8 result  result touchedace

9 end for

10: return result

11: end procedure

12: procedure belongsT oUntouchedF a¢uched; position)
13: result ?

14: for i 2f0;:::;d 1gdo

15: face i

16: if position; =1 then

17: face face+ d

18: end if

19: result result : touchedace

20: end for
21: return result
22: end procedure
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Algorithm A.2  The following algorithm derives both theeven and the access
ags for all geometric subelements of one re ned element. Itnalyses the parent
element's ags. The result tuples are enumerated along the teiotiv. Algorithm
relies on Algorithm A.3.

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

1
2
3
4
5:
6
7
8
9

A
E

createSubStates A E 7! (A E )3d

I
—
N
o
+
[EE
N
o
=

«Q
pS)
o

f> ;?2gd

. procedure createSubStategaccess;even
return createSubStategaccess; even;d 1)
: end procedure

. procedure createSubStategaccess; even; axiy
if axis = 1then

return (access;even

else

everD even
evernl even
everz even
. Create three copies oéven ags corresponding to three substates.
even:I-axis : everﬂ-axis
. Flag \in-between" has one entry di ering from the others.
acces® setExitManifold (access;even;axiy
accesd setExitManifold (access;even;axiy
accesd setEntryManifold (accesg;even;axis)
acces2 setEntryManifold (access;even;axiy
. Set new entry/exit manifold for three substates.
return
((createSubStategacces®; everD; axis 1);
(createSubStategaccesd; everl; axis  1);
(createSubStategacces®; ever?; axis 1))
. Recursive calls and concatenation of results.

end if

25: end procedure
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A Helper Algorithms

Algorithm A.3  Two helper operations for Algorithm A.2 simplifying the access
ag manipulation. They set a new entry or exit manifold and upae the access ag
such that the invariants (3.5) and (3.6) hold again.

A
E :
setExitManifold : A E 7! A
setEntryManifold :A E 7! A

I
—
N
o
+
[EE
N
o
=

«Q
™
o

f> ;29

1: procedure setExitManifold (access;even;axiy

2 if isTraverseP ositiveAlongAxis (even; axis) then

3 access removeF aceAccessNumbégnccess;axist+ d)

4: . see Algorithm A.4
5: access setFaceAccessNumbgaccess; axist+ d;1)

6: . see Algorithm A.5
7 else

8 access removeF aceAccessNumbérnccess; axig

9: . see Algorithm A.4
10: access setFaceAccessNumbgaccess; axis;l)

11: . see Algorithm A.5
12: end if

13: return access
14: end procedure
15: procedure setEntryManifold (access;even;axiy

16: if isTraverseP ositiveAlongAxis (even;axis) then

17: access removeF aceAccessNumbérnccess;axi9

18: . see Algorithm A.4
19: access setFaceAccessNumbgaccess; axis; 1)

20: . see Algorithm A.5
21: else

22: access removeFaceAccessNumbérnccess;axist d)

23: . see Algorithm A.4
24: access setFaceAccessNumbegaccess;axist+ d; 1)

25: . see Algorithm A.5
26: end if

27: return access
28: end procedure
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Algorithm A.4  Helper for Algorithm A.3. Invalidates accessentry on face,
l.e. accesss entries are shifted such that (3.5) and (3.6) hold again forllaentries
besides face'accessentry. If face's entry access,ce IS greater than zero, all other en-
tries greater thanaccessg,.e hence have to be decremented. If face's entagcess,ce
is smaller than zero, all other entries smaller thamccess,.e hence have to be in-
cremented.

1: procedure removeF aceAccessNumbédnccess;face
2 oldAccessNumber accesS$,ce

3 if accesgce > 0 then

4 fori2f0;:::;2d 1gdo

5: if access oldAccessNumberthen
6: access access 1

7 end if

8 end for

9: end if

10: if accessce < 0then

11: for i 2f0;:::;2d 1gdo

12: if access oldAccessNumberthen
13: access access+1

14: end if

15: end for

16: end if

17: accesge =0
18: return access
19: end procedure
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A Helper Algorithms

Algorithm A.5  Helper operation for Algorithm A.3. Set a face'siccessentry to a
new value. If this value is greather than zero, all otheaccessentries greater than
value are incremented. If this value is smaller than zero, all othesiccessentries
greater thanvalue are decremented. As a result, the constraints (3.5) and (3.6) ko
again.

1: procedure setFaceAccessNumbedaccess;face;valug
2 if value > 0 then

3 fori2f0;:::;d 1gdo

4 if access valuethen
5: access access+1
6: end if

7 end for

8 else

9 fori2f0;:::;d 1gdo
10: if access value then
11: access access 1
12: end if

13: end for

14: end if

15: access,ce  Vvalue
16: return access
17: end procedure
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B Hardware

The following sheets enlist the hardware used throughout the &sis. The experi-
ments typically are conducted on up to four di erent architetures. All the mea-
surements resulting from hardware counters were conducted tianium nodes. The
chair's local Pentium machines are connected via a standardHernet, i.e. they do
not belong to a high performance cluster.

| Pentium |
Processor Pentium 4
Vendor Intel
Bit 32
Cluster Local workstations
Location Chair of Scienti c Computing in Computer Science

Technische Universitat Manchen

One core
Peak performance 6.8 GFlop/s
Clock rate 3.40 GHz
Cores 1
Level 1 data cache 16 KByte
Level 2 cache 1 MByte
Level 3 cache -
Memory 2 GByte
Cluster
Nodes -
Type Ethernet
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Level 1 data cache
Level 2 cache
Level 3 cache

64 KByte, 64 Byte per line
1 MByte, 64 Byte per line

| Opteron |
Processor Opteron 850
Vendor AMD
Bit 64
Cluster In nicluster
Location Chair of Rechnertechnik und Rechnerorganisatio

Technische Universitat Munchen

One core
Peak performance 4.8 GFlop/s per core
Clock rate 2.4 GHz
Cores 4 per node

Memory 8 GByte shared between 4 core
Cluster
Nodes 32
Type 4X In niband
| Itanium |
Processor Itanium2 Montecito Dual Core
Vendor Intel
Bit 64
Cluster HLRB ll|Hachstleisungsrechner Bayern Il
SGI Altix 4700
Location Leibniz Supercomputing Centre
One core
Peak performance 12.8 GFlop/s per socket (two cores
Clock rate 1.6 GHz
Cores 2 per socket

Level 1 data cache
Level 2 cache
Level 3 cache
Memory

Memory bandwidth

16 KByte, 64 Byte per line

256 KByte, 128 Byte per line

9 MByte, 128 Byte per line

4 GByte

8.5 GByte/s shared between 2 cores

Cluster
Nodes

Type

9728 cores

19 compute partitions

256 sockets per compute partitior
NUMAIink 4




PowerPC

|

Processor PowerPC 450
Vendor IBM
Bit 32
Cluster Jugene - Julicher Blue Gene/P
Location Julich Supercomputing Centre
One core

Peak performance 13.6 G ops/node
Clock rate 0.85 GHz
Cores 4 per node

Level 1 data cache
Level 2 cache
Level 3 cache
Memory

Memory bandwidth

32 KByte per node

8 MByte
2 GByte
13.6 shared between 4 cores

Cluster
Nodes

Type

16 1024 compute nodes
65536 cores
Three-dimensonal torus

\°£4
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C Notation

Symbol Description
d d 2 Spatial dimension of continuous problem.
P Powerset of a set.
P, Predicate, i.e. function tof true; false g. The text also
refers to predicates as ags.
Spacetree

The following symbols, sets, and relations are used within tHespacetree context.
All of them stem from Chapter 2.

Symbol Description

k k 2 Number of cuts along every coordinate axis.

T A spacetree.

Er Set of geometric elements (hypercubes) of the
spacetreer .

V+ Set of vertices within the spacetreq .

Hy V1 Hanging vertices.

V child 2 Er Er Partial order representing father-child relations in
the spacetree. If the algorithm re nes a hypercube,
all the k9 resulting smaller hypercubes are children
of this hypercube.

V pre 2 Er Er Partial order on siblings, i.e. geometric elements
having the same parent. The order de nes which
element is traversed before which sibling element.

invert : T7T Maps a spacetree to a spacetree with inverted child
order v pre.

V dfo 2 Er Et Denotes a depth- rst order on thek-spacetree.

Vw 2 Er Er Denotes a level-wise depth-rst order on the

k-spacetree.
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C Notation

Grid Properties and Access Operations

List of operations and properties de ned on thek-spacetree entities. The imple-
mentation does not provide all of these operations, as some edecdfor example
the complete grid connectivity and adjacency informationNot all this information
however is available (all the time).

Function Description

adacent: Vy 7' P (Ey) Yields the adjacent geometric elements of a vertex.

first :Et 7! Ng Returns the moment within one traversal when an el-
ement is read for the rst time.

level : V1 7! Np Takes a vertex and delivers the vertex's grid level
equaling the level of the surrounding elements.

Prened : ET 71> ;7?9 Indicates whether an element is re ned, i.e. one of the
adjacent vertices holds the re ned predicate.

second: Et 7! Ng Returns the moment within one traversal when an ele-
ment is read for the second time (call stack reduction)

vertex : E1 7! V%d Yields the adjacent vertices of an element.

} @ V7' @y Maps a point from the continuous computational do-

main's boundary to one boundary vertex position
along the shortest path.

father :::: Derive the one up to 2 father vertices, i.e. the vertices
of the re ned father element that in uence a vertex.
For complete signature see page 28.

Element Properties

The following properties are de ned on each geometric elemtewithin the grid.

Property Description

level: E; 7! Np Takes an element and delivers the element's grid level.

Pinside Element lies completely inside the discretised computa-
tional domain. In this case, invoke events on this element.

Poutside Counterpart of Pjsige -
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Vertex Properties

The following properties are de ned on each vertex within th grid.

Property

Description

I::'boundary

I:)coarsening triggered

F)inside
IDoutside
I:)re ned

I:)re nement triggered

Vertex lies on the boundary of the discretised computa-
tional domain.

Coarsening has been triggered for vertex, i.e. thé 2dja-
cent geometric elements will be coarsened throughout the
next traversal.

Vertex is inside the computational domain.

Vertex is outside of the computational domain.

Indicates whether a vertex is re ned, i.e. whether all sur-
rounding elements are re ned elements.

Re nement has been triggered for vertex, i.e. the 2ad-
jacent geometric elements will be re ned throughout the
subsequent traversal.

Automaton Properties

The following properties are de ned on the stack automaton adising the Peano
traversal. Most of these data are stored within the geometric eteents although all
values depend solely on the automaton's state in the recursiorept before as well
as the parent element.

Function

Description

access. f0;:::;2d 1g7! Z Attaches each element face a number. Actual

order the neighbouring elements have been vis-
ited before (negative number) or will be visited
(positive number).

even: Er 7! f> ;?g¢ Splits the elements up into odd and even ele-

ments along each coordinate axis.
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C Notation

Finite Elements

The nite element method uses the following symbols to discuss ghsolution of
the Poisson equation. They de ne the computational domain, th function spaces
holding the weak solutions, and the spacetree's discretised apgpimation spaces
holding the numerical solution. Finally, the table gives thesymbols of the operations
mapping these functions to each other.

Symbol

Description

"2 Ng
Rd

@
h;”
adaptive
h;
H()
Hi( ) H*()

H r}( h;‘)
H 1( adaptive )
h h;

HE( )
' 2 HY()

Level within grid.

Computational domain. Bounded open subset of the
dimensional space with su ciently smooth boundary.
The partial di erential equation is de ned on .

Boundary of computational domain.

Discretised computational domain. Also ne grid.
Grid on level ".

Boundary of ne grid.

Grid of level ".

Adaptive grid up to level ".

Sobolev space for the Poisson problem.

Discretised subspace of the Sobolev space. It is
spanned by ad-linear nodal basis (hat functions) on
the ne grid.

Discretised Sobolev space spanned by the nodal basis
of one grid level.

Discretised Sobolev space spanned by the hat functions
on ﬁfi‘aptive.

Genefating system ork-spacetree.

Function from the Sobolev space.

2 HY( n) (Hat) Function from the discretised Sobolev space. It

hiHY() 70 HA( 1)

AoHEC 1) TVHEC w)

has local support and its support covers®2geometric
elements of one grid level.

Takes a function fromH*() and delivers a represen-
tation within the k-spacetree.

Counterpart of h. If h's preimage is fromHZ( 1), ap-
plying h andfi in a row yields the identity, i.e. (A h)u =

u; 8u2 HY( +).

236



Multigrid Operations

The following symbols are used for the multigrid Poisson solver. hE table starts
with function symbols and continues with the values assigned the grid's vertices.
It ends up with the operators and matrices applied to these vaés.

Symbol Description

X Active level, i.e. level the smoother is currently processing.

Up: Approximation of the solution on level .

by Right-hand side on level .

Mhe Residual belonging to the approximation on level.

ey Error of the approximation on level".

Oh- Hierarchical surplus of the approximation on level with respect to
the approximation on level” 1.

fh: Hierarchical residual resulting fromus.-.

Uy Value of the current approximation at a position in space. Is as-

signed to each inner vertex. For boundary vertices, it determes
the Dirichlet boundary condition.

0y Hierarchical surplus of a solution stored in vertex. Value is usually
stored within vertex variable u,.

ry Residual of the current approximation in vertex.

g¥ Hierarchical residual at a vertex's position. Value is usually sted
within vertex variable r,.

o} Right-hand side of the PDE. Value is assigned to each inner vexte

by Mean value at a vertex. Results from the surrounding vertices'
valuesu,. U, t gives the linear surplus.

A Sti ness/system matrix resulting from the weak formulation of the
Poisson equation with a nodal ansatz space.

P Prolongation of a solution to the next ner level. This thesis slkely
applies full-weightening corresponding to the hat function

R Restriction of a residual. This thesis realises a Galerkin mugrid
approach, i.e.R=PT,

C Coarsening operator. This thesis uses the trivial induction,a. for

each coarse grid vertex coinciding with a ne grid vertex, thene
vertex's value is copied to the coarse grid value.

Purened v ldenti es re ned elements from Er where the adaptive coarse grid
smoothing also evaluates the stencil.

K:Kmax Maximum norm.

k:kp h-dependent norm, i.e. norm that takes grid layout into accaut.
For h! 0O, the norm converges t&kk,,.
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Parallelisation

The following predicates and properties are introduced tloughout the parallelisa-
tion chapter. They hold both the load balancing and the domai decomposition
data.

Symbol Description

Cueight 1 Weight of a leaf.

Delta of a geometric element. Gives the number
of additional work units the processor handling the
subtree de ned by this geometric element could han-
dle without becoming a bottleneck for its master.

FCFS \First come rst served" answering strategy of the
node pool server.

F air Fair answering strategy of the node pool server,
i.e. the node pool tries to treat all computational
nodes equally and sort the requests accordingly.

p 1 Number of (logical) processors available.

Prork Fork predicate holds for a leaf if a re nement would
slow down the traversal.

Pjoin An element is remote, but it could be merged into
the master's partition. The master is a lazy master.

P wait Wait predicate holds for a geometric element if
the traversal has to wait within this element for a
worker.

rank 0 rank<p Rank (number) of a processor.

subLevel Holds the ranks of the processes that are responsible
for the 2¢ adjacent elements of the vertex at the same
position in space but on the next level.

thisLevel Holds the ranks of the processes that are responsible
for the 2¢ adjacent elements of the vertex.

w w 0 Weight of a geometric element, i.e. the costs of the
element plus all the descendants.

Wiocal Sum of the weights of all the local children of a re-
ned element.

Wremote Maximum of the weights of all the remote children

of a re ned element.
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Symbol Description

derive DerivesthisRank and subLevelentries for a new ver-
tex. Uses the parent element's vertices.

mergeW ithNeighbour MergesthisRank and subLevelof a vertex with a re-
mote vertex's lists. Each rank is allowed to modify en-
tries it is responsible for. This happens due to merged
and joins.

Grid Traversal and Storage

The following operations evaluate the traversal stack autont@n. Their result is used
to realise the grid management, i.e. the operations deliverformation where to take
vertex data from and where to write vertex data to. If a symbol ecepts arguments
besides the stack automaton, these arguments are mentioned retdescription. The
results are formulated as questions.

Symbol

Description

I:)touched

belongsT oT ouchedF ace

Accepts number of face. It is a proxy to evaluate
access Has neighbouring element connected by
face been visited before, i.e. have the vertices be-
longing to this face been read and written by the
neighbouring element?

Is given the 2 touched predicates assigned to the
faces of an element and the position of a vertex
within this element. Is there one touched face ad-
jacent to this vertex?

belongsT oU ntouchedF aceMirrors belongsT oT ouchedF acdt there one un-

isP ositiveAlongAxis

getReadStack

getWriteStack

touched face adjacent to the vertex?

Accepts an axis number. Peano iterate runs along
a coordinate axis?

Accepts a vertex position and returns the num-
ber of the temporary stack if this vertex is to be
loaded from a temporary stack. Otherwise, it re-
turns UselnputStream, and the algorithm has to
take the vertex from the input stream.
Counterpart of getReadStack
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